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PREFACE. 


In preparing tliis version in English of Fourier’s 
celebrated treatise on Heat, the trandator has followed 
faithfully the French original. He has, however, ap¬ 
pended brief foot-notes, in which will be found references 
to other writings of Fourier and modem authors on 
the subject: these are distinguished by the initials A. F. 
The notes marked K L. K are taken from pencil me¬ 
moranda on the margin of a copy of the work that 
formerly belonged to the late Robert Leslie Ellis, 
Fellow of Trinity College, and is now in the possession 
of St John’s College. It was the translator’s hope to 
have been able to prefix to this treatise a Memoir 
of Fourier’s life with some account of his writings; 
unforeseen circumstances have however prevented its 
completion in time to appear with the present work. 
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PEELIMINARY DISCOURSE. 


Primary causes are unknown to us; but are subject to simple 
and constant laws, which may be discovered by observation, the 
study of them being the object of natural philosophy. 

Heat, like gravity, penetrates every substance of the universe, 
its rays occupy all parts of space. The object of our work is to 
set foith the mathematical laws which this element obeys. The 
theory of heat will hereafter form one of the most important 
branches of general physics. 

The knowledge of rational mechanics, which the most ancient 
nations had boon able to acquire, has not come down to us,’ and 
the history of this science, if we except the first theorems in 
harmony, is not traced up beyond the discoveries of Archimedes. 
This great geometer explained the mathematical principles of 
the equilibrium of solids and fluids. About eighteen centuries 
elapsed before Galileo, the originator of dynamical theories, dis¬ 
covered the laws of motion of heavy bodies. Within this now 
science Newton comprised tho whole system of the universe. The 
successors of these philosophers have extended these theories, and 
given them an admirable perfection: they have taught us that 
the most diverse phenomena are subject to a small number of 
fundamental laws which are reproduced in all the acts of nature. 
It is recognised that the same principles regulate all the move¬ 
ments of the stars, their fonn, the inequalities of their courses, 
tho equilibrium and the oscillations of the seas, tho harmonic 
vibrations of air and sonorous bodies, tho transmission of light, 
capillary actions, the undulations of fluids, in fine the most com¬ 
plex effects of all the natural forces, and thus has the thought 
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of Ne\rtbii been confirmed: quod tom patiois tarn multa prcsstet 
geometria gloriaiwrK 

But whatever may be the range of mechanical theories, they 
do not apply to the eflfects of heat. These make up a special 
order of phenomena^ which cannot be explained by the principles 
of motion and equilibrium. We have for a long time been in 
possession of ingenious instruments adapted to measure many 
of these effects; valuable observations have been collected; but 
in this manner partial results only have become known, and 
not the mathematical demonstration of the laws which include 
them all 

I have deduced these laws from prolonged study and at¬ 
tentive comparison of the facts known up to this time: all these 
facts I have observed afresh in the course of several years with 
the most exact instruments that have hitherto been used. 

To found the theory, it was in the first place necessary to 
fiintingrnialt and define with precision the elementary properties 
which determine the action of heat. I then perceived that all the 
phenomena which depend on this action resolve themselves into 
a very small number of general and simple facts; whereby every 
physical problem of this kind is brought bade to an investiga¬ 
tion of mathematical analysia From these general facts I have 
c o no]nd«^<l that to determine numerically the most varied move¬ 
ments of heat, it is sufficient to submit each substance to three 
fundamental observations. Different bodies in fact do not possess 
in the aamfl degree the power to contain heat, to receive or transmit 
it aeroas their su/tfeuses, nor to conduct it through the interior of 
their masses. These are the three specific qualities which our 
theory clearly distinguishes and shews how to measure. 

It is easy to judge how much these researches concern the 
ph3/sical sciences and civil economy, and what may be their 
influence on the progress of the arts which-require the employ¬ 
ment and distribution of heat. They have also a necessary con¬ 
nection with the system of the world, and their relations become 
known when we consider the grand phenomena which take place 
near the surface of the terrestrial globe. 

^ Philosophies mtiiralis prvncipia mathcmatica* AuctorU prafatio ad lectorem, 
Ac Rbriatur geometria quod tarn panels priuoipiis aliunde petitis tain multa 
prnistet. [A. F.] 
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In fact, the radiation of the sun in 'which this planet is 
incessantly plunged, penetrates the air, the earth, and the waters; 
its elements are divided, change in direction every way, and, 
penetrating the mass of the globe, would raise its mean tem¬ 
perature more and more, if the heat acquired were not exactly 
balanced by that which escapes in rays from all points of the 
surface and expands through the sky. 

Different climates, unequally exposed to the action of solar 
heat, have, after an immense time, acquired the temperatures 
proper to their situation. This effect is modified by several ac¬ 
cessory causes, such as elevation, the form of the ground, the 
neighbourhood and extent of continents and seas, the state of the 
surface, the direction of the winds. 

The succession of day and night, the alternations of the 
seasons occasion in the solid earth periodic variations, which are 
repeated every day or every year: but these changes become 
less and less sensible as the point at which they are measured 
recedes from the surface. No diurnal variation can be detected 
at the depth of about three metres [ten feet]; and the annual 
variations cease to be appreciable at a depth much less than 
sixty metres. The temperature at great depths is then sensibly 
fixed at a given place; but it is not tho some at all points of the 
same meridian; in general it rises as tho equator is approached. 

The heat which the sun has communicated to the terrestrial 
globe, and which has produced the diversity of climates, is now 
subject to a movement which has become uniform. It advances 
within the interior of the mass which it penetrates throughout, 
and at the same time recedes from the plane of the equator, and 
proceeds to lose itself across the polar regions. 

In the higher regions of the atmosphere the air is very rare 
and transparent, and retains but a minute part of the heat of 
the solar rays: this is tho cause of the excessive cold of elevated 
places. Tho lower layers, denser and more heated by tho land 
and water, expand and rise up: they are cooled by tho very 
fact of expansion. Tho great movements of the air, such as 
the trade winds which blow between the tropics, are not de¬ 
termined by the attractive forces of tho moon and sun. Tho 
action of these celestial bodies p^roduces scarcely perceptible 
oscillations in a fluid so rare and at so gi'eat a distance. It 
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is the changes of temperature which periodically displace every 
part of the atmosphere. 

The waters of the ocean are differently exposed at their 
surface to the rays of the sun, and the bottom of the basin 
which contains them is heated very unequally from the polos 
to the equator. These two causes, ever present, and combined 
with gravity and the centrifugal force, keep up vast movements 
in the interior of the seas. They displace and mingle all the 
parts, and produce those general and regular currents which 
navigators have noticed. 

Eadiant heat which escapes from the surface of all bodies, 
and traverses elastic media, or spaces void of air, has special 
laws, and occurs with widely varied phenomena. Tho physical 
explanation of many of these facts is already known; the mathe¬ 
matical theory which I have formed gives an exact measure of 
them. It consists, in a manner, in a new catoptrics which 
has its own theorems, and serves to determine by analysis all 
the effects of heat direct or reflected. 

The enumeration of the chief objects of the theory sufficiently 
shews the nature of the questions which I have proposed to 
myself. What are the elementary properties which it is requisite 
to observe in each substance, and what are the experiments 
most suitable to determine them exactly? If the distribution 
of heat in solid matter is regulated by constant laws, what is 
the mathematical expression of those laws, and by what analysis 
may we derive from this expression the complete solution of 
the principal problems ? Why do terrestrial temperatures cease 
to be variable at a depth so small with respect to the radius 
of the earth ? Every inequality in the movement of this planet 
necessarily occasioning an oscillation of the solar heat beneath 
the surface, what relation is there between tho duration of its 
period, and the depth at which the temperatures become con¬ 
stant ? 

What time must have elapsed before the climates could acejuire 
the different temperatures which they now maintain; and what 
are the different causes which can now vary their moan heat? 
Why do not the annual changes alone in the distance of the 
sun from the earth, produce at the surface of the earth very 
considerable changes in the temperatures ? 
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From what characteristic can we ascertain that the earth 
has not entirely lost its original heat; and what are the exact 
laws of the loss ? 

If, as several observations indicate, this fundamental heat 
is not wholly dissipated, it must be immense at great depths, 
and nevertheless it has no sensible influence at tho present time 
on the mean temperature of the climates. The effects which 
are observed in them are due to the action of the solar rays. 
But independently of those two sources of heat, the one funda¬ 
mental and primitive, proper to the terrestrial globe, the other due 
to the presence of the sun, is there not a more universal cause, 
which determines the temperaMre of the heavens, in that part 
of space which the solar system now occupies? Since the ob¬ 
served facts necessitate this cause, what are the consequences 
of an exact theory in this entirely new question; how shall we 
he able to determine that constant value of temperature of 
space, and deduce from it the temperature which belongs to each 
planet ? 

To these questions must he added others which depend on 
the properties of radiant heat The physical cause of the re¬ 
flection of cold, that is to say the reflection of a lesser degree 
of heat, is very distinctly known; hut what is the mathematical 
expression of this effect ? 

On what general principles do the atmospheric temperatures 
depend, whether the thermometer which measures them receives 
the solar rays directly, on a surface metallic or unpolished, 
or whether this instrument remains exposed, during the night, 
under a sky free from clouds, to contact with the air, to radiation 
from terrestrial bodies, and to that from the most distant and 
coldest parts of the atmosphere 1 

The intensity of the rays which escape from a point on the 
surface of any heated body varying with their inclination ac¬ 
cording to a law which experiments have indicated, is there not a 
necessary mathematical relation between this law and tho general 
fact of the equilibrium of heat; and what is tho physical cause of 
this inequality in intensity ? 

Lastly, when heat ponotratos fluid masses, and determines in 
them internal movements by continual changes of tho temperature 
and density of each molecule, can wo still express, by differential 
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equations^ the laws of such a compound effect; and what is the 
resulting change in the general equations of hydrodynamics ? 

Such are the chief problems which I have solved, and which 
have never yet been submitted to calculation. If we consider 
further the manifold relations of this mathematical theory to 
civil uses and the technical arts, we shall recognize completely 
the extent of its applications. It is evident that it includes an 
entire series of distinct phenomena, and that the study of it 
cannot be omitted without losing a notable part of the science of 
nature. 

The principles of the theory are derived, as are those of 
rational mechanics, from a very small number of primary facts, 
the causes of which are not considered by geometers, but which 
they admit as the results of common observations confirmed by all 
experiment. 

The differential equations of the propagation of heat express 
the most general conditions, and reduce the physical questions to 
problems of pure analysis, and this is the proper object of theory. 
They are not less rigorously established than the general equations 
of equilibrium and motion. In order to make this comparison 
more perceptible, we have always preferred demonstrations ana¬ 
logous to those of the theorems which servo as the foundation 
of statics and dynamics. These equations still exist, but receive 
a different form, when they express the distribution of luminous 
heat in transparent bodies, or the movements which the changes 
of temperature and density occasion in the interior of fluids. 
The coefficients which they contain arc subject to variations whoso 
exact measure is not yet known; but in all the natural problems 
which it most concerns us to consider, the limits of temperature 
differ so little that we may omit the variations of these co¬ 
efficients. 

The equations of the movement of heat, like those which 
express the vibrations of sonorous bodies, or the ultimate oscilla¬ 
tions of liquids, belong to one of the most recently discovered 
branches of analysis, which it is very important to perfect. After 
having established those differential equations their integrals must 
be obtained; this process consists in passing from a common 
expression to a particular solution subject to all the given con¬ 
ditions. This difficult investigation requires a special analysis 
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founded on new theorems, whose object we could not inithis 
place make knovm. The method which is derived from them 
leaves nothing vague and indeterminate in the solutions, it leads 
them up to the final numerical applications, a necessary condition 
of every investigation, without which we should only arrive at 
useless transformations. 

The same theorems which have made known to us the 
equations of the movement of heat, apply directly to certain pro¬ 
blems of general analysis and dynamics whose solution has for a 
long time been desired. 

Profound study of nature is the most fertile source of mathe¬ 
matical discoveries. Not only has this study, in offering a de¬ 
terminate object to investigation, the advantage of excluding 
vague questions and calculations without issue; it is besides a 
sure method of forming analysis itself, and of discovering the 
elements which it concerns us to know, and which natural science 
ought always to preserve: these are the fundamental elements 
which are reproduced in all natural effects. 

We see, for example, that the same expression whose abstract 
properties geometers had considered, and which in this respect 
belongs to general analysis, represents as well the motion of light 
in the atmosphere, as it determines the laws of diffusion of heat 
in solid matter, and enters into all the chief problems of the 
theory of probability. 

The analytical equations, unknown to the ancient geometers, 
which Descartes was the first to introduce into the study of curves 
and surfaces, are not restricted to the properties of figure^ and to 
those properties which are the object of rational mechanics; they 
extend to all general phenomena. There cannot be a language 
more universal and more simple, more free from errors and from 
obscurities, that is to say more worthy to express the invariable 
relations of natural things. 

Considered from this point of view, mathematical analysis is as 
extensive as nature itself; it defines all perceptible relations, 
measures times, spaces, forces, temperatures; tliis difficult science 
is formed slowly, but it preserves every principle which it has once 
acquired; it grows and strengthens itself incessantly in the midst 
of the many variations and errors of the human mind. 

Its chief attribute is clearness; it has no marks to express con- 
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fused notions. It brings together phenomena the most diverse, 
and discovers the hidden analogies which unite them. If matter 
escapes us, as that of air and light, by its extreme tenuity, if 
bodies are placed far from us in the immensity of space, if man 
wishes to know the aspect of the heavens at successive epochs 
separated by a great number of centuries, if the actions of gravity 
and of heat are exerted in the interior of the earth at depths 
which will be always inaccessible, mathematical analysis can yet 
lay hold of the laws of these phenomena. It makes them present 
and measurable, and seems to be a faculty of the human mind 
destined to supplement the shortness of life and the imperfec¬ 
tion of the senses; and what is still more remarkable, it follows 
the same course in the study of all phenomena; it interprets them 
by the same language, as if to attest the unity and simplicity of 
the plan of the universe, and to make still more evident that 
unchangeable order which presides over all natural causes. 

The problems of the theory of heat present so many examples 
of the simple and constant dispositions which spring from the 
general laws of nature; and if the order which is established in 
these phenomena could be grasped by our senses, it would produce 
in us an impression comparable to the sensation of musical sound. 

The forms of bodies are infinitely varied; the distribution of 
the heat which penetrates them seems to bo arbitrary and confused; 
but all the inequalities are rapidly cancelled and disappear as time 
passes on. The progress of the phenomenon becomes more regular 
and simpler, remains finally subject to a definite law which is the 
same in all cases, and which bears no sensible impress of the initial 
arrangement. 

All observation confirms these consequences. The analysis 
from which they are derived separates and expresses clearly, V the 
general conditions, that is to say those which spring from the 
natural properties of heat, 2® the effect, accidental but continued, 
of the form or state of the surfaces; 3° the effect, not permanent, 
of the primitive distribution. 

In this work wo have demonstrated all the principles of the 
theory of heat, and solved all the fundamental problems. They 
could have been explained more concisely by omitting the simpler 
problems, and presenting in the first instance the most general 
results; but we wished to shew the actual origin of the theory and 
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its gradual progress. When this knowledge has been acquired 
and the principles thoroughly fixed, it is preferable to employ at 
once the most extended analytical methods, as we have done in 
the later investigations. This is also the course which we shall 
hereafter follow in the memoirs which will be added to this work, 
and which will form in some manner its complement and by this 
means we shall have reconciled, so far as it can depend on our¬ 
selves, the necessary development of principles with the precision 
which becomes the applications of analysis. 

The subjects of these memoirs will be, the theory of radiant 
heat, the problem of the terrestrial temperatures, that of the 
temperature of dwellings, the comparison of theoretic results with 
those which we have observed in different experiments, lastly the 
demonstrations of the differential equations of the movement of 
heat in fluids. 

The work which we now publish has been written a long time 
since; different circumstances have delayed and often interrupted 
the printing of it. In this interval, science has been enriched by 
important observations; the principles of our analysis, which had 
not at first been grasped, have become better known; the results 
which we had deduced from them have been discussed and con¬ 
firmed. We ourselves have applied these principles to new 
problems, and have changed the form of some of the proofs. 
The delays of publication will have contributed to make the work 
clearer and more complete. 

The subject of our first analytical investigations on the transfer 
of heat was its distribution amongst separated masses; these have 
been preserved in Chapter IV., Section II. The problems relative 
to continuous bodies, .which form the theory rightly so called, were 
solved many years afterwards; this theory was explained for the 
first time in a manuscript work forwarded to the Institute of 
France at the end of the year 1807, an extract from which was 
published in the Bulletin des Bciencea {Soddtd Philomatigue, year 
1808, page 112). We added to this memoir, and successively for¬ 
warded very extensive notes, concerning the convergence of series, 
the diffusion of heat in an infinite prism, its emission in spaces 

1 Theflo memoirfl were never coUeolivoly published as a fleqncl or coaianlomont 
to the Thcorie Anahjtique dc la QhaUnr. But, an will bo soon presently, tlio author 
had written most of them before the pxiblioatiou of that work in 1822. [A. F.] 
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void of air, the constructions suitable for exhibiting the chief 
theorems, and the analysis of the periodic movement at the sur¬ 
face of the earth. Our second memoir, on the propagation of 
heat^ was deposited in the archives of the Institute, on the 28th of 
September, 1811. It was formed out of the preceding memoir and 
the notes already sent in; the geometrical constructions and 
those details of analysis which had no necessary relation to the 
physical problem were omitted, and to it was added the general 
equation which expresses the state of the surface. This second 
work was sent to press in the course of 1821, to be inserted in 
the collection of the Academy of Sciences. It is printed without 
any change or addition; the text agrees literally with the deposited 
manuscript, which forms part of the archives of the Institute \ 

In this memoir, and in the writings which preceded it, will be 
found a first explanation of applications which our actual work 

^ It appears as a memoir and supplement in Tolmnes IV. and V. of the 
moires de VAcadSmie des Sciences. For oonvenienoe of comparison 'with the table 
of oontents of the Analytical Theory of Heatt we subjoin the titles and heads of 
the chapters of the printed memoir: 

Th^BIB nu U0I7TEMENT DB lA OBALBVB DANS LBS COUPS BOLinBS, PAB M. 
Foubieb. IMimoires de VAeaddmie JRoyale dee Seiencee de VInetitvd de France, 
Tome TV, (for year 1819). Paris 1824.] 

L Expoeition, 

n. Notions ginirdlee et dAfinitione prdUminairee, 

TJX, Equations du mouvement de la chaleur. 

TV, JDu mouvement linAaire et variS de la ehaleur dans une armiUe, 

V. J)e la propagation de la chaleur dans une lame reetangulaire dont les temperatures 
sent constantes, 

VI. JDe la communication de la clwleur mtre des masses dUgointes, 

VH. Du mouvement varii de la chaleur dans une sphere solide, 

VIIL JDi* mouvement varU dc la chaleur dans un cylindre solide, 

IX. De la propagation de la chaleur dans un prisms dont Vextrimiti est assujettie 
a une temperature constants, 

X. Du mouvennent varie dA la chaleur dans un solide de forme cuhiqtte, 

XL Du mouvement lindaire et varie de la chaleur dans lee corps dont une dimension 
est infinie, 

SnZTB DU BC^OIBB XHTITULB: ThEOBIB DU HOXTOMEKT DB IjA OHiXBUB DABS 
LES ooBPS BOLxnBS; PAB M. FouBiEB. {Memoires de VAeadAmie Royals des Sciences 
de VInstitut de France, Tome V, (for year 1820). Parts, 1826.] 

XII. Des temperatures terrestres, et du mouvement de la chaleur dans VinUrieur 
d’ttns sphhre solide, dont la surface est assujettie h des changemens periodiques 
de temperature, 

Xin. Des lois mathematiquee de Tiquilihre de la chaleur rayonnante, 

XIV. Compdraison des resultats de la theorie avec eeux de diverses experiences, 
[A. F.] 
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does not contain; they will be treated in the subsequent memoirs^ 
at greater length, and, if it be in our power, with greater clear¬ 
ness. The results of our labours concerning the same problems 
are also indicated in several articles already published. The 
extract inserted in the Annales de Chimie et de Physique shews 
the aggregate of our researches (Vol. lii. page 350, year 1816). 
We published in the Annales two separate notes, concerning 
radiant heat (Vol. rv. page 128, year 1817, and Vol. vi. page 259, 
year 1817). 

Several other articles of the same collection present the most 
constant results of theory and observation; the utility and the 
extent of theimological knowledge could not be better appreciated 
than by the celebrated editors of the Aniuiles *. 

In the Bulletin des Sciences {8oci4t4 philomatique year 1818, 
page 1, and year 1820, page 60) will be found an extract from 
a memoir on the constant or variable temperature of dwellings, 
and an explanation of the chief consequences of our analysis of 
the terrestrial temperatures. 

M. Alexandre de Humboldt, whose researches embrace all the 
great problems of natural philosophy, has considered the obser¬ 
vations of the temperatures proper to the different climates 
from a novel and very important point of view (Memoir on Iso¬ 
thermal lines, SodiU d'Arcueil, VoL m. page 462); (Memoir on 
the inferior limit of perpetual snow, Annales de Chimie et de 
Physique, VoL v. page 102, year 1817). 

As to the differential equations of the movement of heat in 
fluids* mention has been made of them in the annual history of 
the Academy of Sciences. The extract from our memoir shews 
clearly its object and principle. {Analyse des travaux de VAca- 
d^mie des Sciences, by M. De Lambre, year 1820.) 

The examination of the repulsive forces produced by heat, 
which determine the statical properties of gases, does not belong 

> See note, page 9, and the notes, pages 11—18. 

* Gay-Lnssao and Arago. See note, p. 13. 

> Mimoirea de VAeadSmie des Sciences, Tom 2CII,, Paris, 1888, contain on pp, 
507—614, M6moire dHanalyse sur le mouvemnt de la chaleur dans les Jluidcs, par AT. 
Fourier. Lu h VAeadSmie Boyale des Sciences, 4 Sep, 1820. It is followed on pp. 
616—630 by Extrait des notes manuscrites constrvSes par Vanteur. The memoir 
is signed Jh. Fourier, Paris, 1 Sep. 1820, but was published after the death of tho 
author. [A. F.] 
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to the analytical subject which we have considered. This question 
connected with the theory of radiant heat has just been discussed 
by the illustrious author of the M4canique celeste, to whom all 
the chief branches of mathematical analysis owe important 
discoveries. (Gormaisscmce des Temps, years 1824-5.) 

The new theories explained in our work are united for ever 
to the mathematical sciences, and rest like them on invariable 
foundations; all the elements which they at present possess they 
will preserve, and will continually acquire greater extent. Instru¬ 
ments will be perfected and experiments multiplied. The analysis 
which we have formed wiU be deduced from more general, that 
is to say, more simple and more fertile methods common to many 
classes of phenomena. For all substances, solid or liquid, for 
vapours and permanent gases, determinations will be made of all 
the specific qualities relating to heat, and of the variations of the 
coefllcients which express them\ At different stations on the 
earth observations will be made, of the temperatures of the 
ground at different depths, of the intensity of the solar heat and 
its effects, constant or variable, in the atmosphere, in the ocean 
and in lakes; and the constant temperature of the heavens proper 
to the planetary regions wiU become known*• The theory itself 

1 Mdmoires de VAcaddmie des Sciences, Tome Till,, Paris 1829, contain on 
pp. 681—622, MSmire sur la ThSorie Analytique de la Chalewr, par M, Fourier, 
This was published whilst the author was Perpetual Secretary to the Academy. 
The first only of four ports of the memoir is printed. The contents of all are 
stated. 1. Determines the temperature at any point of a prism whose terminal 
temperatures are functions of the time, the initial temperature at any point being 
a function of its distance from one end. n. Examines the chief oonseq,uonoos of 
the general solution, and appUos it to two distinct cases, according as the tempo- 
raWes of the ends of the heated prism are periodic or not. III. Is historical, 
enumerates the earlier experimental end analytical researches of other writers 
relative to the theory of heat; considers the nature of the transcendental equations 
appearing in the theory; remarks on the employment of arbitrary functions; 
replies to the objections of Id. Poisson; adds some remarks on a problem of the 
motion of waves. IV. Extends the application of the theory of heat by taking 
account, in the analysis, of variations in the specific coefficients which measure 
the capacity of substances for heat, the permeability of solids, and the penetra¬ 
bility of their surfaces. [A. F.] 

® M^nwires de VAeadimie des Sciences, Tome VII., Paris, 1827, contain on 
pp. 669—G04, Mdmoire sur les temperatures du gloibe terrestre et des espaces pland^ 
taires, par M. Fourier, The memoir is entirely descriptive; it was read before the 
Academy, 20 and 29 Sep. 1824 {Annales de Ohimie et de Physique, 1824, zzwi. 
p.lSG). [A. F.] 
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will direct all these measures, and assign their precision. No 
considerable progress can hereafter be made which is not founded 
on experiments such as these; for mathematical analj^sis can 
deduce from general and simple phenomena the expression of the 
laws of nature; but the special application of these laws to very 
complex effects demands a long series of exact observations. 

The complete list of tho Articles on Boat, published by M. Fourier, in tho 
Annales de Chimie et de Physique^ Series 2, is as follows: 

181C. III. pp. SCO—876. Thdorie de la Chaleur {Extrait). Description by tho 
author of the 4to volume afterwards published in 1822 without the chapters on 
radiant heat, solar heat as it affects the earth, the comparison of analysis witli 
experiment, and the history of tlio rise and progress of the theory of heat. 

1817. IV. pp. 128—146. Note sttr la Chaleur rayonnante. Mathematical 
sketch on tho sine law of omission of heat from a surface. Proves tho author’s 
paradox on the hypothesis of e(iual intensity of emission in all directions. 

1817. VI. pp. 269—803. Questions sur la thdorie physique de la chaleur 
rayonnante. An elegant physical treatise on the disooverios of Newton, Pictet, 
Wells, Wollaston, Leslie and Prevost. 

1820. Xin. pp. 418—438. Sur le refroUlissement sdculaire de la terre (Extrait), 
Sketch of a memoir, mathematical and descriptive, on the waste of the earth’s 
initial heat. 

1824. XXVn. pp. 136—167. JRemarques gdnSrales sur les tenypdratures du globe 
terrestre et des espaces planitaires. This is tho descriptive memoir referred to 
above, J\Idm, Acad, d. Sc. Tonie VII. 

1824. XXVn. pp. 2SC—281. Rdsumd thdorique des propridtds de la chaleur 
rayonnante. Elementary analytical account of surfaco-emission and absorption 
based on the principle of equilibrium of temporature. 

1826. XXVni. pp. 337—8C6. Hemargues sur la thdorie mathdmatique de la 
chaleur rayonnante. Elementary analysis of emission, absorption and reflection 
by walls of enclosure uniformly heated. At p. 804, M. Fourier promises a Thdorie 
physique de la chaleur to contain the applications of the Thdorie Analytique 
omitted from the work published in 1822. 

1828. XXXVn. pp. 291—816. Rechcrches expdriinentales sur la facultd con- 
ductrice des corps minces soumis h VacUon de la chaleur^ et description dhm nouveau 
thermomitre de contact. A thermoscope of contact intended for lecture demonstra¬ 
tions is also described. M. Emile Verdet in his Conferences de Physique^ Paris, 
1872. Part I. p. 22, has stated the practical reasons against relying on the 
theoretical indications of the thermomotor of contact. [A. F.] 

Of tho three notices of memoirs by M. Fourier, contained in tho bulletin des 
Sciences par la Socidld PhilomaUque, and quoted here at pages 0 and 11, tho first 
was written by M. Poisson, tho mathematical editor of HaoBulletinf tho other two by 
M. Fourier. [A. F.] 



THEOBY OF HEAT. 

Et ignem regunt wunwri.—P lato’. 


CHAPTER L 

INTBODUCnON. 

FIRST SECTION. 

Slatemmt of the Object of the Work. 

1. The effects of heat are subject to constant laws which 
cannot he discovered without the aid of mathematical analysis. 
The object of the theory which we are about to explain is to 
demonstrate these laws; it reduces all physical researches on 
the propagation of heat^ to problems of the integral calculus 
whose elements are given by experiment. No subject has more 
extensive relations with the progress of industry and the natural 
sciences; for the action of heat is always present^ it penetrates 
all bodies and spaces, it influences the processes of the arts, 
and occurs in all the phenomena of the universe. 

When heat is unequally distributed among the different parts 
of a solid mass, it tends to attain equilibrium, and passes slowly 
from the parts which are more heated to those which are less; 
and at the same time it is dissipated at the surface, and lost 
in the medium or in the void. The tendency to uniform dis¬ 
tribution and the spontaneous emission which acts at the surface 
of bodies, change continually the temperature at their different 
points. The problem of the propagation of heat consists in 

^ Cf. Plato, Timaus, 58 , b. 

5re 0 * irexfiLpeTro KoapMffdai to rav, vvp vpiSroy koX y^p Kal dSpa koI Cdiop . 

^ie^ijAMT^o'aro [6 rc Kal dpidjiois. [A. P.] 
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determining what is the temperature at each point of a body 
at a given instant, supposing that the initial temperatures are 
known. The following examples will more clearly make known 
the nature of these problems. 


2. If we expose to the continued and uniform action of a 
source of heat, the same part of a metallic ring, whoSe diameter 
is large, the molecules nearest to the source will be first heated, 
and, after a certain time, every point of the solid will have 
acquired very nearly the highest temperature which it can attain. 
This limit or greatest temperature is not the same at different 
points; it becomes less and less according as they become more 
distant from that point at which the source of heat is directly 
applied. 

When the temperatures have become permanent, the source 
of heat supplies, at each instant, a quantity of heat which exactly 
compensates for that which is dissipated at all the points of the 
external surface of the ring. 

If now the source be suppressed, heat will continue to be 
propagated in the interior of the solid, hut that which is lost 
in the medium or the void, will no longer be compensated as 
formerly by the supply from the source, so that all the tempe¬ 
ratures will vary and diminish incessantly until they have be¬ 
come equal to the temperatures of the surrounding medium, 

3. Whilst the temperatures are permanent and the sou^ 
remains, if at every point of the mean circumference of the ring 
an ordinate be raised perpendicular to the plane of the ring, 
whose length is proportional to the fixed temperature at that 
point, the curved line which passes through the ends of these 
ordinates will represent the permanent state of the temperatures, 
and it is very easy to determine by analysis the nature of this 
line. It is to be remarked that the thickness of the ring is 
supposed to be sufficiently small for the temperature to be 
sensibly equal at all points of the same section perpendicular 
to the mean circumference. When the source is removed, tho 
line which bounds the ordinates proportional to the temperatures 
at the different points will change its form continually. Tho 
problem consists in expressing, by one equation, the variable 
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form of this curve, and in thus including in a single formula 
all the successive states of the solid. 


4 Let z he the constant temperature at a point m of the 
mean circumference, x the distance of this point from the source, 
that is to say the length of the arc of the mean circumference, 
included between the point m and the point o which corresponds 
to the position of the source; z is the highest temperature 
which the point m can attain by virtue of the constant action 
of the source, and this permanent temperature z ia & function 
f{a>) of the distance ai. The first part of the problem consists 
in determining the function /(ai) which represents the permanent 
state of the solid. 

Consider next the vaiiable state which succeeds to the former 
state as soon as the source has been removed; denote by t the 
time which has passed since the suppression of the source, and 
by V the value of the temperature at the point m after the 
time t. The quantity ® will be a certain function F (x, t) of 
the distance an and the time t ; the object of the problem is to 
discover this function F (x, t), of which we only know as yet 
that the initial value is (x), so that we ought to have tlio 
equation / (a-) = J* (x, 6). 

5. If we place a solid homogeneous mass, having the form 
of a sphere or cube, in a medium maintained at a constant tem¬ 
perature, and if it remains immersed for a very long time, it will 
acquire at all its points a temperature differing very little from 
that of the fluid. Suppose the mass to be withdrawn in order 
to transfer it to a cooler medium, heat will begin to be dissi¬ 
pated at its surface; the temperatures at different points of the 
mass wiU not he sensibly the same, and if we suppose it divided 
into an infinity of layers by surfaces parallel to its external sur¬ 
face, each of those layers will transmit, at each instant, a certain 
quantity of heat to the layer which surrounds it. If it bo 
im^ined that each molecule carries a separate thermometer, 
which indicates its temperature at every instant, the state of 
the solid will from time to time be represented by the variable 
system of all these thermometric heights. It is required to 
express the successive states by analytical formulaj, so that wo 
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may know at any given instant the temperatures indicated by 
each thermometer, and compare the quantities of heat whiclx 
flow during the same instant, between two adjacent layers, or 
into the surrounding medium. 

6. If the mass is spherical, and we denote by x the distance 
of a point of this mass from the centre of the sphere, by t the 
time which has elapsed since the commencement of the cooling, 
and by v the variable temperature of the point m, it is easy to see 
that all points situated at the same distance x from the centre 
of the sphere have the same temperature v. This quantity is a 
certain function F (x, t) of the radius x and of the time t ; it must 
be such that it becomes constant whatever be the value of x, when 
we suppose t to be nothing; for by hypothesis, the temperature at 
all points is the same at the moment of emersion. The problem 
consists in determining that function of x and t which expresses 
the value of v. 

7. In the next place it is to be remarked, that during the 
cooling, a certain quantity of heat escapes, at each instant, through 
the external surface, and passes into the medium. The value of 
this quantity is not constant; it is greatest at the beginning of the 
cooling. If however we consider the variable state of the internal 
spherical surface whose radius is x, we easily see that there must 
be at each instant a certain quantity of heat which traverses that 
surface, and passes through that part of the mass which is more 
distant from the centre. This continuous flow of heat is variable 
like that through the external surface, and both are quantities 
comparable with each other; their ratios are numbers whose vary¬ 
ing values are functions of the distance x, and of the time t which 
has elapsed. It is required to determine these functions. 

8. If the mass, which has been heated by a long immersion in 
a medium, and whose rate of cooling we wish to calculate, is 
of cubical form, and if we determine the position of each point m by 
three rectangular co-ordinates x, y, z, taking for origin the centre 
of the cube, and for axes linos pei’pcndicular to the faces, we sec 
that the temperature v of the point m after the timo t, is a func¬ 
tion of the four variables x, y, z, and t The quantities of heat 
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whicli flow out at each instant througli the whole external surface 
of the solid, are variable and comparable with each other; their 
ratios are analytical functions depending on the time t, the expres¬ 
sion of which must be assigned. 

9. Let us examine also the case in which a rectangular prism 
of sufficiently great thickness and of infinite length, being sub¬ 
mitted at its extremity to a constant temperature, whilst the air 
which surrounds it is maintained at a less temperature, has at last 
arrived at a fixed state which it is required to determine. All the 
points of the extreme section at the base of the prism have, by 
hypothesis, a common and permanent temperature. It is not the 
same with a section distant from the source of heat; each of the 
points of this rectangular surface parallel to the base has acquired 
a fixed temperature, but this is not the same at different points of 
the same section, and must be less at points nearer to the surface 
exposed to the air. We see also that, at each instant, there flows 
across a given section a certain quantity of heat, which always 
remains the same, since the state of the solid has become constant. 
The problem consists in determining the permanent temperature 
at any given point of the solid, and the whole quantity of heat 
which, in a definite time, flows across a section whose position is 
given. 

10. Take as origin of co-ordinates x, y, z, the centre of the 
base of the prism, and as rectangular axes, the axis of the prism 
itself, and the two perpendiculars on the sides: the permanent 
temperature v of the point m, whose co-ordinates are x, y, z, is 
a function of three variables F {x, y, z ): it has by hypothesis a 
constant value, when we suppose x nothing, whatever be the values 
of y and z. Suppose we take for the unit of heat that quantity 
which in the unit of time would emerge from an area equal to a 
unit of surface, if the heated mass which that area bounds, and 
which is formed of the same substance as the prism, were continu¬ 
ally maintained at the temperature of boiling water, and immersed 
in atmospheric air maintained at the temperature of melting ice. 

We see that the quantity of heat which, in the permanent 
state of the rectangular prism, flows, during a unit of time, across 
a certain section perpendicular to the axis, has a determinate ratio 
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to the quantity of heat taken as unit. This ratio is not the same 
for all sections: it is a function ^ {x) of the distance x, at which 
the section is situated. It is required to find an analytical expres¬ 
sion of the function ^ (x). 

11. The foregoing examples suffice to give an exact idea of 
the different problems which we have discussed. 

The solution of these problems has made us understand that 
the effects of the propagation of heat depend in the case of every 
solid substance, on three elementary qualities, which are, its capa¬ 
city for heat, its own conducibility,*and the exterior conducibility. 

It has been observed that if two bodies of the same volume 
and of different nature have equal temperatures, and if the same 
quantity of heat be added to them, the increments of temperature 
are not the same; the ratio of these increments is the'^tio of 
their capacities for heat. In this manner, the first of the three 
specific elements which regulate the action of heat is exactly 
defined, and physicists have for a long time known several methods 
of determining its value. It is not the same with the two others; 
their effects have often been observed, but there is but one exact 
theory which can fairly distinguish, define, and measure them 
with precision. 

The proper or interior conducibility of a body expresses the 
facility with which heat is propagated in passing from one internal 
molecule to another. The external or relative conducibility of a 
solid body depends on the facility with which heat penetrates the 
suiface, and passes from this body into a given medium, or passes 
from the medium into the solid. The last property is modified by 
the more or less polished state of the surface; it varies also accord¬ 
ing to the medium in which the body is immersed; but the 
interior conducibility can change only with the nature of the 
solid. 

These three elementary qualities are represented in our 
formulse by constant numbers, and the theory itself indicates 
experiments suitable for measuring their values. As soon as they 
are determined, all the problems relating to the propagation of 
heat depend only on numerical analysis. The knowledge of these 
specific properties may be directly useful in several applications of 
the. physical sciences; it is besides an element in the study and 

* ★ 

inverse ratio of their capacities 


et passim Oondnotivity 
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description of different substances. It is a very imperfect know¬ 
ledge of bodies which ignores the relations which they have with 
one of the chief agents of nature. In general, there is no mathe¬ 
matical theory which has a closer relation than this witli public 
economy, since it serves to give clearness and perfection to the 
practice of the numerous arts which are founded on the employ¬ 
ment of heat. 

12. The problem of the terrestrial temperatures presents 
one of the most beautiful applications of the theory of heat; the 
general idea to be formed of it is this. Different parts of the 
surface of the globe are unequally exposed to the influence of the 
solar rays; the intensity of their action depends on the latitude of 
the place; it changes also in the course of the day and in the 
course of the year, and is subject to other less perceptible in¬ 
equalities. It is evident that, between the variable state of the 
surface and that of the internal temperatures, a necessary relation 
exists, which may be derived from theory. We know that, at a 
certain depth below the surface of the earth, the temperature at a 
given place experiences no annual variation: this permanent 
underground temperature becomes less and less according as the 
place is more and more distant from the equator. We may then 
leave out of consideration the exterior envelope, the thickness of 
which is incomparably small with respect to the earth’s radius, 
and regard our planet as a nearly spherical mass, whose surface 
is subject to a temperature which remains constant at all points 
on a given parallel, but is not the same on another parallel. It 
follows from this that every internal molecule has also a fixed tem¬ 
perature determined by its position. The mathematical problem 
consists in discovering the fixed temperature at any given point, 
and the law which the solar heat follows whilst penetrating the 
interior of the earth. 

This diversity of temperature interests us stiH more, if we 
consider the changes which succeed each other in the envelope 
itself on the surface of which we dwell. Those alternations of 
heat and cold which are reproduced every day and in the course of 
eveiy year, have been up to the present time the object of repeated 
observations. These we can now submit to calculation, and from 
a common theory derive all the particular facts which experience 
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has taught us. The problem is reducible to the hypothesis that 
every point of a vast sphere is affected by periodic temperatures; 
analysis then tells us according to what law the intensity of these 
variations decreases according as the depth increases, what is the 
amount of the annual or diurnal changes at a given depth, the 
epoch of the changes, and how the fixed value of the underground 
temperature is deduced from the variable temperatures observed 
at the surface. 

13. The general equations of the propagation of heat are 
partial differential equations, and though their form is very simple 
the known methods ^ do not furnish any general mode of integrat¬ 
ing them; we could not therefore deduce from them the values 
of the temperatures after a definite time. The numerical inter¬ 
pretation of the results of analysis is however necessary, and it 
is a degree of perfection which it would be very important to give 
to every application of analysis to the natural sciences. So long 
as it is not obtained, the solutions may be said to remain in¬ 
complete and useless, and the truth which it is proposed to 
discover is no less hidden in the formulce of analysis than it was 
in the physical problem itself. We have applied ourselves with 
much care to this purpose, and we have been able to overcome 
the difficulty in all the problems of which we have treated, and 
which contain the chief elements of the theory of heat. There is 
not one of the problems whose solution docs not provide conve¬ 
nient and exact means for discovering the numerical values of the 
temperatures acquired, or those of the quantities of heat which 

^ For tho modern treatment of those equations consult 

JPartielle DIfferentialgleichungeih von Braunschweig, 2ud Ed., 1876. 

The fourth section, licwcgung der Warm infcBten Kiirpern. 

Cemrs de physigue matJUmatique, x)ar B. Uatthiou, Paris, 1873. The ports 
relative to the differential equations of the theory of heat. 

The Functions of Laplac(*t Lam4, and Bessel^ hy 1. Todhunter^ London, 1876. 
Chapters XXI. XXV.—XXIX. which give some of LomC^s methods. 

Conf^reiiccs de Bhysique, par E, Verdet, Paris, 1872 [(Euvres, Vol. iv. Part i.]. 
Legons sur la propagation de la chaleur par conductihilitS, Those are followed by 
a very extensive bibliography of tho whole subject of conduction of heat. 

For an interesting sketch and application of Fourier’s Theory see 

Theory of Heat, hy Prof, IToxwefl,London, 1876 [4th Edition]. Chapter XVIII. 
On the diffusion of heat by conduction. 

Natural Philosophy, hy Sir W, Thomson and Prof, Tait, Vol. i. Oxford, 1867. 
Chapter VII. Appendix D, On the secular cooling of the earth. [A. F.] 
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have flowed through, when the values of the time and of the 
variable coordinates are known. Thus will be given not only the 
diflerential equations which the functions that express the values 
of the temperatures must satisfy; but the fxmctions themselves 
will be given under a form which facilitates the numerical 
applications. 


14. In order that these solutions might be general, and have 
an extent equal to that of the problem, it was requisite that they 
should accord with the initial state of the temperatures, which is 
arbitrary. The examination of this condition shews that we may 
develop in convergent series, or express by definite integrals, 
functions which are not subject to a constant law, and which 
represent the ordinates of irregular or discontinuous lines. This 
property throws a new light on the theory of partial differen¬ 
tial equations, and extends the employment of arbitrary functions 
by submitting them to the ordinary processes of analysis. 

15. It still remained tcvcompare the facts with theory. With 
this view, varied and exact experiments were undertaken, whose 
results were in conformity with those of analysis, and gave them 
an authority which one would have been disposed to refuse to 
them in a new matter which seemed subject to so much uncer¬ 
tainty. These experiments confirm the principle from which we 
started, and which is adopted by all physicists in spite of the 
diversity of their hypotheses on the nature of heat. 

16. Equilibrium of temperature is effected not only by way 
of contact, it is established also between bodies separated from 
each other, which are situated for a long time in the same region. 
This effect is independent of contact with a medium; we have 
observed it in spaces wholly void of air. To complete our theory 
it was necessary to examine the laws v/bich radiant heat follows, 
on leaving the surface of a body. It results from the observations 
of many physicists and from our own experiments, that the inten¬ 
sities of the different rays, which escape in all directions from any 
point in the surface of a heated body, depend on the angles which 
their directions make with the surface at the same point. We 
have proved that the intensity of a ray diminishes as the ray 
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makes a smaller angle with the element of surface, and that it is 
proportional to the sine of that angle \ This general law of 
emission of heat which different observations had already indi¬ 
cated, is a necessary consequence of the principle of the equilibrium 
of temperature and of the laws of propagation of heat in solid 
bodies. 


Such are the chief problems which have been discussed in 
this work; they are all directed to one object only, that is to 
establish clearly the mathematical principles of the theory of heat, 
and to keep up in this way with the progress of the useful arts, 
and of the study of nature. 

17. From what precedes it is evident that a very extensive 
class-of phenomena exists, not produced by mechanical forces, but 
resulting simply from the presence and accumulation of heat. 
This part of natural philosophy cannot be connected vrith dy- 
uamical theories, it has principles peculiar to itself, and is founded 
on a method s i milar to that of other exact sdences. The solar 
heat, for example, which penetrates the interior of the globe, dis¬ 
tributes itself therein according to a regular law which does not 
depend on the laws of motion, and cannot be determined by the 
prindples of mechanics. The dilatations which the repulsive 
force of heat produces, observation of which serves to measure 
temperatures, are in truth dynamical effects; but it is not these 
dilatations which we calculate, when we investigate the laws of 
the propagation of heat. 

18. There are other more complex natural effects, which 
depend at the same time on the influence of heat^ and of attrac¬ 
tive forces: thus, the variations of temperatures which the move¬ 
ments of the sun occasion in the atmosphere and in the ocean, 
change continually the densily of the different parts of the air 
and the waters. The effect of the forces which these masses obey 
is modified at every instant by a new distribution of heat, and 
it cannot be doubted that this cause produces the regular winds, 
and the chief currents of the sea; the solax and lunar attractions 
occasioning in the atmosphere effects but slightly sensible, and 
not general displacements. It was therefore necessary, in order to 

» 1M». Aeai. A Sc. Tome K Paris, 1826, pp. 179—218. [A. P.] 
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submit these grand phenomena to calculation, to discover the 
mathematical laws of the propagation of heat in the interior of 
masses. 


19. It will be perceived, on reading this work, that heat at¬ 
tains in bodies a regular disposition independent of the original 
distribution, which may be regarded as arbitrary. 

In whatever manner the heat was at first distributed, the 
system of temperatures altering more and more, tends to coincide 
sensibly with a definite state which depends only on the form of 
the solid. In the ultiniate state the temperatures of all the points 
are lowered in the same time, but preserve amongst each other the 
same ratios: in order to express this property the analytical for¬ 
mulae contain terms composed of exponentials and of quantities 
analogous to trigonometric functions. 

Several problems of mechanics present analogous results, such as 
the isochronism of oscillations, the multiple resonance of sonorous 
bodies. Common experiments had made these results remarked, 
and analysis afterwards demonstrated their true cause. As to 
those results which depend on changes of temperature, they could 
not have been recognised except by very exact experiments ; but 
mathematical analysis has outrun observation, it has supplemented 
our senses, and has made us in a manner witnesses of regular and 
harmonic vibrations in the interior of bodies. 

20. These considerations present a singular example of the 
relations which exist between the abstract science of numbers 
and natural causes. 

When a metal bar is exposed at one end to the constant action 
of a source of heat, and every point of it has attained its highest 
temperature, the system of fixed temperatures corresponds exactly 
to a table of logarithms; the numbers are the elevations of ther¬ 
mometers placed at the different points, and the logarithms are 
the distances of these points from the source. In general heat 
distributes itself in the interior of solids according to a simple law 
expressed by a partial differential equation common to physical 
problems of different order. The irradiation of heat has an evident 
relation to the tables of sines, for the rays which depart from the 
saiuo jDoiiit of a heated surface, differ very much from each other. 
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and their intensity is rigorously proportional to the sine of the 
angle which the direction of each ray makes with the element of 
surface. 

If we could observe the changes of temperature for every in¬ 
stant at every point of a solid homogeneous mass, we should dis¬ 
cover in these series of observations the properties of recurring 
series, as of sines and logarithms; they would he noticed for 
example in the diurnal or annual variations of temperature of 
dijfferent points of the earth near its surface. 

We should recognise again the same results and all the chief 
elements of general analysis in the vibrations of elastic media, in 
the properties of lines or of curved surfaces, in the movements of 
the stars, and those of light or of fluids. Thus the functions ob¬ 
tained by successive differentiations, which are employed in the 
development of infinite series and in the solution of numerical 
equations, correspond also to physical properties. The first of 
these functions, or the fluxion properly so called, expresses in 
geometry the inclination of the tangent of a curved line, and in 
dynamics the velocity of a moving body when tho motion varies ; 
in the theory of heat it measures the quantity of heat which flows 
at each point of a body across a given surface. Mathematical 
analysis has therefore necessary relations with sensible phenomena; 
its object is not created by human intelligence; it is a pre-existent 
element of the universal order, and is not in any way contingent 
or fortuitous; it is imprinted throughout all nature. 


21. Observations more exact and more varied will presently 
ascertain whether the effects of heat are modified by causes which 
have not yet been perceived, and the theory will acquire fresh 
perfection by the continued comparison of its results with the 
results of experiment; it will explain some important phenomena 
which we have not yet been able to submit to calculation; it will 
shew how to determine all the thermometric effects of the solar 
rays, the fixed or variable temperature which would be observed at 
different distances from the equator, whether in the interior of 
the earth or beyond the limits of the atmosphere, whether in the 
ocean or in different regions of tho air. From it will be derived 
the mathematical knowledge of the groat movements which result 
from the influence of heat combinod.with that of gravity. The 
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same principles will serve to measure the conducibilities, proper or 
relative, of different bodies, and their specific capacities, to dis¬ 
tinguish all the causes which modify the emission of heat at the 
surface of solids, and to perfect thermometric instruments. 

The theory of heat will always attract the attention of ma¬ 
thematicians, by the rigorous exactness of its elements and the 
analytical difficulties peculiar to it, and above all by the extent 
and usefulness of its applications; for all its consequences con¬ 
cern at the same time general physics, the operations of the arts, 
domestic uses and civil economy. 


SECTION II. 

Preliminary dejantiona cmd general notions. 

22. Of the nature of heat uncertain hypotheses only could be 
formed, but the knowledge of the mathematical laws to which its 
effects are subject is independent of all hypothesis; it requires only 
an attentive examination of the chief facts which common obser¬ 
vations have indicated, and which have been confirmed by exact 
experiments. 

It is necessary then to set forth, in the first place, the general 
results of observation, to give exact definitions of all the elements 
of the analysis, and to establish the principles upon which this 
analyds ought to be foxmded. 

The action of heat tends to expand all bodies, solid, liquid or 
gaseous; this is the property which gives evidence of its presence. 
Solids and liquids increase in volume*if the quantity of heat which 
they contain increases; they contract if it diminishea 

When all the parts of a solid homogeneous body, for example 
those of a mass of metal, are equally heated, and preserve without 
any change the same quantity of Wt, they have also and retain 
the same density. This state is expressed by saying that through¬ 
out the whole extent of the mass the molecules have a common 
and permanent temperature. 

23. The thermometer is a body whose smallest changes of 
volume can be appreciated; it serves to measure temperatures by 


in most oases 
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tbe dilatation of a fluid or of air. We assume tbe construction, 
use and properties of this instrument to be accurately known. 
The temperature of a body equally heated in every part, and 
which keeps its heat, is that which the thermometer indicates 
when it is and remains in perfect cmtdct with the body in 
question. 

Perfect contact is when the thermometer is completely im¬ 
mersed in a fluid mass, and, in general, when there is no point of 
the external surface of the instrument which is not touched by one 
of the points of the solid or liquid mass whose temperature is to be 
measured. In experiments it is not always necessary that this con¬ 
dition should be rigorously observed ; but it ought to be assumed 
in order to make the definition exact. 

24. Two fixed temperatures are determined on, namely: the 
temperature of melting ice which is denoted by 0, and the tern- 
perature of boiling water which we will denote by 1: the water is 
supposed to be boiling under an atmospheric pressure represented 
by a certain height of the barometer (76 centimetres), the mercuiy 
of the barometer being at the temperature 0, 

25. Different quantities of heat are measured by determining 
how many times they contain a fixed quantity which is taken as 
the unit. Suppose a mass of ice having a definite weight (a kilo¬ 
gramme) to he at temperature 0, and to be converted into water at 
the same temperature 0 by the addition of a certain quantity of 
heat: the quantity of heat thus added is taken as the unit of 
measure. Hence the quantity of heat expressed by a number G 
contains G times the quantity required to melt a kilogramme 
of ice at the temperature zero into a mass of water at the same 
zero temperature. 

26. To raise a metallic mass having a certain weight, a kilo¬ 
gramme of iron for example, from the temperature 0 to the 
temperature 1, a new quantity of heat must be added to that 
which is already contained in the mass. The number G which 
denotes this additional quantity of heat, is the specific capacity of 
iron for heat; the number (7 has very different values for different 
substances. 
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27. If a body of definite nature and weight (a kilogramme of 
mercury) occupies a volume V at temperature 0, it will occupy a 
greater volume V+A, when it has acquired the temperature 1, 
that is to say, when the heat which it contained at the tempera¬ 
ture 0 has been increased by a new quantity 0, equal to the 
specific capacity of the body for heat. But if, instead of adding 
this quantity ( 7 , a quantity «(7 is added (sf being a number 
positive or negative) the new volume will be F + S instead 
of F+A. Now experiments shew that if is equal to the 
increase of volume S is only half the total increment A, and 
that in general the value of 8 is zA, when the quantity of heat 
added is zG. 

28. The ratio z of the two quantities zG and C of heat added, 
which is the same as the ratio of the two increments of volume 8 
and A, is that which is called the temperature; hence the quantity 
which expresses the actual temperature of a body represents the 
excess of its actual volume over the volume which it would occupy 
at the temperature of melting ice, unity representing the whole 
excess of volume which corresponds to the boiling point of 
water, over the volume which corresponds to the melting point 
of ice. 

29. The increments of volume of bodies are in general pro¬ 
portional to the increments of the quantities of heat which 
produce the dilatations, but it must be remarked that this propor¬ 
tion is exact only in the case where the bodies in question are 
subjected to temperatures remote from those which determine 
their change of state. The application of these results to all 
liquids must not be relied on; and with respect to water in 
particular, dilatations do not always follow augmentations of 
heat. 

In general the temperatures are numbers proportional to the 
quantities of heat added, and in the cases considered by us, 
these numbers are proportional also to the increments of 
volume. 

30. Suppose that a body bounded by a plane surface having 
a certain area (a square metre) is maintained in any manner 
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whatever at constant temperature 1, common to all its points, 
and that the surface in question is in contact with air maintained 
at temperature 0 : the heat which escapes continuously at the 
surface and passes into the surrounding medium will be replaced 
always by the heat which proceeds from the constant cause to 
whose action the body is exposed; thus, a certain quantity of heat 
denoted by h will flow through the surface in a definite time (a 
minute). 

This amount h, of a flow continuous and always similar to 
itself, which takes place at a unit of surface at a fixed temperature, 
is the measure of the external conducibility of the body, that is 
to say, of the facility with which its surface transmits heat to the 
atmospheric air. 

The air is supposed to be continually displaced with a given 
uniform velocity: but if the velocity of the current increased, the 
quantity of heat communicated to the medium would vary also : 
the same would happen if the density of the medium were 
increased, 

31. If the excess of the constant temperature of the body 
over the temperature of surrounding bodies, instead of being equal 
to 1, as has been supposed, had a less value, the quantity of heat 
dissipated would be less than h. The result of observation is, 
as we shall see presently, that this quantity of heat lost may be 
regarded as sensibly proportional to the excess of the temperature 
of the body over that of the air and surrounding bodies. Hence 
the quantity h having been determined by one experiment in 
which the surface heated is at temperature 1, and the medium at 
temperature 0; we conclude that hz would be the quantity, if the 
temperature of the surface were a, all the other circumstances 
remaining the same. This result must be admitted when « is a 
small fraction. 

32. The value h of the quantity of heat which is dispersed 
across a heated surface is different for different bodies; and it 
varies for the same body according to the different states of the 
surface. The effect of irradiation diminishes as fhe surface 
becomes more polished; so that by destroying the polish of the 
surface the value of h is considerably increased. A heated 
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metallic body will be more quickly cooled if its external surface is 
covered with a black coating such as will entirely tarnish its 
metallic lustre. 

33. The rays of heat which escape from the surface of a body 
pass freely through spaces void of air; they are propagated also 
in atmospheric air: their directions are not disturbed by agitations 
in the intervening air: they can be reflected by metal mirrors 
and collected at their focL Bodies at a high temperature, when 
plunged into a liquid, heat directly only those parts of the mass 
with which their surface is in contact. The molecules whose dis¬ 
tance from this surface is not extremely small, receive no direct 
heat; it is not the same with aeriform fluids; in these the rays of 
heat are borne with extreme rapidity to considerable distances, 
whether it be that part of these rays traverses freely the layers of 
air, or whether these layers transmit the rays suddenly without 
altering their direction. 

34. When the heated body is placed in air 'which is main¬ 
tained at a sensibly constant temperature, the heat communicated 
to the air makes the layer of the fluid nearest to the surface of the 
body lighter; this layer rises more quickly the more intensely it is 
heated, and is replaced by another mass of cool air. A current 
is thus established in the air whose direction is vertical, and 
whose velocity is greater as the temperature of the body is higher. 
For this reason if the body cooled itself gradually the velocity of 
the current would diminish with the temperature, and the law 
of cooling would not be exactly the same as if the body were 
exposed to a current of air at a constant velocity. 

35. When bodies are sufficiently heated to diffuse a vivid light, 
part of their radiant heat mixed with that light can traverse trans¬ 
parent solids or liquids, and is subject to the force which produces 
refraction. The quantity of heat which possesses this faculty 
becomes less as the bodies are less inflamed; it is, we may say, 
insensible for very opaque bodies however highly they may be heated. 
A thin transparent plate intercepts almost all the direct heat 
which proceeds from an ardent mass of metal; but it becomes 
heated in proportion as the intercepted rays are accumulated in 
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it; whence, if it is formed of ice, it becomes liquid; but if this 
plate of ice is exposed to the rays of a torch it allows a sensible 
amount of heat to pass through with the light. 

36. We have taken as the measure of the external conduci- 
bility of a solid body a coefficient h, which denotes the quantity of 
beat which would pass, in a definite time (a minute), from the 
surface of this body, into atmospheric air, supposing that the sur¬ 
face had a definite extent (a square metre), that the constant 
temperature of the body was 1, and that of the air 0, and that 
the heated surface was exposed to a current of air of a given in¬ 
variable velocity. This value of h is determined by observation. 
The quantity of heat expressed by the coefficient is composed of 
two distinct parts which cannot be measured except by very exact 
experiments. One is the heat communicated by way of contact to 
the surrounding air: the other, much less than the first, is the 
radiant heat emitted. We most assume, in our first investigations, 
that the quantity of heat lost does not change when the tempera¬ 
tures of the body and of the medium are augmented by the same 
sufficiently small quantity. 

37. Solid substances differ again, as we have already remarked, 
by their property of being more or less permeable to heat; this 
quality is their conducibility proper: we shall give its definition and 
exact measure, after having treated of the uniform and linear pro¬ 
pagation of heat. Liquid substances possess also the property of 
transmitting heat from molecule to molecule, and the numerical 
value of their conducibility varies according to the nature of the 
substances: but this effect is observed with difficulty in liquids, 
since their molecules change places on change of temperature. The 
propagation of heat in them depends chiefly on this continual dis¬ 
placement, in all cases where the lower parts of the mass are most 
exposed to the action of the source of heat If, on the contrary, 
the source of heat be applied to that part of the mass which is 
highest, as was the case in several of our experiments, the transfer 
of heat, which is very slow, does not produce any displacement, 
at least when the increase of temperature does not diminish the 
volume, as is indeed noticed in singular cases bordering on changes 
of state. 
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38. To this explanation of the chief results of observation, a 
general remark must be added on equilibrium of temperatures; 
which consists in this, that different bodies placed in the same re¬ 
gion, all of whose parts are and remain equally heated, acquire also 
a common and permanent temperature. 

Suppose that all the parts of a mass M have a common and 
constant temperature a, which is maintained by any cause what¬ 
ever: if a smaller body m be placed in perfect contact with the 
mass Mf it will assume the common temperature a. 

In reality this result would not strictly occur except after an 
infinite time: but the exact meaning of the proposition is that if 
the body m had the temperature a before being placed in contact, 
it would keep it without any change. The same would be the case 
with a multitude of other bodies w, p, g, r each of which was 
placed separately in perfect contact with the mass M : all would 
acquire the constant temperature a. Thus a thermometer if suc¬ 
cessively applied to the different bodies 7n, q, r would indicate 
the same temperature. 

39. The effect in question is independent of contact, and 
would still occur, if every part of the body m were enclosed in 
the solid ikT, as in an enclosure, without touching any of its parts. 
For example, if the solid were a spherical envelope of a certain 
thickness, maintained by some external cause at a temperature a, 
and containing a space entirely deprived of air, and if the body m 
could be placed in any part whatever of this spherical space, with¬ 
out touching any point of the internal surface of the enclosure, it 
would acquire the common temperature a, or rather, it would pre¬ 
serve it if it had it already. The result would be the same for 
all the other bodies w, g, r, whether they were placed separately 
or all together in the same enclosure, and whatever also their sub¬ 
stance and form might be. 

40. Of all modes of presenting to ourselves the action of 
heat, that which seems simplest and most conformable to observa¬ 
tion, consists in comparing this action to that of light. Mole¬ 
cules separated from one another reciprocally communicate, across 
empty space, their rays of heat, just as shining bodies transmit 
their light. 
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If within an enclosure closed in all directions, and maintained 
by some external cause at a fixed temperature a, we suppose dif¬ 
ferent bodies to be placed without touching any part of the bound¬ 
ary, different effects will be observed according as the bodies, 
introduced into this space free from air, are more or less heated. 
If, in the first instance, we insert only one of these bodies, at the 
same temperature as the enclosure, it will send from all points of 
its surface as much heat as it receives from the solid which sur¬ 
rounds it, and is maintained in its original state by this exchange 
of equal quantities. 

11 we insert a second body whose temperature h is less than a, 
it will at first receive from the surfaces which surround it on 
all sides without touching it, a quantity of heat greater than that 
which it gives out: it will be heated more and more and will 
absorb through its surface more heat than in the first instance. 

The initial temperature 6 continually rising, will approach with¬ 
out ceasing the fixed temperature a, so that after a certain time 
the difference will be almost insensible. The effect would be op¬ 
posite if we placed within the same enclosure a third body whoso 
temperature was greater than a. 

41. AH bodies have the property of emitting heat through 
their surface; the hotter they are the more they emit; the 
intensity of the emitted rays changes very considerably with the 
state of the surface. 

42. Every surface'■which receives rays of heat from surround¬ 
ing bodies reflects part and admits the rest: the heat which is not 
reflected, but introduced through the surface, accumulates within 
the solid; and so long as it exceeds the quantity dissipated by 
irradiation, the temperature rises. 

43. The rays which tend to go out of heated bodies are 
arrested at the surface by a force which reflects part of them into 
the interior of the mass. The cause which hinders the incident 
rays from traversing the surface, and which divides these rays into 
two parts, of which one is reflected and the other admitted, acts in 
the same manner on the rays which are directed from the interior 
of the body towards external space. 
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If by modifying the state of the surface we increase the force 
by which it reflects the incident rays, we increase at the same time 
the power which it has of reflecting towards the interior of the 
body rays which are tending to go out. The incident rays intro¬ 
duced into the mas^ and the rays emitted through the surface, are 
equally diminished in quantity. 

44. If within the enclosure above mentioned a number of 
bodies were placed at the same time, separate from each other 
and unequally heated, they would receive and transmit rays of heat 
so that at each exchange their temperatures would continually 
vary, and would all tend to become equal to the fixed temperature 
of the enclosure. 

This effect is precisely the same as that which occurs when 
heat is propagated within solid bodies; for the molecules which 
compose these bodies are separated by spaces void of air, and 
have the property of receiving, accumulating and emitting heat. 
Each of them sends out rays on all sides, and at the same time 
receives other rays from the molecules which surround it. 

45. The heat given out by a point situated in the interior of 
a solid mass can pass directly to an extremely small distance only; 
it is, we may say, intercepted by the nearest particles; these parti¬ 
cles only receive the heat directly and act on more distant points. 
It is difierent with gaseous fluids; the direct effects of radiation 
become sensible in them at very considerable distances. 

46. Thus the heat which escapes in all directions from a part 
of the surface of a solid, passes on in air to very distant points; but 
is emitted only by those molecules of the body which are extremdy 
near the surface. A point of a heated mass situated at a very 
small distance from the plane superficies which separates the mass 
from external space, sends to t^t space an infinity of rays, but 
they do not all arrive there; they are diminished by all that quan¬ 
tity of heat which is arrested by the intermediate molecules of the 
solid. The part of the ray actually dispersed into space becomes 
less according as it traverses a longer path within the mass. Thus 
the ray which escapes perpendicular to the surface has greater in¬ 
tensity than that which, departing from the same point, follows 
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an oblique direction, and the most oblique rays are wholly inter¬ 
cepted. 

The same consequences a.pply to all the points which are near 
enough to the surface to take part in the emission of heat, from 
which it necessarily follows that the whole quantity of heat which 
escapes from the surface in the normal direction is very much 
greater than that whose direction is oblique. We have submitted 
this question to calculation, and our analysis proves that the in¬ 
tensity of the ray is proportional to the sine of the angle which 
the ray makes with the element of surface. Experiments had 
already indicated a similar result. 

47. This theorem expresses a general law which has a neces¬ 
sary connection with the equilibrium and mode of action of heat. 
If the rays which escape from a heated surface had the same in¬ 
tensity in all directions, a thermometer placed at one of the points 
of a space bounded on all sides by an enclosure maintained at a 
constant temperature would indicate a temperature incomparably 
greater than that of the enclosure^ Bodies placed within this 
enclosure would not take a common temperature, as is always 
noticed; the temperature acquired by them would depend on the 
place which they occupied, or on their form, or on the forms of 
neighbouring bodies. 

The same results would be observed, or other effects equally 
opposed to common experience, if between the rays which escape 
from the same point any other relations were admitted different 
from those which we have enunciated. We have recognised this 
law as the only one compatible with the general fact of the equi¬ 
librium of radiant heat. 


48. If a space free from air is bounded on all sides by a solid 
enclosure whose parts are maintained at a common and constant 
temperature a, and if a thermometer, having the actual tempera¬ 
ture a, is placed at any point whatever of the space, its temperature 
will continue without any change. It will receive therefore at 
each instant from the inner surface of the enclosure as much heat 
as it gives out to it. This effect of the rays of heat in a given 
space is, properly speaking, the measure of the temperature: but 

1 See proof by M. Fourier, Ann, d. Oh, et Ph, Ser. 2, iv. p. 12a [A. F.] 
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this consideration presupposes the mathematical theory of radiant 
heat. 

If now between the thermometer and a part of the surface of 
the enclosure a body M be placed whose temperature is a, the 
thermometer will cease to receive rays from one part of the inner 
surface, but the rays will he replaced by those which it will re¬ 
ceive from the interposed body Jf. An easy calculation proves 
that the compensation is exact, so that the state of the thermo¬ 
meter will be unchanged. It is not the same if the temperature 
of the body M is different from that of the enclosure. When 
it is greater, the rays which the interposed body M sends to the 
thermometer and which replace the intercepted rays convey more 
heat than the latter; the temperature of the thermometer must 
therefore rise. 

If, on the contrary, the intervening body has a temperature 
less than a, that of the thermometer must fall; for the rays which 
this body intercepts are replaced by those which it gives out, that 
is to say, by rays cooler than those of the enclosure; thus the 
thermometer does not receive all the heart necessary to maintain 
its temperature a. 


49. Up to this point abstraction has been made of the power 
which all surfaces have of reflecting part of the rays which are 
sent to them. If this property were disregarded we should have 
only a very incomplete idea of the equilibrium of radiant heat. 

Suppose then that on the inner surface of the enclosure, main¬ 
tained at a constant temperature, there is a portion which enjoys, 
in a certain degree, the power in question; each point of the re¬ 
flecting surface will send into space two kinds of rays; the one go 
out from the very interior of the substance of wliich the enclosure is 
formed, the others are merely reflected by the same surface against 
which they had been sent. But at the same time that the surface 
repels on the outside part of the incident rays, it retains in the 
inside part of its own rays. In this respect an exact compensation 
is established, that is to say, every one of its own rays which the 
surface hinders from going out is replaced by a reflected ray of 
equal intensity. 

The same result would happen, if the power of reflecting rays 
affected in any degree whatever other parts of the enclosure, or the 
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surface of bodies placed within the same space and already at 
the common temperature. 

Thus the reflection of heat does not disturb the equilibrium 
of temperatures, and does not introduce, whilst that equilibrium 
exists, any change in the law according to which the intensity of 
rays which leave the same point decreases proportionally to the 
sine of the angle of emission. 

60. Suppose that in the same enclosure, all of whose parts 
maintain the temperature a, we place an isolated body 3f, and 
a polished metal surface i2, which, turning its concavity towards 
the body, reflects great part of the rays which it received from the 
body; if we place a thermometer between the body M and the re¬ 
flecting surface JJ, at the focus of this mirror,, three different effects 
will be observed according as the temperature of the body M is 
equal to the common temperature a, or is greater or less. 

In the first case, the thermometer preserves the temperature 
a ; it receives rays of heat from all parts of the enclosure not 
hidden from it by the body M or by the mirror; 2°,.rays given out 
by the body; 3®, those which the surface R sends out to the focus, 
whether they come from the mass of the mirror itself, or whether its 
surface has simply reflected them; and amongst the last we may 
distinguish between those which have been sent to the mirror by 
the mass M, and those which it has received from the enclosure. 
All the rays in question proceed from surfaces which, by hypo¬ 
thesis, have a common temperature a, so that the thermometer 
is precisely in the same state as if the space bounded by the en¬ 
closure contained no other body but itself. 

In the second case, the thermometer placed between the heated 
body M and the mirror, must acquire a temperature greater than 
a. In reality, it receives the same rays as in the first hypothesis; 
but with two remarkable differences: one arises from the fact that 
the rays sent by the body M to the mirror, and reflected upon the 
thermometer, contain more heat than in the first case. The other 
difference depends on the fact that tlie rays sent directly by the 
body M to the thermometer contain more heat than formerly 
Both causes, and chiefly the first, assist in raising the tempera¬ 
ture of the thermometer. 

In the third case, that is to say, when the temperature of the 
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mass M is less than the temperature must assume also a tem¬ 
perature less than a. In fact^ it receives again all the varieties of 
rays which we distinguished in the first case: but there are two 
kinds of them which contain less heat than in this first hypothesis, 
that is to say, those which, being sent out by the body M, are 
reflected by the mirror upon the thermometer, and those which 
the same body M sends to it directly. Thus the thermometer does 
not receive all the heat which it requires to preserve its original 
temperature a. It gives out more heat than it receives. It is 
inevitable then that its temperature must fall to the point at 
which the rays which it receives suffice to compensate those which 
it losds. This last effect is what is called the reflection of cold, 
and which, properly speaking, consists in the reflection of too 
feeble heat The mirror intercepts a certain quantity of heat, and 
replaces it by a less quantity. 

51. If in the enclosure, maintained at a constant temperature 
a, a body M be placed, whose temperature a' is less than a, the 
presence of this body will lower the thermometer exposed to its 
rays, and we may remark that the rays sent to the thermometer 
from the surface of the body are in general of two kinds, 
namely, those which come from inside the mass M, and those 
which, coming from different parts of the enclosure, meet the sur¬ 
face M and are reflected upon the thermometer. The latter rays 
have the common temperature a, but those which belong to the 
body M contain less heat, and these are the rays which cool the 
thermometer. If now, by changing the state of the surface of the 
body Hf, for example, by destroying the polish, we diminish the 
power which it has of reflecting the incident rays, the thermo¬ 
meter will fall still lower, and will assume a temperature al* less 
than a. In fact all the conditions would be the same as in the 
preceding case, if it were not that the body M gives out a greater 
quantity of its own rays and reflects a less quantity of the rays 
which it receives from the enclosure; that is to say, these last rays, 
which have the common temperature, are in part replaced by 
cooler rays. Hence the thermometer no longer receives so much 
heat as formerly. 

If, independently of the change in the surface of the body M, 
we place a metal mirror adapted to reflect upon the thermometer 
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the rays which have left if, the temperature will assume a value 
a'" less than a". The mirror, in fact, intercepts from the thermo¬ 
meter part of the rays of the enclosure which all have the tem¬ 
perature a, and replaces them by three kinds of rays; namely, 
1®, those which come from the interior of the mirror itself, and 
which have the common temperature; 2®, those which the different 
parts of the enclosure send to the mirror with the same tempera¬ 
ture, and which are reflected to the focus ; 8®, those which, coming 
from the interior of the body if, fall upon the mirror, and are 
reflected upon the thermometer. The last rays have a tempera¬ 
ture less than a; hence the thermometer no longer receives so 
much heat as it received before the mirror was set up. 

Lastly, if we proceed to change also the state of the surface of 
the mirror, and by giving it a more perfect polish, increase its 
power of reflecting heat, the thermometer will fall still lower. In 
fact, all the conditions exist which occurred in the preceding case. 
Only, it happens that the mirror gives out a less quantity of its 
own rays, and replaces them by those which it reflects. Now, 
amongst these last rays, all those which proceed from the interior 
of the mass M are less intense than if they had come from the 
interior of the metal mirror; hence the thermometer receives still 
less beat than formerly: it will assume therefore a temperature 
a"" less than a'". 

By the same principles all the known facts of the radiation of 
heat or of cold are easily explained. 

52. The effects of heat can by no means be compared with 
those of an elastic fluid whose molecules are at rest. 

It would be useless to attempt to deduce from this hypothesis 
the laws of propagation which we have explained in this work, 
and which all experience has confirmed. The free state of heat is 
the same as that of light; the active state of this element is then 
entii'ely different from that of gaseous substances. Heat acts in 
the same manner in a vacuum, in elastic fluids, and in liquid or 
solid masses, it is propagated only by way of radiation, but its 
sensible effects differ according to the nature of bodies. 

63. Heat is the origin of all elasticity; it is the repulsive 
force which preserves the form of solid masses, and the volume of 
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liquids. In solid masses, neighbouring molecules would yield to 
their mutual attraction, if its effect were not destroyed by the 
heat which separates them. 

This elastic force is greater according as the temperature is 
higher; which is the reason why liodies dilate or contract when 
their temperature is raised or lowered. 

54. The equilibrium which exists, in the interior of a solid 
mass, between the repulsive force of heat and the molecular attrac¬ 
tion, is stable; that is to say, it re-establishes itself when disturbed 
by an accidental cause. If the molecules are arranged at distances 
proper for equilibrium, and if an external force begins to increase 
this distance without any change of temperature, the effect of 
attraction begins by surpassing that of heat, and brings back the 
molecules to their original position, after a multitude of oscillations 
which become less and less sensible. 

A similar effect is exerted in the opposite sense when a me¬ 
chanical cause diminishes the primitive distance of the molecules; 
such is the origin of the vibrations of sonorous or flexible bodies, 
and of all the effects of their elasticity. 

65. In the liquid or gaseous state of matter, the external 
pressure is additional or supplementary to the molecular attrac¬ 
tion, and, acting- on the surface, does not oppose change of form, 
but only change of the volume occupied. Analytical investigation 
will best shew how the repulsive force of heat, opposed to the 
attraction of the molecules or to the external pressure, assists in 
the composition of bodies, solid or liquid, formed of one or more 
elements, and determines the elastic properties of gaseous fluids; 
but these researches do not belong to the object before us, and 
appear in dynamic theories. 

56. It cannot be doubted that the mode of action of heat 
always consists, like that of light, in the reciprocal communication 
of rays, and this explanation is at the present time adopted by 
the majority of physicists; but it is not necessary to consider the 
phenomena under this aspect in order to establish the theory of heat. 
In the course of this work it will be seen how the laws of equili¬ 
brium and propagation of radiant heat, in solid or liquid masses, 
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can be rigorously demonstrated, independently of any physical 
explanation, as the ne''essaTy consequences of common observations. 


SECTION III. 

Principle of Hhe oonmmicaiion of heat. 

57. We now proceed to examine wbat experiments teach us 
concerning the communication of heat. 

If two equsd molecules are formed of the same substance and 
have the same temperature, each of them receives from the other 
as much heat as it gives up to it; their mutual action may then be 
regarded as null, since the result of this Siction can bring about no 
change in the state of the molecules. If, on the contrary, the first 
is hotter than the second, it sends to it more heat than it receives 
from it; the result of the mutual action is the difference of these 
two quantities of heat. In all cases we make abstraction of 
the two equal quantities of heat which any two material points 
reciprocally give up; we conceive that the point most heated 
acts only on the other, and that, in virtue of this action, the first 
loses a certain quantity of heat which is acquired by the second. 
Thus the action of two molecules, or the quantity of heat which 
the hottest communicates to the other, is the difference of the two 
quantities which they give up to each other. 

58. Suppose that we place in air a solid homogeneous body, 
whose different points have unequal actual temperatures; each of 
the molecules of which the body is composed will begin to receive 
heat from those which are at extremely small distances, or will 
communicate it to them. This action exerted durin g the same 
instant between all points of the mass, will produce an infinitesi¬ 
mal resultant change in all the temperatures: the solid will ex¬ 
perience at each instant similar effects, so that the variations of 
temperature will become more and more sensible. 

Consider only the system of two molecules, m, and n, equal and 
extremely near, and let us ascertain what quantity of heat the 
first can receive from the second during one instant: we may 
then apply the same reasoning to all the other points which are 
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near enough to the point m, to act directly on it during the first 
instant. 

^ The quantity of heat communicated by the point n to the 
point m depends on the duration of the instant, on the very small 
distance betTireen these points, on the actual temperature of each 
point, and on the nature of the solid substance; that is to say, if 
one of these elements happened to vary, all the other remaining 
the same, the quantity of heat transmitted would vary also. Now 
experiments have disclosed, in this respect, a general result: it 
consists in this, that all the other circumstances being the same, 
the quantity of heat which one of the molecules receives from the 
other is propoilional to the difference of temperature of the two 
molecules. Thus the quantity would be double, triple, quadruple, if 
everything else remaining the same, the difference of the tempera¬ 
ture of the point n from that of the point m became double, triple, 
or quadruple. To account for this result, we must consider that the 
action of n on m is always just as much greater as there is a greater 
difference between the temperatures of the two points: it is null, 
if the temperatures are equal, but if the molecule n contains more 
heat th^ the equal molecule m, that is to say, if the temperature 
of m being v, that of n is v + A, a portion of the exceeding heat 
will pass from n to m. Nowr, if the excess of heat were double, or, 
which is the same thing, if the temperature of n were v + 2A, the 
^ceeding heat would be composed of two equal parts correspond¬ 
ing to the two halves of the whole difference of temperature 2A; 
each of these parts would have its proper effect as if it alone 
existed : thus the quantity of heat communicated by n to m would 
be twice as great as when the difference of temperature is only A. 
This simultaneous action of the different parts of the exceeding 
heat is that which constitutes the principle of the communication 
of heat. It follows from it that the sum of the partial actions, or 
the total quantity of heat which m receives from n is proportional 
to the difference of the two temperatures. 


59. Denoting by v and v' the temperatures of two equal mole¬ 
cules m and «, by p, their extremely small distance, and by dt, the 
infinitely small duration of the instant, the quantity of heat which 
m receives from n during this instant will be expressed by 
(t/ —«) 4>ip) ‘dt. We denote by ^(p) a certain function of the 
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distance p which, in solid bodies and in liquids, becomes nothing 
when p has a sensible magnitude. The function is the same for 
every point of the same given substance; it varies with the nature 
of the substance. 

60. The quantity of heat which bodies lose through their sur¬ 
face is subject to the same principle. If we denote by a the area, 
finite or infinitely small, of the surface, all of whose points have 
the temperature v, and if a represents the temperature of the 
atmospheric air, the coefacient h being the measure of the ex¬ 
ternal conducibility, we shall have ch (v-a) dt as the expression 
for the quantity of heat which this surface o- transmits to the air 
during the instant dt. 

When the two molecules, one of which transmits to the other 
a certain quantity of heat, belong to the same solid, the exact 
expression for the heat communicated is that which we have 
given in the preceding article; and since the molecules are 
extremely near, the difference of the temperatures is extremely 
small It is not the same when heat passes from a solid body into 
a gaseous medium. But the experiments teach us that if the 
difference is a quantity sufficiently small, the boat transmitted is 
sensibly proportional to that difference, and that the number h 
may, in these first researches *, be considered as having a constant 
value, proper to each state of the surface, but independent of the 
temperature. 

61. These propositions relative to the quantity of heat com¬ 
municated have been derived from different observations. Wo 
see first, as an evident consequence of the expressions in question, 
that if we increased by a common quantity all the initial tempe¬ 
ratures of the solid mass, and that of the medium in which it is 
placed, the succo.ssivo changes of temperature would be exactly 
the same as if this increase had not been made. Now this result 
is sensibly in accordance with experiment; it has been admitted 
by the physicists who first have observed the effects of heat. 

' More exact laws of cooling mvoatigatod oxporiinontally by Dnloiig and Teiit 

will be found in tbo Journal de VJieolt Poly technique, Toino xi. pp. 294_294 

Pai’is, 1820, or in Jamin, Cours de Physique^ Leron 47, [A. I^.] * 
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62. If the medium is maintained at a constant temperature, 
and if the heated body -which is placed in that medium has 

sufficiently small for the temperature, whUst falling 
more and more, to remain sensibly the same at all points of the 
body, it follows from the same propositions, that a quantity of heat 
will escape at each instant through the surface of the body pro¬ 
portional to the excess of its actual temperature over that of tho 
medium. Whence it is easy to conclude, as will be seen in tho 
course of this work, that the line whose ahscissse represent the 
timna elapsed, and -whose ordinates represent the temperatures 
corresponding to those times, is a logarithmic curve: now, ob¬ 
servations also furnish the same result, when the excess of the 
temperature of the solid over that of the medium is a sufficiently 
small quantity. 

63. Suppose the medium to he maintained at the constant 

temperature 0, and -that the initial temperatures of different 
points a, b, e, d &c. of the same mass are a, y, B &c., that at the 
end of the first instant they have become o', >/, S' &c., that at 

the end of the second instant they have become a", ff', y", S" &a, 
and so on. We may easily conclude from tho propositioM enun¬ 
ciated, that if the initial temperatures of the same points had 
been gy, gB &o. (y being any number whatever), they 

would have become, at the end of the first instant, by virtue of 
the action of the different points, y4 90, gi, 9^ 

end of the second instant, ya", g0', gy", gS' and so on. For 
instance, let us compare the case when the initial temperatures 
of the points, o, b, o, d &c. were a,fi,y,B &c. with that in which 
they are 2«, 2/8, 27 ,28 &c., the medium preserving in both cases 
the temperature 0. In the second hypothesis, the difference of 
the temperatixres of any two points whatever is double what it 
was in the first, and the excess of tlie temperature of each point, 
over that of each molecule of the medium, is also double; con¬ 
sequently the quantity of heat which any molecule whatever 
sends to any other, or that which it receives, is, in the second 
hypothesis, double of that which it was in the first. The change 
of -temperature which each point suffers being proportional to the 
quantity of heat acquired, it follows that, in tho second case, this 
change is double what it was in the first case. Now we have 
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supposed that the initial temperature of the first point, which was 
a, became a' at the end of the first instant; hence if this initial 
temperature had been 2a, and if all the other ‘temperatures had 
been doubled, it would have become 2x'. The same would be the 
case with all the other molecules h, e, d, and a similar result 
would he derived, if the ratio instead of being 2, were any number 
whatever g. It follows then, firom the principle of the communica¬ 
tion of heat, that if we increase or diminish in any given ratio 
all the initial temperatures, we increase or diminish in the same 
ratio all the successive temperatures. 

This, like the two preceding results, is confirmed by observa¬ 
tion. It could not have existed if the quantity of heat which 
passes from one molecule to another had not been, actually, pro¬ 
portional to the difference of the temperatures. 

64. Observations have been made with accurate instruments, 
on the permanent temperatures at different points of a bar or of a 
metallic ring, and on the propagation of heat in the same bodies 
and in several other solids of the form of spheres or cubes. The 
results of these experiments agree with those which are derived 
from the preceding propositions. They would be entirely differ¬ 
ent if the quantity of heat transmitted from one solid molecule to 
another, or to a molecule of air, were not proportional to the 
excess of temperature. It is necessary first to know all the 
rigorous consequences of this proposition; by it we determine the 
chief part of the quantities which are the object of the problem. 
By comparing then the calculated values with those given by 
numerous and very exact experiments, we can easily measure the 
variations of the coefficients, and perfect our first researches. 


SECTION IV- 

On Hu xmiform and linear movement of heat. 

65. We shall consider, in the first place, the uniform move¬ 
ment of heat in the simplest case, which is that of an infinite 
solid enclosed between two parallel planea 

We suppose a solid body formed of some homogeneous sub¬ 
stance to be enclosed between two parallel and infinite planes; 
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the lower plane A is maintained, by any cause whatever, at a 
constant temperature a; we may imagine for example that the 
mass is prolonged, and that the plane -4 is a section common to 
the solid and to the enclosed mass, and is heated at all its points 
by a constant source of heat; the upper plane B is also main¬ 
tained by a similar cause at a fixed temperature 5, whose value is 
less than that of a ; the problem is to determine what would be 
the result of this hypothesis if it were continued for an infinite 
time. 

If we suppose the initial temperature of all parts of this body 
to be 6, it is evident that the heat which leaves the source A will 
be propagated farther and farther and will raise the temperature 
of the molecules included between the two planes: but the tem¬ 
perature of the upper plane being unable, according to hypothesis 
to rise above J, the heat wiU be dispersed within the cooler mass, 
contact with which keeps the plane B at the constant temperature 
6. The Intern of temperatures will tend more and more to a 
final state, which it will never attain, but which would have the 
property, as we shall proceed to shew, of existing and keeping 
itself up without any change if it were once formed. 

In the final and fixed state, which we are considering, the per¬ 
manent temperature of a point of the solid is evidently the same 
at all points of the same section parallel to the base; and wo 
shall prove that this fixed temperature, common to all the points 
of an intermediate section, decreases in arithmetic progression 
from the base to the upper plane, that is to say, if we represent 
the constant temperatures a and h by the ordinates Aol and JB^ 



Fig. 1. 

(see rig. 1), raised perpendicularly to the distance AB between the 
two planes, the fixed temperatures of the intermediate layers will 
be represented by the ordinates of the Straight line afi which 
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joins the extremities a and /Sj thus, denoting hy z the height of 
an intermediate section or its perpendicular distance from the 
plane A, by e the -whole height or distance AB, and by « the 
temperature of the section -whose height is z, -we must have the 

,. h — CL 

equation v = a +- z, 

c 

In fact, if the temperatures were at first established in accord¬ 
ance with this law, and if the extreme surfaces A and B were 
always kept at the temperatures a and &, no change would 
happen in the state of the solid. To convince ourselves of this, 
it will be sufficient to compare the quantity of heat which would 
traverse an intermediate section A' with that which, during the 
same time, would traverse another section B\ 

Bearing in mind that the final state of the solid is formed 
and continues, we see that the part of the mass which is below 
the plane A' must communicate heat to the part which is above 
that plane, since this second part is cooler than the first. 

Imagine two points of the solid, m and very near to each 
other, and placed in any manner whatever, the one m below the 
plane A\ and the other w! above this plane, to be exerting their 
action during an infinitely small instant: m the hottest point 
will communicate to m' a certain quantity of heat which will 
cross the plane A\ Let a;, y, z be the rectangular coordinates 
of the point m, and a?', j/, the coordinates of the point m !: 
consider also two other points n and n' very near to each other, 
and situated with respect to the plane -S', in the same maimer 
in which m and rri are placed with respect to the plane A *: that 
is to say, denoting by f the perpendicular distance of the two 
sections A' and jB', the coordinates of the point n will be a;, y,« + f 
and those of the point w', a;', y\ «' + S’; the two distances tmti! 
and nn' will be equal: further, the difference of the temperature 
V of the point m above the temperature v* of the point m' will 
be the same as the difference of temperature of the two points 
n and n'. In fact the former difference will be determined by 
substituting first z and then / in the general equation 

h — a 

+- z, 

6 

and suhtracUng the second equation from the first, whence the 
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h ^ CL 

result » —®'=s- — We shall then find, by the sub- 

stitution of z + ^ and / + Si that the excess of temperature of 
the point n over that of the point n' is also expressed by 



zy 


It follows from this that the quantity of heat sent by the 
point m to the point vri will be the same as the quantity of heat 
sent by the point n to the point n', for all the elements which 
concur in determining this quantity of transmitted heat are the 
same. 


It is manifest that we can apply the same reasoning to every 
system of two molecules which communicate heat to each other 
across the section A! or the section whence, if we could 
sum up the whole quantity of heat which flows, during the sanoe 
instant, across the section A! or the section we should find 
this quantity to be the same for both sections. 

From this it foUows that the part of the solid included be¬ 
tween Jil and S receives always as much heat as it loses, and 
since this result is applicable to any portion whatever of the 
mass included between two parallel sections, it is evident that 
no part of the solid can acquire a temperature higher than that 
which it has at present. Thus, it has been rigorously demon¬ 
strated that the state of the prism will continue to exist just as it 
was at first. 

Hence, the permanent temperatures of different sections of a 
solid enclosed between two parallel infinite planes, are represented 
by the ordinates of a straight line a/8, and satisfy the linear 


equation v = a + 


6 —a 
e 


z. 


66. By what precedes we see distinctly what constitutes 
the propagation of heat in a solid enclosed between two parallel 
and infinite planes, each of which is maintained at a constant 
temperature. Heat penetrates the mass gradually across the 
lower plane: the temperatures of the intermediate sections are 
raised, but can never exceed nor even quite attain a certain 
limit which they approach nearer and nearer: this limit or final 
temperature is different for different intermediate layers, and 
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decreases in arithmetic progression from the fixed temperature 
of the lower plane to the fixed temperature of the upper plane. 

The final temperatures are those which would have to he 
given to the solid in order that its state might he permanent; 
the variable state which precedes it may also he submitted to 
analysis^ as we shall see presently: hut we are now considering 
only the system of final and permanent temperatures. In the 
last state, during each division of time, across a section parallel 
to the base, or a definite portion of that section, a certain 
quantity of heat flows, which is constant if the divisions of time 
are equal. This uniform flow is the same for all the intermediate 
sections ; it is equal to that which proceeds from the source, and 
to that which is lost during the same time, at the upper surface 
of the solid, by virtue of the cause which keeps the temperature 
constant. 

67. The problem now is to measure that quantity of heat 
which is propagated uniformly within the solid, during a given 
time, across a definite part of a section parallel to the base: it 
depends, as we shall see, on the two extreme temperatures a 
and b, and on the distance e between the two sides of the solid; 
it would vary if any one of these elements began to change, the 
other remaining the same. Suppose a second solid to be formed 
of the same substance as tlie first, and enclosed between two 



infinite parallel planes, whose perpendicular distance is e* (see 
fig. 2): the lower side is maintained at a fixed temperature a\ 
and the upper side at the fixed temperature V ; both solids are 
considered to be in that final and permanent state which has 
the property of maintaining itself as soon as it has been formed. 
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Thus the law of the temperatures is expressed for the first body 

J — (X 

by the equation r = o -1 -«, and for the second, by the equa- 

c 

y _ 

tion w = a' + — 7 — z, v in tlie first solid, and u in the second, being 
e 


the temperature of the section whose height is z. 

This arranged, we will compare the quantity of heat which, 
during the unit of time traverses a unit of area taken on an 
intermediate section L of the first solid, with that which during 
the same time traverses an equal area taken on the section L* 
of the second, e being the height common to the two sections, 
that is to say, the distance of each of them from their own 
base. We shall consider two very near points n and n' in the 
first body, one of which n is below the plane L and the other 
ri above this plane : as, z are the co-ordinates of n : and x', y', z* 
the co-ordinates of n', e being less than z, and greater than z. 

We shall consider also in the second solid the instantaneous 
action of two points p and jp', which are situated, with respect 
to the section in the same manner as the points n and ri with 
respect to the section L of the first solid. Thus the same co¬ 
ordinates X, y, z, and of, y\ z referred to three rectangular axes 
in the second body, will fix also the position of the points p 
and p\ 

Now, the distance from the point n to the point rt! is equal 
to the distance from the point p to the point p\ and since the 
two bodies are formed of the same substance, we conclude, ac¬ 
cording to the principle of the communication of heat, that the 
action of n on n, or the quantity of heat given by n to w', and 
the action of p on p\ are to each other in the same ratio as the 
differences of the temperature v —v' and —w'. 

Substituting v and then v' in the equation which belongs to 

the first solid, and subtracting, we find v —v' =- 


V — oi 

have also by means of the second equation u—u' = — 7 — {z — a'), 


whence the ratio of the two actions in question is that of ^^ to 
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We may now imagine many other systems of two molecules, 
the first of which sends to the second across the plane i, a certain 
quantity of heat, and each of these systems, chosen in the first 
solid, may be compared with a homologous system situated in the 
second, and whose action is exerted across the section i'; we 
can then apply again the previous reasoning to prove that the 


ratio of the two actions is always that of 


a — h 


to 


a 


- 6 ' 


Now, the whole quantity of heat which, during one instant, 
crosses the section L, results from the simultaneous action of a 
multitude of systems each of which is formed of two points; 
hence this quantity of heat and that which, in the second solid, 
crosses during the same instant the section L\ are also to each 


XT. - XT. X- - 6 . a - 6 

other in the ratio of- to —— . 

e e 

It is easy then to compare with each other the intensities of 
the constant flows of heat which are propagated uniformly in the 
two solids, that is to say, the quantises of heat which, during 
unit of time, cross unit of surface of each of these bodies. The 


ratio of these intensities is that of the two 


quotients 


a —5 j 
- and 


_ If 

. If the two quotients are equal, the flows are the same, 

whatever in other respects the values a, h, e, a, V, e', may be; 

in general, denoting the first flow by F and the second by F', 

F a-h,a'-b' 

we shall have =-r — i—. 

Me 6 


68. Suppose that in the second solid, the permanent tempera¬ 
ture a of the lower plane is that of boiling water, 1; that the 
temperature e' of the upper plane is that of melting ice, 0; that 
the distance e' of the two planes is the unit of measure (a 
metre); let us denote by K the constant flow of heat which, 
during unit of time (a minute) would cross unit of surface in 
this last solid, if it were formed of a given substance; K ex¬ 
pressing a certain number of units of heat, that is to say a certain 
number of times the heat necessary to convert a kilogramme 
of ice into water: we shall have, in general, to determine the 
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constant flow in a solid formed of the same substance, the 
equation or -r = K . 

The value of F denotes the quantity of heat which, during 
the unit of time, passes across a unit of area of the surface taken 
on a section parallel to the base. 

Thus the thermometric state of a solid enclosed between two 
parallel infinite plane sides whose perpendicular distance is e, 
and which are maintained at fixed temperatures a and 6, is 
represented by the two equations: 

- z, and F—K -or F^--K-j-. 

e e dz 

The first of these equations expresses the law according to 
which the tempeiutures decrease from the lower side to the 
opposite side, the second indicates the quantity of heat which, 
during a given time, crosses a definite part of a section parallel 
to the base. 

69. We have taken this coefficient JT, which enters into 
the second equation, to be the measure of the specific conduci- 
bility of each substance; this number has very different values 
for different bodies. 

It represents, in general, the quantity of heat which, in a 
homogeneous solid formed of a given substance and enclosed 
between two infinite parallel planes, flows, during one minute, 
across a surface of one square metre taken on a section parallel 
to the extreme planes, supposing that these two planes are main¬ 
tained, one at the temperature of boiling water, the other at 
the temperature of melting ice, and that all the intermediate 
planes have acquired and retain a permanent temperature. 

We might employ another definition of conducibility, since 
we could estimate the capacity for heat by referring it to unit 
of volume, instead of referring it to unit of mass. All these 
definitions are equally good provided they are clear and pre¬ 
cise. 

We shall shew presently how to determine by observation the 
value K of the conducibility or conductibility in different sub¬ 
stances. 
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70. In order to establish the equations -which we have 
cited in Article 68, it would not be necessaiy to suppose the 
points which exert their action across the planes to he at ex¬ 
tremely small distances. 

The results would still he the same if the distances of these 
points had any magnitude whatever; they would therefore apply 
nlaft to the case where the direct action of heat extended within 
the interior of the mass to very considerable distances, all the 
circumstances which constitute the hypothesis remaining in other 
respects the same. 

We need only suppose that the cause which maintains the 
temperatures at the surface of the solid, affects not only that 
part of the mass which is extremely near to the surface, but that 

CL-^h 

its action extends to a finite depth. The equation v = ct — z 

will still represent in this case the permanent temperatures of 
the solid. The true sense of this proposition is that, if we give 
to all points of the mass the temperatures expressed by the 
equation, and if besides any cause whatever, acting on the two 
extreme laminse, retained always every one of their molecules 
at the temperature which the same equation assigns to them, 
the interior points of the solid would preserve without any change 
their initial state. 

If we supposed that the action of a point of the mass could 
extend to a finite distance e, it would be necessary that the 
thickness of the extreme laminae, whose state is maintained by 
the external cause, should be at least equal to e. But the 
quantity e having in fact, in the natural state of solids, only 
an inappreciable value, we may make abstraction of this thick¬ 
ness ^ and it is sufficient for the external cause to act on each 
of the two layers, extremely thin, which bound the solid. This 
is always what must be understood by the expression, to nioiintuin 
the temperatwre of the surface constant. 

71. We proceed farther to examine the case in which the 
same solid would be exposed, at one of its faces, to atmospheric 
air maintained at a constant temperature. 

Suppose then that the lower plane preserves the fixed tem¬ 
perature a, by virtue of any external cause whatever, and that 
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the tipper plane, instead of being maintained as formerly at a 
less temperature 5, is exposed to atmospheric air maintained 
at that temperature 6, the perpendicular distance of the two 
planes being denoted always by e: the problem is to determine 
the final temperatures. 

Assuming that in the initial state of the solid, the common 
temperature of its molecules is 6 or less than b, we can readily 
imagine that the heat which proceeds incessantly from the source 
A penetrates the mass, and raises more and more the tempera¬ 
tures of the intermediate sections; the upper surface is gradually 
heated, and permits part of the heat which has penetrated the 
solid to escape into the air. The system of temperatures con¬ 
tinually approaches a final state which would exist of itself if 
it were once formed; in this final state, which is that which 
we are considering, the temperature of the plane B has a fixed 
but unknown value, which we will denote by 13, and since the 
lower plane A preserves also a permanent temperature a, the 
system of temperatures is represented by the general equation 


iQ — C6 

v-a+^-^g, V denoting always the fixed temperature of the 

section whose height is 0 . The quantity of heat which flows 
during unit of time across a unit of surface taken on any section 


whatever isiC ^’^—-- , JCdenoting the interior condudbility. 

We must now consider that the upper surface B, whose 
temperature is permits the escape into the air of a certain 
quantity of heat which must be exactly equal to that which 
crosses any section whatever L of the solid. If it were not so, 
the part of the mass included between this section L and the 
plane B would not receive a quantity of heat equal to that 
which it loses; hence it would not maintain its state, which is 
contrary to hypothesis; the constant flow at the surface is there¬ 
fore equal to that which traverses the solid; now, the quantity 
of heat which escapes, during unit of time, from unit of surface 
taken on the plane B, is expressed by — h being the 
fixed temperature of the air, and h the measure of the conduci- 
bility of the surface B) we must therefore have the equation 
Cb^ B 

K -- A (/S — 6), which will determine the value of 

c 
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From this may he derived a-/Q= equation 

whose second member is known; for the temperatures a and h 
are g[iveu, as are also the quantities A, K e. 

Introducing this value of a —jS into the general equation 

v = o + ^~° g, we shall have, to express the temperatures of any 


section of the solid, the equation a —v = in which 

known quantities only enter with the corresponding variables v 
and z. 


72. So far we have determined the final and permanent state 
of the temperatures in a solid enclosed between two infinite and 
parallel plane surfaces, maintained at unequal temperatures. 
This first case is, properly speaking, the case of the linear and 
uniform propagation of heat, for there is no transfer of heat in 
the plane parallel to the sides of the solid ; that which traverses 
the solid flows uniformly, since the value of the flow is the same 
for all instants and for all sections. 

We will now restate the three chief propositions which result 
from the examination of this problem; they are susceptible of a 
great number of applications, and form the first elements of our 
theory. 

1st. If at the two extremities of the thickness e of the solid 
we erect perpendiculars to represent the temperatures a and i 
of the two sides, and if we draw the straight line which joins 
the extremities of these two first ordinates, all the intermediate 
temperatures will be proportional to the ordinates of this straight 

ct b 

line; they are expressed by the general equation a — v = — g, 

0 


V denoting the temperature of the section whoso height is z, 

2nd. The quantity of heat which flows uniformly, during 
unit of time, across unit of surface taken on any section whatever 
parallel to the sides, all other things being equal, is directly 
proportional to the difference a —6 of the extreme temperatures, 
and inversely proportional to the distance e which separates 

0/ ’~“b 

these sides. The quantity of heat is expressed hj K ot 
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— if we derive from the geaeial equatioa the value of 

^ which is constant; this uniform flow may always he repre¬ 


sented, for a given suhstauce and in the solid under examination, 
by the tangent of the angle included between the perpendicular 
e and the straight line whose ordinates represent the tempera¬ 
tures. 

3rd. One of the extreme surfaces of the solid being submitted 
always to the temperature o, if the other plane is exposed to air 
maintained at a flxed temperature h ; the plane in contact with 
the air acquires, as in the preceding case, a fixed temperature 
greater than b, and it permits a quantity of heat to escape into 
the air across unit of surface, during unit of time, which is ex¬ 
pressed by h(fi — b), h denoting the external conducibility of 
the plane. 

The same flow of heat — is equal to that which 
traverses the prism and whose value is JiT (a—/8); we have there¬ 
fore the equation — — which gives the value 

of * 


SECTION V. 

Law of the pemutnent temperatures in a prism of smaU 

thickness. 

73. We shall easily apply the principles which have just 
been explained to the following problem, very simple in itself, 
but one whose solution it is important to base on exact theory. 

A metal bar, whose form is that of a rectangular parallele¬ 
piped infinite in length, is exposed to the action of a source of 
heat which produces a constant temperature at all points of its 
extremity A. It is required to determine the fixed temperatures 
at the different sections of the bar. 

The section perpendicular to the axis is supposed to be a 
square whose side 22 is so small that we may without sensible 
error consider the temperatures to be equal at different points 
of the same section. The air in which the bar is placed is main- 
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tained at a constant temperature 0, and carried away by a 
current with uniform velocity. 

Within the interior of the solid, heat will pass successively 
all the parts situate to the right*of the source, and not exposed 
directly to its action; they will be heated more and more, but 
the temperature of each point will not increase beyond a certain 
limit. This maximum temperature is not the same for every 
section; it in general decreases as the distance of the section 
from the origin increases : we shall denote by v the fixed tem¬ 
perature of a section perpendicular to the axis, and situate at a 
distance x from the origin A, 

Before every point of the solid has attained its highest degree 
of heat, the system of temperatures varies continually, and ap¬ 
proaches more and more to a fixed state, which is that which 
we consider. This final state is kept up of itself when it has 
once been formed. In order that the system of temperatures 
may be permanent, it is necessary that the quantity of heat 
which, during unit of time, crosses a section made at a distance m 
from the origin, should balance exactly all the heat which, during 
the same time, escapes through that part of the external surface 
of the prism which is situated to the right of the same section. 
The lamina whose thickness is dx, and whose external surface 
is 8Wa?, allows the escape into the air, during unit of time, of 
a quantity of beat expressed by Shiv . dx, h being the measure of 
the external conducibility of the prism. Hence taking the in¬ 
tegral jShlv . dx from x — 0 to fl?=oo,we shall find the quantity 
of heat which escapes from the whole surface of the bar during 
unit of time; and if we take the same integral from a; = 0 to 
x^x, we shall have the quantity of heat lost through the part 
of the surface included between the source of heat and the section 
made at the distance x. Denoting the first integral by C, whose 
value is constant, and the variable value of the second by 
the difference C--JShlv, dx will express the whole 
quantity of heat which escapes into the air across the part of 
the surface situate to the right of the section. On the other 
hand, the lamina of the solid, enclosed between two sections 
infinitely near at distances x and x + dx, must resemble an in-< 
finite solid, bounded by two parallel planes, subject to fixed 
temperatures v and v -I- dv, since, by hypothesis, the temperature 
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does not vary ttrougliout the whole extent of the same section. 
The thickness of the solid is dx, and the area of the section is 
: hence the quantity of heat which flows uniformly, during 
unit of time, across a section of this solid, is, according to the 

preceding principles, — Jc being the specific internal con- 

ducihilifcy: we must therefore have the equation 

-4iPJS~^=0-J8hlv.dx, 
whence Kl ^3 = 2hv. 


74. We should obtain the same result by considering the 
equilibrium of heat in a single lamina infinitely thin, enclosed 
between two sections at distances x and x + dx. In fact, the 
quantity of heat which, during unit of time, crosses the first 

section situate at distance x, is — . To find that which 

flows during the same time across the successive section situate 
at distance x + dx, we must in the preceding expression change x 

+ d 

the second expression from the first we shall find how much 
heat is acquired by the lamina bounded by these two Sections 
during unit of time; and since the state of the lamina is per¬ 
manent, it follows that all the heat acquired is dispersed into 
the air across the external surface 8ldx of the same lamina: now 
the last quantity of heat is Shlvdx : we shall obtain therefore the 
same equation 

8hlvdx = 4Z!fi2 , whence ^ ==^ v. 

75. In whatever manner this equation is formed, it is 
necessary to remark that the quantity of heat which passes into 
the lamina whose thickness is dx, has a finite value, and that 

its exact expression is — The lamiaa being enclosed 

between two surfaces tbe first 6f which has a temperature v, 


(I)]- 


If we subtract 


into X’\-dx, which gives — 4Pjr 
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and ther second a lower temperature v\ we see that the quantity 
of heat which it receives through the first surface depends on 
the difference v — v\ and is proportional to it: but this remark 
is not sufficient to complete the calculation. The quantity in 
question is not a differential: it has a finite value, since it is 
equivalent to all the heat which escapes through that part of 
the external surface of the prism which is situate to the right 
of the section. To form an exact idea of it, we must compare 
the lamina whose thickness is dx, with a solid terminated by 
two parallel planes whose distance is e, and which are maintained 
at unequal temperatures a and 5. The quantity of heat which 
passes into such a prism across the hottest surface, is in fact 
proportional to the difference a —J of the extreme temperatures, 
but it does not depend only on this difference: all other things 
being equal, it is less when the prism is thicker, and in general 

it is proportional to ——. This is why the quantity of heat 

which passes through the first surface into the lamina, whose 

thickness is dx^ is proportional to —. 

We lay stress on this remark because the neglect of it has 
been the first obstacle to the establishment of the theory. If 
we did not make a complete analysis of the elements of the 
problem, we should obtain an equation not homogeneous, and, 
a fortion, we should not bo able to form the equations which 
express the movement of heat in more complex cases. 

It was necessary also to introduce into the calculation the 
dimensions of the prism, in order that we might not regard, as 
general, consequences which observation had furnished in a par¬ 
ticular case. Thus, it was discovered by experiment that a bar 
of iron, heated at one extremity, could not acquire, at a distance 
of six feet from the source, a temperature of one degree (octo- 
gesimal^); for to produce this effect, it would bo necessary for 
the heat of the source to surpass considerably the point of fusion 
of iron; but this result depends on the thickness of the prism 
employed. If it had been greater, the heat would have been 
propagated to a greater distance, that is to say, the point of 
the bar which acquires a fixed temperature of one degree is 
1 Eeatunur’s Scale of Temperature. [A. F.] 
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much more remote from the source when the bar is thicker, all 
other conditions remaining the same. We can always raise by 
one degree the temperature of one end of a bar of iron, by heating 
the solid at the other end; we need only give the radius of the 
base a sufficient length: which is, we may say, evident, and 
of which besides a proof will be found in the solution of the 
problem (Art. 78). 


76.* The integral of the proceiling equation is 

and 5 being two arbitrary constants; now, if we suppose the 
distance x inBnite, the value of the temperature v must be 

infinitely small; hence the term does not exist in the in¬ 
tegral: thus the equation represents the permanent 

state of the solid; the temperature at the origin is denoted by 
the constant A, since that is the value of v when x is zero. 

This law according to which the temperatures decrease 
is the same as that given by experiment; several physicists 
have observed the fixed temperatures at different points of a 
metal bar exposed at its extremity to the constant action of a 
source of heat, and they have ascertained that the distances 
from the origin represent logarithms, and the temperatures the 
corresponding numbers. 


77.* The numerical value of the constant quotient of two conr 
secutive temperatures being determined by observation, we easily 

deduce the value of the ratio for, denoting by v,, the tem¬ 


peratures corresponding to the distances m,, wo have 

r, /ih loff V, - log V, 


«i 

“‘■■e 


*, whence 


/2h 

V T’ 


! . 


a:.-*. 


vt 


As for the separate values of h and k, they cannot be deter¬ 
mined by experiments of this kind: wo must observe also the 
varying motion of heat. 


78.* Suppose two bars of the same material and different 
dimensions to be submitted at their extremities to the same tem- 


* k = E: 
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perature A ; let be the side of a section in the first bar, and 
in the second, we shall have, to express the temperatures of these 
two solids, the equations 

and 



v^, in the first solid, denoting the temperature of a section made 
at distance x^, and v^, in the second solid, the temperature of a 
section made at distance x^. 


When these two bars have arrived at a fixed state, the tem¬ 
perature of a section of the first, at a certain distance from the 
source, will not be equal to the temperature of a section of the 
second at the same distance from the focus; in order that the 
fixed temperatures may he equal, the distances must he diflterent. 
If we wish to compare with each other the distances x^ and a?, 
from the origin up to the points which in the two bars attain 
the same temperature, we must equate the second members of 


I 

these equations, and from them we conclude that -S = ^ • Thus 

the distances in question are to each other as the square roots of 
the thicknesses. 


79.* If two metal bars of equal dimensions, but formed of 
different substances, are covered with the same coating, which 
gives them the same external conducibility*, and if they are 
submitted at their extremities to the same temperature, heat will 
be propagated most easily and to the greatest distance from the 
origin in that which has the greatest conducibility. To compare 
with each other the distances and x^ from the common origin 
up to the points which acquire the same fixed temperature, we 
must, after denoting the respective conducibilities of the two 
substances by and write the equation 

whence 

X^ A?^ 

Thus the ratio of the two conducibilities is that of the squares 
of the distances from the common origin to the points which 
attain the same fixed temperature. 

^ Ingexihotisz (1789), Sur U» mitavm comme eonducteurs de la chaleur. Journal 
de Physique, xxnr., 68, 880. Gren’e Journal der Phyeik, Bd. i. [A. B.] 
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80. It is easy to ascertain how much heat flows during unit 
of time through a section of the bar arrived at its fixed state: 

this quantity is expressed by ~ AKP ^,or AAjMliP ., and 

if we take its value at the origin, we shall have AAj^hP as the 
measure of the quantity of heat which passes from the source 
into the solid during unit of time; thus the expenditure of the 
source of heat is, all other things being equal, proportional to the 
square root of the cube of the thickness. 

We should obtain the same result on taking the integral 
/8/iZi;. dx from x nothing to x inifinite. 


SECTION VL 

On the heating of closed spaces. 

81. We shall again make u-se of the theorems of Article 72 
in the following problem, whose solution offers useful applications; 
it consists in determining the extent of the heating of closed 
spaces. 

Imagine a closed space, of any form whatever, to be filled with 
atmospheric air and closed on all sides, and that all parts of the 
boundary are homogeneous and have a common thickness a, so 
small that the ratio of the external surface to Ihe internal surface 
differs little from unity. The space which this boundary termi¬ 
nates is heated by a source whose action is constant; for example, 
by means of a surface whose area is cr maintained at a constant 
temperature a. 

We consider here only the mean temperature of the air con¬ 
tained in the space, without regard to the unequal distribution of 
heat in this mass of air; thus we suppose that the existing causes 
incessantly mingle all the portions of air, and make their tem¬ 
peratures uniform. 

We see first that the heat which continually leaves the source 
spreads itself in the surrounding air and penetrates the mass of 
which the boundary is formed, is partly dispersed at the surface. 
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and passes into the external air, which we suppose to be main¬ 
tained at a lower and permanent temperature n. The inner air is 
heated more and more: the same is the case with the solid 
boundary: the system of temperatures steadily approaches a final 
state which is the object of the problem, and has the property of 
existing by itself and of being kept up unchanged, provided the 
surface of the source a be maintained at the temperature a, and 
the external air at the temperature n. 

In tho permanent state which we wish to determine the air 
preserves a fixed temperature m\ the temperature of the inner 
surface a of the solid boundary has also a fixed value a ; lastly, the 
outer surface a, which terminates the enclosure, preserves a fixed 
temperature h less than a, but greater than n. The quantities 
o*, a, 5, e and n are known, and the quantities w, a and h are 
unknown. 

The degree of heating consists in the excess of the temperature 
m over m, the temperature of the external air; this excess evi¬ 
dently depends on the area <j of the heating surface and on its 
temperature a; it depends also on the thickness e of the en¬ 
closure, on the area s of the surface which bounds it, on the 
facility with which heat penetrates the inner surface or that 
which is opposite to it; finally, on the specific conducibility of 
the solid mass which forms the enclosure: for if any one of these 
elements were to bo changed, the others remaining the same, the 
degree of the heating would vary also. The problem is to deter¬ 
mine how all these quantities enter into the value of m —n. 

82. The solid boundary is terminated by two equal surfaces, 
each of which is maintained at a fixed temperature; every 
pi'ismatic element of the solid enclosed between two opposite por¬ 
tions of these surfaces, and the normals raised round the contour 
of the bases, is therefore in the same state as if it belonged to an 
infinite solid enclosed between two parallel planes, maintained at 
unequal temperatures. All the prismatic elements wliich com¬ 
pose tho boundary touch along their whole length. The points 
of the mass which are equidistant from the inner surface have 
equal temperatures, to whatever prism they belong ; consequently 
there cannot be any transfer of heat in the direction perpendicular 
to the length of these prisms. Tho case is, therefore, the same 
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as that of which we have already treated, and we must apply 
to it the linear equations which have been stated in former 
articles. 


83. Thus in the permanent state which we are considering, 
the flow of heat which leaves the surface <r during a unit of time, 
is equal to that which, during the same time, passes from the 
surrounding air into the inner surface of the enclosure; it is 
equal also to that which, in a unit of time, crosses an inter¬ 
mediate section made within the solid eiiclosui'e by a surface 
equal and parallel to those which bound this enclosure; lastly, 
the gnrt'ft flow is again equal to that which passes from the solid 
enclosure across its external surface, and is dispersed into the air. 
If these four quantities of flow of heat were not equal, some 
variation would necessarily occur in the state of the temperatures, 
which is contrary to the hypothesis. 

The first quantity is expressed by <T(a. — m)g, denoting by 
g the external conducibility of the surface <r, which belongs to 
the source of heat. 

The second is s (m — a) h, the coefficient h being the measure 
of the external conducibility of the surface s, which is exposed 
to the action of the source of heat. 

d “ 6 

Tlie third is s-— -K, the coefficient K being tho measure of 
€ 

the conducibility proper to the homogeneous substance which 
forms the boundary. 

The fourth is s{b~n)H, denoting by IF tho external con¬ 
ducibility of the surface s, which the heat quits to be dispersed 
into the air. The coefficients h and 7/ may have very unequal 
values on account of the difference of tho state of the two surfaces 
which bound the enclosure; they are supposed to be known, as 
also the coefficient K : we shall have then, to determine the throe 
unknown quantities m, a and b, the three equations: 

<r{a-in)g~s {m — a) h, 

<r(a —w)^ = s —-jST, 

c 

(6 —n) IT. 
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84. The value of m is the special object of the problem. It 
may be found by writing the equations in the form 


m 




sh' 

age 

sK^ 




adding, we have 


m—n= (a—m) P, 


denoting by P the knovn quantity ^ 0 ^ g) > 

whence we conclude 


m—n = (g — n) 


P 

1+P“ 




86. The result shews how m-^n, the extent of the heating, 
depends on given quantities which constitute the hypothesis. 
We will indicate the chief results to be derived from it \ 

1st. The extent of the heating m —n is directly proportional 
to the excess of the temperature of the source over that of the 
external air. 

2n<3i. The value of m^n does not depend on the form of 

the enclosure nor on its volume, but only on the ratio ^ of the 

s 

surface from which the heat proceeds to the surface which receives 
it, and also on e the thickness of the boundary. 

If we double or the surface of the source of heat, the extent 
of the heating does not become double, but increases according 
to a certain law which the equation expresses. 

1 These results were stated by the author in a rather different manner in the 
extract from original memoir published in the Bulletin par In SociStS Philo* 
matique de Paritt 1818, pp. 1—11. [A. P.] 
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3rd. All the specific coefficients which regulate the action 
of the heat, that is to say, g, K, S and h, compose, with the 

dimension e, in the value of m—« a single element ^ + 


whose value may be determined by observation. 

If we doubled e the thickness of the boundary, we should 
have the same result if, in forming it, wo employed a Sub¬ 
stance whoso conducibility proper was twice as great. Thus the 
employment of substances which are bad conductors of heat 
permits us to make the thickness of the boundary small; tho 


efiect which is obtained depends only on the ratio 




4!th. If the conducibility K is nothing, we find m =a; 
that is to say, the inner air assumes the temperature of tho 
source: tho same is the case if is zero, or h zero. Those con¬ 
sequences are otherwise evident, since the heat cannot then bo 
dispersed into the external air. 

6th. The values of the quantities g, E, h, K and a, which 
we supposed known, may bo measured by direct experiments, 
as we shall shew in the sequel; but in the actual problem, it 
will be sufficient to notice the value of n» — n which corresponds 
to given values of <t and of a, and this value may be used to 

determine the whole coefficient f ^ means of tho equa¬ 

tion TO-n = (a —in which p denotes the co¬ 
efficient sought. We must substitute in this equation, instead 
of - and a — n, the values of those quantities, which wo suppose 

given, and that of m—n which observation will havo mode 
known. From it may be derived the value of p, and wo may 
then apply the formula to any number of other cases. 

6th. The coefficient E enters into the value of m — n in 
the same manner as the coefficient h ; consequently the state of 
the surface, or that of the envelope which covers it, produces 
the some effect, whether it has reference to the inner or outer 
surface. 

We should have considered it useless to take notice of these 
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different consequences, if we were not treating here of entirely 
new problems, whose results may be of direct use. 

86. We know that animated bodies retain a temperature 
sensibly fixed, which we may regard as independent of the tem¬ 
perature of the medium in which they live. These bodies are, 
after some fashion, constant sources of heat, just as inflamed 
substances are in which the combustion has become uniform. 
We may then, by aid of the preceding remarks, foresee and 
regulate exactly the rise of temperature in places where a great 
number of men are collected together. If we there observe the 
height of the thermometer under given circumstances, we shall 
determine in advance what that height would be, if the number 
of men assembled in the same space became very much greater. 

In reality, there are several accessory circumstances which 
modify the results, such as the unequal thickness of the parts 
of the enclosure, the difference of their aspect, the effects which 
the outlets produce, the unequal distribution of heat in the air. 
We cannot therefore rigorously apply the rules given by analysis; 
nevertheless these rules are valuable in themselves, because they 
contain the true principles of the matter: they prevent vague 
reasonings and useless or confused attempts. 


87. If the same space wore heated by two or more sources 
of different kinds, or if the first inclosure were itself contained 
in a second enclosure separated from the first by a mass of air, 
we might easily determine in like manner the degree of heating 
and the temperature of the surfaces. 

If we suppose that, besides the first source <7, there is a second 
heated surface tt, whose constant temperature is )8, and external 
conducibility j, we shall find, all the other denominations being 
retained, the following equation: 


m - w — 


(a - n) eg 4 — 7i) irj f e 

_ 5 _ II 

s \K^jrh} 


l+l) 

irh) 


If we suppose ouly one source o-, and if the first enclosure is 
itself contained in a second, s', K, K', E', e', representing the 
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' elements of the second enclosure 'which correspond 'to those of 
the first which were denoted by a, h, K, S, e\ we shall find, 
denoting the temperature of the air which surrounds the ex¬ 
ternal surface of the second enclosure, the following equation: 


OT—jp = 


1+P • 


The quantity P represents 




We should obtain a similar result if we had three or a greater 
number of successive enclosures; and from this we conclude that 
these solid envelopes, separated by air, assist very much in in¬ 
creasing the degree of heating, however small their thickness 
may be. 


88. To make this remark more evident, we will compare the 
quantity of heat which escapes from the heated surface, with 
that which the same body would lose, if the surface which en¬ 
velopes it were separated from it by an interval filled with air. 

If the body A be heated by a constant cause, so that its 
surface preserves a fixed temperature h, the air being maintained 
at a less temperature a, the quantity of heat which escapes into 
the air in the unit of time across a unit of surface will be 
expressed by A (6 — a), h being the measure of the external con- 
ducibility. Hence in order that the mass may preserve a fixed 
temperature 6, it is necessary that the source, whatever it may 
be, should furnish a quantity of heat equal to hS (6 — a), B de¬ 
noting the area of the surface of the solid. 

Suppose an extremely thin shell to be detached from the 
body A and separated from the solid by an interval filled with 
air; and suppose the surface of the same solid A to be still 
maintained at the temperature 5. We see that the air contained 
between the shell and the body will be heated and will take 
a temperature a* greater than a. The shell itself will attain 
a permanent state and will transmit to the external air whose 
fixed temperature is a all the heat which the body loses. It 
follows that the quantity of heat escaping from the solid will 
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be h8{b-a'), instead of being h8{h—a), for we suppose that 
the new surface of the solid and the surfaces which bound the 
shell have likewise the same external conducibUity h. It is 
evident that the expenditure of the source of heat will be less 
than it was at first. The problem is to determine the exact ratio 
of these quantities. 

89. Let e be the thickness of the shell, m the fixed tempera¬ 
ture of its inner surface, n that of its outer surface, and K its 
internal conducibility. We shall have, as the expression of the 
quantity of heat which leaves the solid through its surface, 
h8ib-a'). 

As that of the quantity which penetrates the inner surface 
of the shell, h8 {a' —m). 

As that of the quantity which crosses any section whatever 

of the same shell, K8 ^— 
e 

Lastly, as the expression of the quantity which passes through 
the outer surface into the air, h8 (n—a). 

All these quantities must be equal, we have therefore the 
following equations: 

h(n — a) = — (m —n), 

h(n — a) —m), 

h (n — a) = A(J —o'). 

If moreover we write down the identical equation 
A(» —a) = /l(n —o), 
und arrange them all under the forms 
n — a = n — a, 

OT —» = ^(n —o), 

a' — m as fl — a, 

J — o' as » — a. 


we find, on addition, 


U 
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The quantity of heat lost by the solid was h8{h — a), when 
its surface commumcated freely with the air, it is now h8{b — a') 


or h8(n—a), which is equivalent to hS 


h — a 



The first quantity is greater than the second in the ratio of 

3 + ^to 1. 

In order therefore to maintain at temperature 6 a solid whose 
surface communicates directly to the air, more than three times 
as much heat is necessary than would be required to maintain 
it at temperature when its extreme surface is not adherent 
but separated from the solid by any small interval whatever filled 
with air. 

If we suppose the thickness e to be infinitely small, the 
ratio of the quantities of heat lost will be 3, which would also 
be the value if K were infinitely great. 

We can easily account for this result, for the heat being 
unable to escape into the external air, without penetrating several 
surfaces, the quantity which flows out must diminish as the 
number of interposed surfaces increases; but we should have 
been unable to arrive at any exact judgment in this case, if the 
problem had not been submitted to analysis. 


90. We have not considered, in the preceding article, the 
effect of radiation across the layer of air which separates the 
two surfaces; nevertheless this circumstance modifies the prob¬ 
lem, since there is a portion of heat which passes directly across 
the intervening air. We shall suppose then, to make the object 
of the analysis more distinct, that the interval between the sur¬ 
faces is free from air, and that the heated body is covered by 
any number whatever of parallel laminm separated from each 
other. 

If the heat which escapes from the solid through its plane 
superficies maintained at a temperature h expanded itself freely 
in vacuo and was received by a parallel surface maintained at 
a less temperature a, the quantity which would be dispersed in 
unit of time across unit of surface would be proportional to (i —a), 
the difference of the two constant temperatures: this quantity 
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would be represented by (5 — a), H being tbe value of the rela¬ 
tive conducibility wbicb is not tbe same as h. 

The source which maintains the solid in its original state must 
therefore furnish, in every unit of time, a quantity of heat equal 
toHS(b-a). 

We must now determine the new value of this expenditure 
in the case where the surface of the body is covered by several 
successive laminse separated by intervals free from air, supposing 
always that the solid is subject to the action of any external 
cause whatever which maintains its surface at the temperature &. 

Imagine the whole system of temperatures to have become 
fixed; let m be the temperature of the under surface of the first 
lamina which is consequently opposite to that of the solid, let » 
be the temperature of the upper surface of the same lamina, 
e its thickness, and K its specific conducibility; denote also by 
Wi, «!, Kj, Mig, Wg, &c. the temperatures of the under 

and upper surfaces of the different laminse, and by K, e, the con¬ 
ducibility and thickness of the same laminse; lastly, suppose all 
these surfaces to bo in a state similar to the surface of the solid, 
BO that the value of the coeflScient S is common to them. 

The quantity of heat which penetrates the under surface of 
a IntniTin. corresponding to any suffix i is that which 


ICS 

crosses this lamina is — quantity which escapes 

6 

from its upper surface is — These three quantities, 

and all those which refer to the otlier laminae are equal; we may 
therefore form the equation by comparing all those quantities 
in question with the first of them, which is JIS{b — ; we shall 

thus have, denoting the number of laminiB byy: 


i — Mig = 5 — Jiig, 


He 




n, 
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ttj— a = 


Adding these equations, 'we find 


The expenditure of the source of heat necessary to maintain 
the surface of the body A at the temperature b is HS (6—*»), 
when this surface sends its rays to a fixed surface maantained at 
the temperature a. The expenditure is H8 (h — when we place 
between the surface of the body A, and the fixed surface maintained 
at temperature a, a numbery of isolated laminm; thus the quantify 
of heat which the source must furnish is very much less in the 
second hypotheses ^^ha.n in the first, and the ratio of the two 


quantities is .If we suppose the thickness e of the 


InmiTim to be infinitely small, the ratio is ^The expenditure 

y+1 

of the soince is then inversely as the number of laminae which 
cover the surface of the solid. 


91. The examination of these results and of those which we 
obtained when the intervals between successive enclosures were 
occupied by atmospheric air explain clearly why the separation 
of surfaces and the intervention of air assist very much in re¬ 
taining heat. 

Analysis furnishes in addition analogous consequences when 
we suppose the source to be external, and that the heat which 
emanates from it crosses successively different diathermanous 
envelopes and the air which they enclose. This is what has 
happened when experimenters have exposed to the rays of the 
sun thermometers covered by several sheets of glass within which 
different layers of air have been enclosed. 

For similar reasons the temperature of the higher regions 
of the atmosphere is very much less than at the surface of the 
earth. 
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In general the theorems concerning the heating of air in 
closed spaces extend to a great variety of problems. It would 
he useful to revert to them when we wish to foresee and regulate 
temperature with precision, as in the case of gremi-houses, drying- 
houses, sheep-folds, work-shops, or in many civil establishments, 
such as hospitals, barracks, places of assembly. 

In these different applications we must attend to accessory 
circumstances which modify the results of analysis, such as the 
thickness of different parts of the enclosure, the intro¬ 
duction of air, &c.; but these details would draw us away from 
our chief object, which is the exact demonstration of general 
principles. 

For the rest, we have considered only, in what has just been 
the permanent state of temperature in closed spaces. We 
can in addition express analytically the variable state which 
precedes, or that whidx begins to take place when the source of 
heat is withdrawn, and we can also ascertain in this way, how 
the specific properties of the bodies which we employ, or their 
;Hmftn<riAna affect the progress and duration of the heating; but 
these researches require a different analysis, the principles of 
which will be explained in the following chapters. 


SECTION YII. 

On the vmiform, mevement of heat in three dimensions. 

92. Up to this time we have considered the uniform move¬ 
ment of heat in one dimension only, but it is easy to apply the 
same principles to the case in which heat is propagated uniformly 
in three directions at right angles. 

Suppose the different points of a solid enclosed by six planes 
at right angles to have unequal actual temperatures represented 
by the linear equation v^A + ax+hif+ cs, a,y,e, being the 
rectangular co-ordinates of a molecule whose temperature is v. 
Suppose further that any external causes whatever acting on the 
six faces of the prism maintain every one of the moleftules situated 
on the surface, at its actual temperature expressed by the general 

equation . . 

v=^A-\-ax+'by-\-ez .W» 




74 


THEORY or HEA.T. 


[chap. I. 


•we shall prove that the same causes which, by hypothesis, keep 
the outer layers of the solid in their initial state, are suflBcient 
to preserve also the actual temperatures of every one of the inner 
molecules, so that their temperatures do not cease to be repre¬ 
sented by the linear equation. 

The examination of this question is an element of the 
genei-al theory, it will serve to determine the laws of the varied 
movement of heat in the interior of a solid of any form whatever, 
for every one of the prismatic molecules of which the body is 
composed is during an infinitely small time in a state similar 
to that which the linear equation (a) expresses. We may then, 
by following the ordinary principles of the differential calculus, 
easily deduce from the notion of uniform movement the general 
equations of varied movement. 

93. In order to prove that when the extreme layers of the 
solid preserve their temperatures no change can happen in the 
interior of the mass, it is sufScient to compare with each other 
the quantities of heat which, during the same instant, cross two 
parallel planes. 

Let 6 be the perpendicular distance of these two planes which 
we first sirppose parallel to the horizontal plane of x and y. Let 
m and m! be two infinitely near molecules, one of which is above 
the first horizontal plane and the other below it: let x, y, z be 
the co-ordinates of the first molecule, and x, y', / those of the 
second. In like manner let M and M' denote two infinitely 
near molecules, separated by the second horizontal plane and 
situated, relatively to that plane, in the same manner as m and 
m are relatively to the first plane; that is to say, the co-ordinates 
of M are a?, y, ^ + &, and those of IT are x', y', zf +b. It is evident 
that the distance onm' of the two molecules m and on' is equal 
to the distance MM' of the two molecules M and if; further, 
let V be the temperature of m, and v' that of 07 i', also lot V and 
V' be the temperatures of M and if, it is easy to see that the 
two differences v-v and F— F are equal; in fact, substituting 
first the co-ordinates of m and on' in the general equation 

v = A + ax-{-hy + cz, 

we find r —= a(a? - a;') +6(y —y')-!- c —/), 
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and then substituting the co-ordinates of M and Jf', we find also 
F—F' = a(a5 —aj')+ 6(y—y')+c(if —/). Now the quantity of 
heat which m sends to m* depends on the distance mm', which 
separates these molecules, and it is proportional to the difference 
v —-y' of their temperatures. This quantity of heat transferred 
may be represented by 

j (y — y') dt ; 

the value of the coefficient j depends in some manner on the 
distance mm\ and on the nature of the substance of which the 
solid is formed, dt is the duration of the instant. The quantity 
of heat transferred from M to M\ or the action of M on Jkf' is 
expressed likewise by (F — F') dt^ and the coefficient g is the 
same as in the expression g (y — v') dt^ since the distance MM is 
equal to mm' and the two actions are effected in the same solid: 
furthermore F— F' is equal to y — y', hence the two actions are 
equal. 

If we choose two other points n and n\ Yery near to each 
other, which transfer heat across the first horizontal plane, we 
shall find in the same manner that their action is equal to that 
of two homologous points N and N' which communicate heat 
across the second horizontal plane. We conclude then that the 
whole quantity of heat which crosses the first plane is equal to 
that which crosses the second plane during the same instant. 
We should derive the same result from the comparison of two 
planes parallel to the plane of x and z, or from the comparison 
of two other planes parallel to the plane of y and z. Hence 
any part whatever of the solid enclosed between six planes at 
right angles, receives through each of its faces as much heat as 
it loses through the opposite face; hence no portion of the solid 
can change temperature. 

94 From this wc see that, across one of the pianos in 
question, a quantity of heat flows which is tho same at all in¬ 
stants, and which is also the same for all other parallel sections. 

In order to determine the value of this constant flow we 
shall compare it with the quantity of heat which flows uniformly 
in the most simple case, which has been already discussed. The 
case is that of an infinite solid enclosed between two infinite 
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planes and maintained in a constant state. We Ixave seen that 
the temperatures of the different points of the mass are in this 
case represented by the equation 1 ;= -4 + ; we proceed to prove 

that the uniform flow of heat propagated in the vertical direction 
in the infinite solid is equal to that which flows in the same 
direction across the prism enclosed by six planes at right angles. 
This equality necessarily exists if the coefficient c in the equation 
v = A + cz, belonging to the first solid, is the same as the coeffi¬ 
cient c in the more general equation v = + + which 

represents the state of the prism. In fact, denoting by S a 
plane in this prism perpendicular to z, and by m and two 
molecules very near to each other, the first of which m is below 
the plane H, and the second above this plane, let v be the 
temperature of m whose co-ordinates are y, and v) the 
temperature of /a whose co-ordinates are a? + a, y + yS, 7 . Take 
a third molecule ji whose co-ordinates are a?-a, y —) 8 , ^ + 7 , and 
whose temperature may be denoted by v/. We see that and 
fjb are on the same horizontal plane, and that the vertical drawn 
from the middle point of the line which joins these two 
points, passes through the point wi, so that the distances mfi and 
mfjb are equal. The action of m on fi, or the quantity of heat 
which the first of these molecules sends to the other across the 
plane H, depends on the difference v - w of their temperatures. 
The action of m on / depends in the same manner on the 
difference v — w' of the temperatures of these molecules, since 
the distance of m from fi is the same as that of m from /jl. Thus, 
expressing by g (v — w) the action of m on during the unit of 
time, we shall have g (t; - w') to express the action of m on fz, 
q being a common unknown factor, depending on the distance 
mfi and on the nature of the solid. Hence the sum of the two 
actions exerted during unit of time is j (v —+ 1 ; — to'). 

If instead of x, y, and z, in the general equation 

V = -4 + cwj 6y -f c-o, 

we substitute the co-ordinates of m and then those of ia and 
we shall find 

= —oa—6i8 —07, 
v - to'=-f aa-h - C7. 



SECT. VIL] movement IN THREE DIMENSIONS. 77 

The sum of the two actions of on /a and of m on fx is there¬ 
fore — 2qcy, 

Suppose then that the plane JET belongs to the infinite solid 
whose temperature equation is v = + c-er, and that we denote 

also by m, fx and fx* those molecules in this solid whose co¬ 
ordinates are x, y, z for the first, ic + a, y + /8, « + 7 for the second, 
and it? — a, y — + 7 for the third : we shall have, as in the 

preceding case, + — = — 207 . Thus the sum of the two 

actions of m on and of m on is the same in the infinite solid 
as in the prism enclosed between the six planes at right angles. 

We should obtain a similar result, if we considered the action 
of another point n below the plane H on two others v and v\ 
situated at the same height above the plane. Hence, the sum 
of all the actions of this kind, which are everted across the plane 
H, that is to say the whole quantity of heat which, during unit 
of time, passes to the upper side of this surface, by virtue of the 
action of very near molecules which it separates, is always the 
same in both solids. 

95. In the second of these two bodies, that which is bounded 
by two infinite planes, and whose temperature equation is 
t; + (xar, we know that the quantity of heat which flows during 
unit of time across unit of area taken on any horizontal section 
whatever is — cf , 0 being the coefficient of z, and K the specific 
conducibility; hence, the quantity of heat which, in the prism 
enclosed between six planes at right angles, crosses during unit 
of time, unit of area taken on any horizontal section whatever, 
is also — cK^ when the linear equation which represents the tem¬ 
peratures of the prism is 

1 ; =!-4 4* cw?+5y + cz. 

In the same way it may be proved that the quantity of heat 
which, during unit of time, flows uniformly across unit of area 
taken on any section whatever perpendicular to x, is expressed 
by — aK, and that the whole quantity which, during unit of time, 
crosses unit of area taken on a se^ion perpendicular to y, is 
expressed by - hK. 

The theorems which we have demonstrated in this and the 
two preceding articles, suppose the direct action of heat in the 
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interior of the mass to be limited to an extremely small distance, 
but they would still be true, if the rays of heat sent out by each 
molecule could penetrate directly to a quite appreciable distance, 
but it would be necessary in this case, as we have remarked in 
Article 70, to suppose that the cause which maintains the tem¬ 
peratures of the faces of the solid affects a part extending within 
the mass to a finite depth. 

SECTION VIII. 

Measure of the movement of heat at a given point of a solid mass. 

96. It still remains for us to determine one of the principal 
elements of the theory of heat, which consists in defining and in 
measuring exactly the quantity of heat which passes through 
every point of a solid mass across a plane whose direction is given. 

If heat is unequally distributed amongst the molecules of the 
same body, the temperatures at any point will vary every instant. 
Denoting by t the time which has elapsed, and by v the tem¬ 
perature attained after a time t by an infinitely small molecule 
whose co-ordinates are x, z; the variable state of the solid will be 
expressed by an equation similar to the following v = F(x, y, z ,«). 
Suppose the function F to be given, and that consequently we 
can determine at every instant the temperature of any point 
whatever; imagine that through the point m we draw a hori¬ 
zontal plane parallel to that of so and y, and that on this plane 
we trace an infinitely small circle ©, whose centre is at m; it is 
required to determine what is the quantity of heat which during 
the instant dt will pass across the circle to from the part of the 
solid which is below the plane into the part above it. 

All points extremely near to the point m and under the plane 
exert their action during the infinitely small instant dt, on all 
those which are above the piano and extremely near to the point 
m, that is to say, each of the points situated on one side of this 
plane will send heat to each of those which are situated on the 
other side. 

We shall consider as positive an action whose effect is to 
transport a certain quantity of heat above the plane, and as 
negative that which causes heat to pass below the plane. The 
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sum of all the partial actions which are exerted across the circle 
that is to say the sum of all the quantities of heat which, 
crossing any point whatever of this circle, pass from the part 
of the solid below the plane to the part above, compose the flow 
whose expression is to be found. 

It is easy to imagine that this flow may not be the same 
throughout the whole extent of the solid, and that if at another 
point m' we traced a horizontal circle © equal to the former, the 
two quantities of heat which rise above these planes © and ©' 
during the same instant might not be equal: these quantities are 
comparable with each other and their ratios are numbers which 
may be easily determined. 


97. We know already the value of the constant flow for the 
case of linear and uniform movement; thus in the solid enclosed be¬ 
tween two infinite horizontal planes, one of which is maintained at 
the temperature a and the other at the temperature 6, the flow of 
heat is the same for every part of the mass; we may regard it as 
taking place in tlie vertical direction only. The value correspond¬ 


ing to unit of surface and to unit of time is K 


e denoting 


the perpendicular distance of the two planes, and K the specific 
conducibility: the temperatures at the different points of the 


solid are expressed by the equation v = a 



When the problem is that of a solid comprised between six 
rectangular planes, pairs of which are parallel, and the tem¬ 
peratures at the different points are expressed by the equation 

v^A + cm + hj + cZf 

the propagation takes place at the same time along the directions 
of ©, of y, of z \ the quantity of heat which flows across a definite 
portion of a plane parallel to that of © and y is the same through¬ 
out the whole extent of the prism; its value corresponding to unit 
of surface, and to unit of time is — cK, in the direction of z, it is 


— bK, in the direction of y, and — aK in that of ©. 

In general the value of the vertical flow in the two cases which 
we have just cited, depends only on the coefficient of z and on 

j-dv 

the specific conducibility 1C; this value is always equal to . 
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The expression of the quantity of heat 'which, during the in¬ 
stant dt, flows across a horizontal circle infinitely small, whose area 
is 0 ), and passes in this manner from the part of the solid which is 
below the plane of the circle to the part above, is, for the two cases 

, . dv 7 

in question, ^ 

98. It is easy now to generalise this' result and to recognise 
that it exists in every case of the varied movement of heat ex¬ 
pressed by the equation v^F{co,y, z, t). 

Let us in fact denote by x\ /, the co-ordinates of this point 

m, and its actual temperature by v'. Let x +^, j/ z -i- Si 
the co-ordinates of a point ix infinitely near to the point m, and 
whose temperature is w; f, 17 , ? are quantities infinitely small added 
to the co-ordinates y\ si ; they determine the position of 
molecules infinitely near to ■the point m, with respect to three 
rectangular axes, whose origin is at wi, parallel to the axes of 
a, y, and z. Differentiating the equation 

and replacing the differentials by f, 97, £ we shall have, to express 
the value of vs which is equivalent Xov-^dv, the linear equation 

«'=■»' + coefficients/,^, are func¬ 

tions of ®, y, z, t, in -whicli the given and constant values , y', sS, 
which belong to the point m, have been substituted for «, y, z. 

Suppose that the same point m belongs also to a solid enclosed 
between six rectangular planes, and that the actual temperatures 
of the points of this prism, whose dimensions are finite, are ex¬ 
pressed by the linear equation + + and that 

the molecules situated on the faces which hound the solid are 
maintained by some external cause at the temperature which is 
assigned to them by the linear equation, f, % f are the rectangular 
co-ordinates of a molecule of the prism, whose temperature is w, 
referred to three axes whose origin is at m. 

This arranged, if we take as the values of the constant coeffi¬ 
cients A, a, h, c, which enter into the equation for the prism, the 

quantities v, 'which belong to the differential equa¬ 

tion ; the state of the prism expressed by the equation 
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, , dv\ , d'lf , dv' ^ 


will coincide as nearly as possible with the state of the solid; that 
is to say, all the molecules infinitely near to the point m will have 
the same temperature, whether we consider them to be in the solid 
or in the prism. This coincidence of the solid and the prism is 
quite analogous to that of curved surfaces with the planes which 
touch them. 

It is evident, from this, that the quantity of heat which flows 
in the solid across the circle ©, during the instant dt^ is the same 
as that which flows in the prism across the same circle; for all the 
molecules whose actions concur in one effect or the other, have 
the same temperature in the two solids. Hence, the flow in 

• • dv 

question, in one solid or the other, is expressed by — /sT ^ todt 


It would be — jSl ^ if the circle ©, whose centre is m, were 
ay 

perpendicular to the axis of y, and ^ circle were 


perpendicular to the axis of x. 

The value of the flow which we have just determined varies 
in the solid from one point to another, and it varies also with 
the time. We might imagine it to have, at all the points of a 
unit of surface, the same value as at the point 7n, and to preserve 
this value during unit of time; the flow would then be expressed 

by-JE^,it would be —JT— in the direction of y, and — 

in that of x. We shall ordinarily employ in calculation this 
value of the flow thus referred to unit of time and to unit of 
surface. 


99. This theorem serves in general to measure the velocity 
with which heat tends to traverse a given point of a plane 
situated in any manner whatever in the interior of a solid whose 
temperatures vary wdth the time. Through the given point 
a perpendicular must be raised upon the plane, and at every 
point of this perpendicular ordinates must be drawn to represent 
the actual temperatures at its different points. A plane cuiwe 
will thus be formed whose axis of abscissse is the perpendicular. 
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The fluxion of the ordinate of this curve, answering to the point 
m, taken with the opposite sign, expresses the velocity with 
which heat is transferred across the plane. This fluxion of the 
ordinate is known to be the tangent of the angle formed by 
the element of the curve with a parallel to the abscissae. 

The result which we have just explained is that of which 
the most frequent applications have been made in the theory 
of heat. We cannot discuss the different problems without 
forming a very exact idea of the value of the flow at every point 
of a body whose temperatures are variable. It is necessary to 
insist on this fundamental notion; an example which we are 
about to refer to will indicate more clearly the use which has 
been made of it in analysis. 


100 . Suppose the different points of a cubic mass, an edge 
of which has the length tt, to have unequal actual temperatures 
represented by the equation ® = cos a: cos y cos z. The co¬ 
ordinates 05 , y, z are measured on three rectangular axes, whose 
origin is at the centre of the cube, perpendicular to the faces. 
The points of the external surface of the solid are at the actual 
temperature 0, and it is supposed also that external causes 
maintain at all these points the actual temperature 0 . On this 
hypothesis the body will be cooled more and more, the tem¬ 
peratures of all the points situated in the interior of the mass 
will vary, and, after an infinite time, they will all attain the 
temperature 0 of the surface. Now, we shall prove in the sequel, 
that the variable state of this solid is expressed by the equation 

v — e~^ cos X cos y cos z, 

the coefficient g is equal to ^is the specific conduci- 

bility of the substance of which the solid is formed, 2) is the 
density and G the specific heat; t is the time elapsed. 

We here suppose that the truth of this equation is admitted, 
and we proceed to examine the use which may be made of it 
to find the quantity of heat which crosses a given plane parallel 
to one of the three planes at the right angles. 

If, through the point m, whose co-ordinates are x, y, z, we 
draw a plane perpendicular to z, we shall find, after the mode 
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of the preceding article, that the value of the flow, at this point 

and across the plane, is — , or Ke^ cos a;. cos y. sin The 

quantity of heat which, during the instant dt, crosses an infinitely 
small rectangle, situated on this plane, and whose sides are 
dx and dy^ is 

K cos X cos y sin z dx dy dt 

Thus the whole heat which, during the instant dt^ crosses the 
entire area of the same plane, is 

K sin z . dt JJcosx cosydxdy ; 

the double integral being taken from a; = — - tt up to a? = | tt, 

and from y = —^tt up toy = |7r. We find then for the ex¬ 
pression of this total heat, 

4 K sin z . dL 


If then we take the integral with respect to t, from ^ = 0 to 
^ = we shall find the quantity of heat which has crossed the 
same plane since the cooling began up to the actual moment. 

4ir 

This integral is — sin ^ (1 — its value at the surface is 






so that after an infinite time the quantity of hoat lost through 

4jr 

one of the faces is . The same reasoning being applicable 
0 

to each of the six faces, we conclude that the solid has lost by its 

24/r 

complete cooling a total quantity of heat equal to - - - or 8(7J), 

u 


Sir 


since g is equivalent to 


The total heat which is dissipated 


during the cooling must indeed be independent of the special 
conducibility K, which can only influence moro or less the 
velocity of cooling. 
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100. A. We may determine in another manner the quantity 
of heat which the solid loses during a given time, and this will 
serve in some degree to verify the preceding calculation. In 
fact, the mass of the rectangular molecule whoso dimensions are 
dx, dy, dx, is Ddxdydz, consc<iucntly the quantity of heat 
which must be given to it to bring it from the temperature 0 to 
that of boiling water is CDdxdydg, and if it were required to 
raise this molecule to the temperature v, the expenditure of heat 
would be V CD dx dy dx. 

It follows from this, that in order to find the quantity by 
which the heat of the solid, after time t, exceeds that which 
it contained at the temperature 0, wo must take the mul¬ 
tiple integral JJJ vODdxdy dz, between the limits 

1 11 11 

Wo thus find, on substituting for v its value, that is to say 
e"" cos a; cosy cos 

that the excess of actual heat over that which belongs to the 
temperature 0 is (I; or, after an infinite time. 
8 CD, as we found before. 

We have described, in this introduction, all tho elements which 
it is necessary to know in order to solve different problems 
relating to the movement of heat in solid bcKlies, and wo have 
given some applications of thoso principles, in order to shew 
the mode of employing them in analysis; tho most important 
use which we have been able to make of them, is to deduce 
from them the general etpiations of tho propagation of heat, 
which is the subject of the next chapter. 


Note m Art. 76. Tl)« reBoarches of J. D. Fcrbra on tbo tenperatwreB of a long 
iron bar heated at one end «hew ooncluidveljf that th« enaduoting power K ie sot eon- 
rtant, but diminiehes aa the tomporatnro inoraaBM.—JVuneoctfoiw of the Souei 
Society of Edinburgh, Vol. xiin. pp. IBS- -146 and Vol xxiv. pp, VS-llO. 

expregeioai for th« flow of heat within a maee in 

*• “• tove»tigated by 

Lama m his ThSone dnalytique dc la Chaleur, pp. 1 ..«8. [A. P.] 
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EQUATIONS OF THE MOVEMENT OF HEAT. 

SECTION L 

Equation of the varied movement of heat in a ring. 

101 . We might form the general equations which represent 
the movement of in solid bodies of any form whatever, and 
apply them to particular cases. But this method would often 
involve very complicated calculations which may easily be avoided. 
There are several problems which it is preferable to treat in a 
special manner by expressing the conditions which are appropriate 
to them; we proceed to adopt this course and examine separately 
the problems which have been enunciated in the hrst section of 
the introduction; we will limit ourselves at first to forming the 
differential equations, and shall give the integrals of them in the 
following chapters. 

102. We have already considered the uniform movement of 
heat in a prismatic bar of small thickness whose extremity is 
immersed in a constant source of heat. This first case offered no 
difficulties, since there was no reference except to the permanent 
state of the temperatures, and the equation which expresses them 
is easily integrated. The following problem requires a more pro¬ 
found investigation; its object is to determine the variable state 
of a solid ring whose different points have received initial tempe¬ 
ratures entirely arbitrary. 

The solid ring or armlet is generated by the revolution of 
a rectangular section about an axis perpendicular to the plane of 
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the ring (see figure 3), I is the perimeter of the section whose area 
is 8, the coefficient h measures the external con- 
ducibility, K the internal conducibility, G the 
specific capacity for heat, D the density. The line 
oxxx" represents the mean circumference of the 
armlet, or that line which passes through the 
centres of figure of all the sections; the distance 
of a section from the origin o is measured by the 
arc whose length is x; is the radius of the mean circumference. 

It is supposed that on account of the small dimensions and of 
the form of the section, we may consider the temperature at the 
different points of the same section to be equal. 

103. Imagine that initial arbitrary temperatures have been 
given to the different sections of the armlet, and that the solid is 
then exposed to air maintained at the temperature 0, and dis¬ 
placed with a constant velocity; the system of temperatures will 
continually vary, heat will be propagated within the ring, and 
dispersed at the surface: it is required to determine what will be 
the state of the solid at any given instant. 

Let V be the temperature which the section situated at distance 
X will have acquired after a lapse of time fis a certain function 
o£ X and t, into which all the initial temperatures also must enter; 
this is the function which is to be discovered. 

104. We will consider the movement of beat in an infinitely 
small slice, enclosed between a section made at distance x and 
another section made at distance x-^^dx. The state of this slice 
for the duration of one instant is that of an infinite solid termi¬ 
nated by two parallel planes maintained at unequal temperatures; 
thus the quantity of heat which flows during this instant dt across 
the first section, and passes in this way from the part of the solid 
which precedes the slice into the slice itself, is measured according 
to the principles established in the introduction, by the product of 
four factors, that is to say, the conducibility K, the area of the 

section 8, the ratio — , and the duration of the instant; its 

expression is -KS-^dt To determine the quantity of heat 


Fig. 8. 
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'which escapes from the same slice across the second section, and 
passes into tbe contiguous part of the solid, it is only necessary 
to change x into x + dxva. the preceding expression, or, which is 
the same thing, to add to this expression its differential taken 
with respect to x ; thus the slice receives through one of its faces 

a quantity of heat equal to —KS^di, and loses through the 

opposite face a quantity of heat expressed by 

-K8^dt-K8p^dxdt. 
duo djf 

It ac(j\iires tlicrofore by reaisoD. of its position a q^uantity of heat 
equal to the diflference of the two preceding quantities, that is 

KS^dxdt. 

On the other hand, the same slice, whose external surface is 
Idx and whose temperature differs infinitely little from v, allows 
a quantity of heat equivalent to Mv dx dt to escape into the air 
during the instant dt) it follows from this that this infinitely 
small part of the solid retains in reality a quantity of heat 

represented by K8^dxdt~hhdxdt which makes its tempe¬ 
rature vary. The amount of this change must be examined. 

105. The coefacient G expresses how much heat is required 
to raise unit of weight of the substance in question from tempe¬ 
rature 0 up to temperature 1; consequently, multiplying the 
volume 8dx of the infinitely small slice by the density D, to 
obtain its weight, and by G the specific capacity for heat, we shall 
have Gl)8dx as the quantity of heat which would raise the 
volume of the slice from temperature 0 up to temperature 1. 
Hence the increase of temperature which results from the addition 

of a quantity of heat equal to K8 dxdt-- hh) dx dt will he 

found hy dividing the last quantity by CDB dx. Denoting there¬ 
fore, according to custom, the increase of temperature which takes 

place during tbe instant dt by dt, we shall have the equation 
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dt CDdJ OnS^ .W 

We shall explain in the sequel the use which may be made of 
this equation to determine the complete solution, and what the 
<lifficulty of the problem consists in; we limit ourselves here to 
a remark concerning the permanent state of the armlet. 


106, Suppose that, the plane of the ring being horizontal, 
sources of heat, each of which exerts a constant action, are placed 
below different points m, n, p, q etc.; heat will be propagated in 
the solid, and that which is dissipated through the surface being 
incessantly replaced by that which emanates from the sources, the 
temperature of every section of the solid will approach more and 
more to a stationary value which varies from one section to 
another. In order to express by means of equation (J) the law of 
the latter temperatures> which would exist of themselves if they 
Were once established, we must suppose that the quantity v does 

not vary with respect to t; which annuls the term We thus 


have the equation 


^ = whence v-, 


M and jN" being two constantsS 


^ This eqoAtioxi is the same as the equation for the steady temperature of a 
finite bar heated at one end (Art. 76), except that I here denotes the perimeter of 
a section whose area is S>. In the case of the finite bar we Aan determine two 
relations between the constants Af and. N : for, if F be the temperature at the 
source, where d;=0, V^M+N; and if at the end of the bar remote from the source, 
where L suppose, we make a section at a distance doc from that end , t he flow 

through this section is, in unit of time, and this is equal to the waste 

of heat through the peripheiy and free end of the slice, hv(ldx+S) namely; 
hence ultimately, dx yanishing, 

when 

that is 

Cf. Verdet, OonfSretices de Physique, p. 87. [A. F.] 
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107. Suppose a portion of the circumference of the ring, 
situated between two successive sources of heat, to be divided 
into equal parts, and denote by Vj, v,, v,, &c., the temperatures 

at the points of division whose distances from the origin are 
® 4 > relation between v and x will be given by 

the preceding equation, after that the two constants have been 
determined by means of the two values of v corresponding to 

/«■ 

the sources of heat Denoting by a the quantity and 

by X the distance x^ — x^ of two consecutive points of division, 
we shall have the equations: 

= ifa'i + NaT^', 

V, ~ Ma.^. a*‘ + Njr^~\ 

tjg= 

whence we derive the following relation - +• a“\ 

We should find a similar result for the three points whose 
temperatures are and in general for any three consecutive 

points. It follows fi'om this that if we observed the temperatures 
®i» *»> ®»> several successive points, all situated between 

the same two sources m and n and separated by a constant 
interval X, we should perceive that any three consecutive tempe¬ 
ratures are always such that the sum of the two extremes divided 
by the mean gives a constant quotient a^ + a~\ 

108. If, in the space included between the next two sources of 
heat n and p, the temperatures of other different points separated 
by the same interval X were observed, it would still be found that 
for any three consecutive points, the sum of the two extreme 
temperatures, divided by the mean, gives the same quotient 

The value of this quotient depends neither on the 
position nor on the intensity of the sources of heat. 

109. Let 2 be this constant value, we have the equation 

we see by this that when the circumference is divided into equal 
parts, the temperatures at the points of division, included between 
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two consecutive sources of heat, are represented by the terms of 
a recurring series whose scale of relation is composed of two terms 
q and — 1. 

Experiments have fully confirmed this result. We have ex¬ 
posed a metallic ring to the permanent and simultaneous action 
of different sources of heat, and we have observed the stationary 
temperatures of several points separated by constant intervals^ we 
always found that the temperatures of any three consecutive 
points, not separated by a source of heat, were connected by the 
relation in question. Even if the sources of heat be multiplied, 
and in whatever manner they be disposed, no change can be 

effected in the numerical value of the quotient depends 

only on the dimensions or on the nature of the ring, and not on 
the manner in which that solid is heated. 

no. When we have found, by observation, the value of the 

constant (luotient q or , the vaJue of may be derived 

fiom it by means of the equation = q. One of the roots 

is a^ and other root is a"* This quantity being determined, 

we may derive from it the value of the ratio 4. -which is 
7 (log a)’. Denoting by a, we shall have a* - jw +1 = 0. Thus 
the ratio of the two conducibUities is found by multiplying - 

by the square of the hyperbolic logarithm of one of the roots of 
the equation «*—2© +1 = 0, and dividing the product by 


SECTION II 

Equation of the varied movement of heat in a solid sphere. 

111. A soUd homogeneous mass, of the form of a sphere 
having been immersed for an infinite time in a medium main- 
teined at a permanent temperature 1, is then exposed to air which 
« kept at temperature 0, and displaced with constant velocity- 
It IS r^mred to determine the successive states of the body during- 
the whole time of the cooling. ^ 
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Denote by a? the distance of any point whatever from the 
centre of the sphere, and by v the temperature of the same point, 
after a time t has elapsed; and suppose, to make the problem 
more genei*al, that the initial temperature, common to all points 
situated at the distance a from the centre, is different for different 
values of x ; which is what would have been the case if the im¬ 
mersion had not lasted for an infinite time. 

Points of the solid, equally distant from the centre, will not 
cease to have a common temperature; v is thus a function of x 
and t. When we suppose < = 0, it is essential that the value of 
this function should agree with the initial state which is given, 
and which is entirely arbitrary. 


112 . We shall consider the instantaneous movement of heat 
in an infinitely thin shell, bounded by two spherical surfaces whose 
radii are x and x + dx: the quantity of heat which, during an 
infinitely small instant dt, crosses the lesser surface whose radius 
is X, and so passes from that part of the solid which is nearest to 
the centre into the spherical shell, is equal to the product of four 
factors which are the conducibility K, the duration dt, the extent 

dv * 

of surface, and the ratio ^, taken with the negative sign ; 
dv 

it is expressed by — 4iKTra? ^ dt. 


To detemimo tbe quantity of heat which flows during the 
same instant through the second surface of the same shell, and 
passes from this shell into the part of the solid which envelops it, 
X must be changed into x + dx, in the preceding expression: that 

dv 

is to say, to the term - 4iir7ra^^(?< must be added the differen¬ 
tial of this term taken with respect to x, "Wq thus find 


- -dt-4iKird(a?~).dt 

dx \ dx) 


as the expression of the quantity of heat which leaves the spheri¬ 
cal shell across its second surface; and if we subtract this quantity 
from that which enters through the first surface, we shall have 

^Kird ^ dt. This difference is evidently the quantity of 
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heat *which accumulates in the intervening shelly and Avhose effect 
is to vary its temperature. 

113. The coeflGicient C denotes the quantity of heat which is 
necessary to raise, from temperature 0 to temperature 1, a definite 
unit of weight; D is the weight of unit of volume, itrrrx^dx is the 
volume of the intervening layer, differing from it only by a 
quantity which may he omitted: hence iirGDa^dcc is the quantity 
of heat necessary to raise the intervening shell from temperature 
0 to temperature 1. Hence it is requisite to divide the quantity 
of heat which accumulates in this shell by 467rCJ)x^dx, and we 
shall then find the increase of its temperature v during the time 
dU We thus obtain the equation 



114. The preceding equation represents the law of the move¬ 
ment of heat in the interior of the solid, but the temperatures of 
points in the surface are subject also to a special condition which 
must be expressed. This condition relative to the state of the 
surface may vary according to the nature of the problems dis¬ 
cussed ; we may suppose for example, that, after having heated 
the sphere, and raised all its molecules to the temperature of 
boiling water, the cooling is effected by giving to all points in the 
surface the temperature 0, and by retaining them at this tem¬ 
perature by any external cause whatever. In this case we may 
imagine the sphere, whose variable state it is desired to determine, 
to be covered by a very thin envelope on which the cooling agency 
exerts its action. It may be supposed, 1®, that this infinitely 
thin envelope adheres to the solid, that it is of the same substance 
as the solid and that it forms a part of it, like the other portions 
of the mass; 2®, that all the molecules of the envelope are sub¬ 
jected to temperature 0 by a cause always in action which prevents 
the temperature from ever being above or below zero. To express 
this condition theoretically, the function v, which contains x and t, 
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must be made to become nul, when we give to 05 its complete 
value X equal to the radius of the sphere, whatever else the value 
of t may be. We should then have, on this hypothesis, if we 
denote by ^ («, t) the function of x and t, which expresses the 
value of V, the two equations 

Further, it is necessary that the initial state should be repre¬ 
sented by the same function ^ (x, f): we shall therefore have as a 
second condition if> (x, 0) = 1. Thus the variable state of a solid 
sphere on the hypothesis which we have first described will be 
represented by a function «, which must satisfy the three preceding 
equations. The first is general, and belongs at every instant to 
all points of the mass; the second affects only the molecules at 
the surface, and the third belongs only to the initial state. 

115. If the solid is being cooled in air, the second equation is 
different; it must then be imagined that the very thin envelope 
is maintained by some external cause, in a state such as to pro¬ 
duce the escape from the sphere, at every instant, of a quantity of 
heat equal to that which the presence of the medium can carry 
away from it. 

Now the quantity of heat which, during an infinitely small 
instant dt, flows within the interior of the solid across the spheri- 

cal surface situate at distance x, is equal to — 4JSwx* ^ dt ; and 

till a general expression is applicable to all values of x. Thus, by 
supposing a=.X'we shall ascertain the quantity of heat which in 
the variable state of the sphere would pass across the very thm 
envelope which bounds it; on the other hand, the external surface 
of the solid having a variable temperature, which we shall denote 
by Vi would permit the escape into the air of a quantity of heat 
proportional to that temperature, and to the extent of the surface, 
which is 47 rX’. The value of this quantity is iikirX^Vdt. 

To express, as is supposed, that the action of the envelope 
supplies the place, at every instant, of that which would result from 
the presence of the medium, it is sufficient to equate the quantity 

4 fcirX*Fdt to the value which the expression —4iK-irX*^dt 
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receives when we give to a its complete value JT; hence we obtain 
dfo h 

the equation which must hold when in the functions 

dv 

^ and V we put instead of x its value X, which we shall denote 

dV 

by writing it in the form ^ + A F= 0. 


dv 

116. The value of ^ taken when x=X, must therefore have 


h 


a constant ratio ~ ^ to the value of v, which corresponds to the 


same point. Thus we shall suppose that the external cause of 
the cooling determines always the state of the very thin envelope, 

dv 

in such a manner that the value of ^ which results from this 
state, is proportional to the value of v, corresponding to a? = X, 
and that the constant ratio of these two quantities is — . This 

jflL 

condition being fulfilled by means of some cause always present, 
which prevents the extreme value of ^ from being anything else 
h 

action of the envelope will take the place of that 


of the air. 

^ It is not necessary to suppose the envelope to be extremely 
thin, and it will be seen in the sequel that it may have an 
indefinite thickness. Here the thickness is considered to be 
indefinitely small, so as to fix the attention on the state of the 
surface only of the solid. 


Hence it follows that the three equations which are 
required to determine the function {x, t) or v are the following, 


dv ^ K fd\ 2 dv\ 


dV 

0 )= 1 . 


Ihe first applies to all possible values of x and the second 
is satisfied when x = X, whatever be the value of f, and the 
third is satisfied when f = 0, whatever be the value of x. 
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It might be supposed that in the initial state all the spherical 
layers have not the same temperature: •which is what would 
necessarily happen, if the immersion were imagined not to have 
lasted for an indefinite time. In this case, which is more general 
than the foregoing, the given function, which expresses the 
initial temperature of the molecules situated at distance x from 
the centre of the sphere, -will he represented by F (x ); the third 
equation will then he replaced by the following, ^ (x, 0)=F (as). 

Nothing more remains than a purely analytical problem, 
whose solution will he given in one of the following chapters. 
It consists in finding the value of v, by means of the general 
condition, and the two speoial conditions to which it is subject. 


SECTION III. 

Equations of the varied movement of heat in a solid cylinder. 

118. A solid cylinder of infinite length, whose side is per¬ 
pendicular to its circular base, having been wholly immersed 
in a liquid whose temperature is uniform, has been gradually 
heated, in such a manner that all points equally distant from 
the axis have acquired the same temperature; it is then exposed 
to a current of colder air; it is required to determine the 
temperatures of the different layers, after a given time. 

X denotes the radius of a cylindrical surface, all of whose 
points are equally distant from the axis; A is the radius of 
the cylinder; v is the temperature which points of the solid, 
situated at distance « from the axis, must have after the lapse 
of a time denoted by t, since the beginning of the cooling. 
Thus ® is a function of « and t, and if in it t be made equal to 
0 , the function of x which arises from this must necessarily satisfy 
the initial state, which is arbitrary. 

119. Consider the movement of heat in an infinitely thin 
portion of the cylinder, included between the surface whose 
radius is x, and that whose radius is x-\-dx. The quantity of 
heat which this portion receives during the instant dt, from the 
part of the solid which it envelops, that is to say, the quantity 
which during the same time crosses the cylindrical surface 
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whose radius is x, and whose length is 
to unity, is expressed by 


- 2Ktrx^ dt. 
dx 


supposed to be equal 


To find the quantity of heat which, crossing the second surface 
whose radius is x+dx, passes from the infinitely thin shell into 
the part of the solid which envelops it, we must, in the foregoing 
expression, change x into « + dar, or, which is the same thmg, 
add to the term 

-iKirx^dt, 

the differential of this term, taken with respect to x. Hence 
the difference of the heat received and the heat lost, or the 
quantity of heat which accumulating in the infinitely thin shell 
determines the changes of temperature, is the same differential 
taken with the opposite sign, or 

^Kir.dt.d(x^i 

on the other hand, the volume of this intervening shell is 2irxdxy 
ZCDirxdx expresses the quantity of heat required to raise 
it from the temperature 0 to the temperature 1, G being the 
specific heat, and JD the density. Hence the quotient 

2Knr.dt.d{x^ 

'^idlhrxdx 

is the increment which the temperature receives durino- the 
instant dt. Whence we obtain the equation ^ 

dt CD \da? X dx) ’ 


120 . The quantity of heat which, during the instant dt 
crosses the cylindrical surface whose radius is x, being expressed 

in general by 2Kirx^dt, we shall find that quantity which 

escapes dunng the same time from the surface of the solid, by 
making x=X in the foregoing value; on the other hand, the 
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same quantity, dispersed into the air, is, by the principle of the 
communication of heat, equal to 2irXh^dt\ we must therefore 

dtO 

have at the surface the definite equation The 


nature of these equations is explained at greater length, either 
in the articles which refer to the sphere, or in those wherein the 
general equations have been given for a body of any form what¬ 
ever. The function v which represents the movement of heat in 
an infinite cylinder must therefore satisfy, 1st, the general equa¬ 
tion ^ ^ , which applies whatever x and t may 

be; 2nd, the definite equation ^ ^ ^ which is true, whatever 


the variable t may be, when x = X\ 3rd, the definite equation 
v — F(x). The last condition must be satisfied by all values 
of V, when t is made equal to 0, whatever the variable x may 
be. The arbitrary function F(x) is supposed to be known; it 
corresponds to the initial state. 


SECTION IV. 

Eqtiations of the uniform movement of heat in a solid pi'ism 
of infinite length. 

121. A prismatic bar is immersed at one extremity in a 
constant source of heat which maintains that extremity at the 
temperature A ; the rest of the bar, whose length is infinite, 
continues to be exposed to a uniform current of atmospheric air 
maintained at temperature 0; it is required to determine the 
highest temperature which a given point of the bar can acquire. 

The problem differs from that of Article 73, eince we now 
take into consideration all the dimensions of the solid, which is 
necessary in order to obtain an exact solution. 

We are led, indeed, to suppose that in a bar of very small 
thickness all points of the same section would acquire sensibly 
equal temperatures; but some uncertainty may rest on the 
results of this hypothesis. It is therefore preferable to solve the 
problem rigorously, and then to examine, by analysis, up to what 
point, and in what cases, we are justified in considering the 
temperatures of different points of the same section to be equal 
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122 . The section made at right angles to the length of the 
bar, is a square whose side is 21, the axis of the bar is the axis 
of X, and the origin is at the extremity ji. The three rectangular 
co-ordinates of a point of the bar are a, y, z, and v denotes the 
fixed temperature at the same point. 

The problem consists in determining the temperatures which 
must be assigned to different points of the bar, in order that 
they may continue to exist without any change, so long as the 
extreme surface A, which communicates with the source of heat, 
remains subject, at all its points, to the permanent tempera¬ 
ture A \ thus v is a function of x, y, and z. 


123. Consider the movement of heat in a prismatic molecule, 
enclosed between six planes perpendicular to the three axes 
y> The first tliree planes pass through the point m 

whose co-ordinates are aj, y, z, and the others pass through the 
point m* whose co-ordinates are x^dx, y + dy, z + dz. 

To find what quantity of heat enters the molecule during 
unit of time across the first plane passing through the point m 
and perpendicular to x, we must remember that the extent of the 
surface of the molecule on this plane is dydz, and that the flow 
across this area is, according to the theorem of Article 98, equal 

^ dx ^ molecule receives across the rectangle dydz 

passing through the point m a quantity of heat expressed by 

— Kdydz To find the quantity of heat which crosses the 

opposite face, and escapes from the molecule, we must substitute, 
in the precediug expression, x + dxhx x, or, which is the same 
thing, add to this expression its differential taken with respect 
to X only; whence we conclude that the molecule loses, at its 
second face perpendicular to a;, a quantity of heat equal to 

we must therefore subtract this from that which enters at the 
opposite face; the differences of these two quantities is 

Kdydzdi^, or, Kdxdydz^- 
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this expresses the quantity of heat accumulated in the molecule 
in consequence of the propagation in direction of x ; which ac¬ 
cumulated heat would make the temperature of the molecule 
vary, if it were not balanced by that which is lost in some other 
direction. 

It is found in the same manner that a quantity of heat equal 

to ^Kdzdx%- enters the molecule across the plane passing 
ay 

through the point m perpendicular to y, and that the quantity 
which escapes at the opposite face is 

--Kdzdx^ — Kdzdxd , 

the last differential being taken with respect to y only. Hence 

the difference of the two quantities, or Kdxdydz expresses 

the quantity of heat which the molecule acquires, in consequence 
of the propagation in direction of y. 

Lastly, it is proved in the same manner that the molecule 
acquires, in consequence of the propagation in direction of z, 

d^v 

a quantity of heat equal to Kdxdydz-^. Now, in order that 

there may be no change of temperature, it is necessary for the 
molecule to retain as much heat as it contained at first, so that 
the heat it acquires in one direction must balance that which it 
loses in another. Hence the sum of the three quantities of heat 
acquired must be nothing; thus we form the equation 

d?v , _ A 

124. It remains now to express the conditions relative to the 
surface. If we suppose the point m to belong to one of the faces 
of the prismatic bar, and the face to be perpendicular to Zy we 
see that the rectangle dxdy, during unit of time, permits a 
quantity of heat equal to Vh dx dy to escape into the air, 
V denoting the temperature of the point m of the surface, namely 
what ^ {xy y, z) the function sought becomes when z is made 
equal to Z, half the dimension of the prism. On the other hand, 
the quantity of heat which, by virtue of the action of the 
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moleculec^ dariog unit of time, traverses an infinitely small surface 
0 ), situated witUn the prism, perpendicular to z, is equal to 
dv • 

— according to the theorems quoted above. This ex¬ 

pression is general, and applying it to points for which the co¬ 
ordinate « has its complete value I, we conclude from it that the 
quantity of heat which traverses the rectangle ix dy taken at the 

surface is — Kdxdy-^, giving to a in the function ^ its com¬ 
plete value 1. Hence the two quantities —Kdxdy^, and 

hdxdyv, must he equal, in order that the action of the molecules 
may agree with that of the medium. This equality must also 

exist when we give to a in the functions — and v the value — I, 

dz 

which it has at the face opposite to that first considered. Further, 
the quantity of heat which crosses an infinitely small surface to, 

perpendicular to the axis of y, being it follows that 

dy 

that which flows across a rectangle de dx taken on a face of the 
prism perpendicular to y is -Kdzdx^, giving to y in the 
dv 

function ^ its complete value 1. Now this rectangle ds dx 
permits a quantity of heat expressed by hvdxdy to escape into 
the air; the equation hv "*—becomes therefore necessary, 

dv 

when y is made equal to f or — 2 in the functions v and ^. 


12o. The value of the function v must by hypothesis he 
equal to A, when we suppose «*0, whatever he the values of 
y and ». Thus the required function v is determined by the 
following conditions: 1st, for all values of x, y, e, it satisfies the 
general equation 




2nd, it satisfies the equation + when y is equal to 
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I ot — I, wbatever x and « may be, or satisfies the equation 

V + ^ = 0, when a is equal to Z or — whatever x and y may 
dz 

be; 3rd, it satisfies the equation v = A, when «=0, whatever 
y and z may be. 

SECTION V. 

Equations of the varied movement of keat in a soUd cvAe. 

126. A solid in the form of a cube, all of whose points have 
acquired the same temperature, is placed in a uniform current of 
atmospheric air, maintained at temperature 0. It is required to 
determine the successive states of the body during the whole 
time of the cooling. 

The centre of the cube is taken as the origin of rectangular 
coordinates; the three perpendiculars dropped from this point on 
the faces, are the axes of x, y, and «; 2Z is the side of the cube, 
t) is the temperature to which a point whose coordinates are 
X, y, z, is lowered after the time % has elapsed since the com¬ 
mencement of the cooling: the problem consists in determining 
the function », which depends on as, y, z and t. 

127. To form the general equation which v must satisfy, 
we must ascertain what change of temperature an infinitely 
small portion of the solid must experience during the instant 
dt, by virtue of the action of the molecules which are extremely 
near to it. We consider then a prismatic molecule enclosed 
between six planes at right angles; the first three pass through 
the point m, whose co-ordinates are x, y, z, and the three others, 
through the point m', whose co-ordinates are 

x + dx, y + dy, z + dz. 

The quantity of heat which during the instant dt passes into 
the molecule across the first rectangle dy dz perpendicular to x, 

is —Kdydz^ dt, and that which escapes in the same time from 
(Uc 

the molecule, through the opposite face, is found by writing 
a-t- in place of x in the preceding expression, it is 

-Kdydz dt -Kdydzd dt, 
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the differential being taken with respect to x only. The quantity 
of heat which during the instant dt enters the molecule, across 
the first rectangle dzdx perpendicular to the o-yia of y, is 
dv 

— Kdzdx-^^dt, and that which escapes from the molecule during 
the same instant, by the opposite face, is 


-Kdzdx^dt-Kdzdxd(^dt, 

the differential being taken with respect to y only. The quantity 
of heat which the molecule receives during the instant dt, through 

its lower face, perpendicular to the axis of e, is -Kdxdy^dt, 

and that which it loses through the opposite face is 

— Kdxdy^dt—Kdxdydi^j (*, 

the differential being taken with respect to z only. 

The sum of all the quantities of heat which escape fi'om the 
molecule must now be deducted from the sum of the quantities 
which it receives, and the difference is that which determines its 
increase of temperature during the instant: this difference is 

Kdydzdi^ dt + Kdzdxd(^^ dt+Edxdyd(^£^ dt. 

or Kdxdydz)^^+-^ + ^^dt 


128. If the quantity which has just been found be divided by 
that which is necessary to raise the molecule from the temperature 
0 to the temperature 1, the increase of temperature which is 
effected during the instant dt will become known. Now, the 
latter quantity is CDdxdydz: for C denotes the capacity of 
the substance for heat; D its density, and dxdydz the volume 
of the molecule. The movement of heat in the interior of the 
solid is therefore expressed by the equation 

dv K /d’v . d'v dV 
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129. It remains to form the equations which relate to the 
state of the surface, which presents no difficulty, in accordance 
with the principles which we have established. In fact, the 
quantity of heat which, during the instant dt^ crosses the rectangle 

dv 

dz dy, traced on a plane perpendicular to aj, is — dy dz ^ dt 


This result, which applies to all points of the solid, ought to hold 
when the value of x is equal to Z, half the thickness of the prism. 
In this case, the rectangle dy dz being situated at the surface, the 
quantity of heat which crosses it, and is dispersed into the air 
during the instant dZ, is expressed by hv dy dz dt^ we ought there¬ 
fore to have, when a5 = Z, the equation = —This con¬ 


dition must also be satisfied when a? = — Z. 

It will be found also that, the quantity of heat which crosses 
the rectangle dz dx situated on a plane perpendicular to the axis 

dv 

of y being in general —Kdzdw-^, and that ■which escapes at the 

surface into the air across the same rectangle being hvdzdxdt, 

dv 

■we must have the equation Aw + £’ ^ = 0, when y = l or — 1. 
Lastly, we obtain in like manner the definite equation 




which is satisfied when z — lox — l, 

130. The function sought, which expresses the varied move¬ 
ment of heat in the interior of a solid of cubic form, must therefore 
be determined by the following conditions; 

1 st. It satisfies the general equation 

dv _ K ^ 

dt~~0\D\d{^^ dy^^ dz*}'* 

2 nd. It satisfies the three definite equations 

which hold when * = ±2, y= ±1, « = 
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3rd. If in the function v which contains x, j/j z, we make 
i = 0, whatever be the values of x, y, and z, we ought to have, 
according to hypothesis, v =* -4, which is the initial and common 
value of the temperature. 

131, The equation arrived at iu the preceding problem 
represents the movement of heat in the interior of* all solids. 
Whatever, in fact, the form of the body may be, it is evident that, 
by decomposing it into prismatic molecules, we shall obtain this 
result. We may therefore limit ourselves to demonstrating in 
this manner the equation of the propagation of heat. But in 
order to make the exhibition of principles more complete, and 
that we may collect into a small number of consecutive articles 
the theorems which serve to establish the general equation of the 
propagation of heat in the interior of solids, and the equations 
which relate to the state of the surface, we shall proceed, in the 
two following sections, to the investigation of these equations, 
independently of any particular problem, and without reverting 
to the elementary propositions ivhich we have explained in the 
introduction. 


SECTION VI. 

General equation of the propagation of heat in the interior of solids. 

132. Theorem I. Jf the different points of a homogeneoxts 
solid inass, enclosed between six planes at right angles, have act/ml 
temperatures detei^ined by the linear equation 

v^A--ax^by--cz, .(a), 

and if the molecules situated at the external surface m the six 
planes which bound the prism are maintained, by any cause what¬ 
ever, at the temperature expressed by the equation (a): all the 
molecxdes situated in the interior of the mass will of themselves 
retain their actual temperatures, so that there will be no change in 
the state of the prism. 

V denotes the actual temperature of the point whose co¬ 
ordinates, are x,y,z\ A, a, h, c, ai'e constant coefficients. 

To prove this proposition, consider in the solid any three 
points whatever mMp, situated on the same straight line mp. 
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which the point M divides into two equal parts; denote by 
X, y, z the co-ordinates of the point M, and its temperature by 
v, the co-ordinates of the point by a? + a, y + ^y ^ + 7> 
temperature by w, the co-ordinates of the point m by « - a, y — 
z — % and its temperature by u, we shall have 

v = A—ax — hy — cz, 
w => jd — a (a! + a) - 6 (y -h jS) — c («-i- 7 ), 
u = A - a{x-a)-b‘(y—fi) — c (a - 7 ), 
whence we conclude that, 

x — w = a 2 + hfi+ cy, aUd u — t) = oa H- bfi + 07 ; 
therefore v — w — u — v. 

Now the quantity of heat which one point receives from 
another depends on the distance between the two points and 
on the difference of their temperatures. Hence the action of 
the point M on the point /* is equal to the action of »i on JIf; 
thus the point M receives as much heat from m as it gives up 
to the point /u. 

"We obtain the same result, whatever be the direction and 
magnitude of the line which passes through the point M, and 
is divided into two equal parts. Hence it is impossible for this 
point to change its temperature, for it receives from all parts 
as much heat as it gives up. 

The same reasoning applies to all other points; hence no 
change can happen in the state of tho solid. 

133. CoBOLLART I. A Solid being enclosed between two 
infinite parallel planes A and B, if the actual temperature of 
its different points is supposed to be expressed by the equation 
<o=yl—z, and the two planes which bound it are maintained 
by any cause whatever, A at the temperature 1, and’ B at tho 
temperature 0; this particular case will then bo included in 
the preceding lemma, if we make A = l, a = 0, l> = 0, c = 1. 

134. CoBOLLABT II. If in the interior of the same solid 
we imagine a plane M parallel to those which bound it, we see 
that a certain quantity of heat flows across this plane during 
unit of time; for two very near points, such as m and n, one 
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of wbich is below the plane and the other above it, are unequally 
heated; the first, whose temperature is highest, must therefore 
send to the second, during each instant, a certain quantity of heat 
which, in some cases, may be very small, and even insensible, 
according to the nature of the body and the distance of the two 
molecules. 

The same is true for any two other points whatever separated 
by the plane. That which is most heated sends to the other 
a certain quantity of heat and the sum of these partial actions, 
or of all the quantities of heat sent across the plane, composes 
a continual fiow whose value does not change, since all the 
molecules preserve their temperatures. It is easy to prove that 
this flow, or the quantity of heat which crosses the plane M during 
the unit of time, is equivalent to that which crosses, during the same 
time, another plane N parallel to the flrst In fact, the part of 
the mass which is enclosed between the two surfaces M and 
jy will receive continually, across the plane M, as much heat 
as it loses across the plane N". If the quantity of heat, which 
in passing the plane M enters the part of the mass which is 
considered, were not equal to that which escapes by the opposite 
surface N, the solid enclpsed between the two surfaces would 
acquire fresh heat, or would lose a part of that which it has, 
and its temperatures would not be constant; which is contrary to 
the preceding lemma, 

135. The measure of the specific conducibility of a given 
substance is taken to be the quantity of heat which, in an infinite 
solid, formed of this substance, and enclosed between two parallel 
planes, flows during unit of time across unit of surface, taken 
on any intermediate plane whatever, parallel to the external 
planes, the distance between which is equal to unit of length, 
one of them being maintained at temperature 1, and the other 
at temperature 0. This constant flow of the heat which crosses 
the whole extent of the prism is denoted by the coefficient K, 
and is the measure of the conducibility. 

136. Lemma If we suppose all the temperatures of the solid in 
question under the preceding article, to he multiplied by cmy number 
whatever g, so that the equation of temperatures is v = g —gz, 
instead of being v = 1 — z, and if the two external planes are main- 
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tained, one at the temperature g, and the other at temperature 0, 
the constant flow of heat, in this second hypothesis, or the quantity 
which during unit of time crosses unit of surface taken on an 
intermediate plane parallel to the bases, is equal to the product 
oftheflrstflow multiplied by g. 

In fact, since all the temperatures have been increased in 
the ratio of 1 to g, the differences of the temperatures of any 
two points whatever m and /*, are increased in the same ratio. 
Hence, according to the principle of the communication of heat, 
in order to ascertain the quantity of heat which m sends to 
on the second hypothesis, we must multiply by g the quantity 
which the same point m sends to ft on the first hypothesis. 
The same would be true for any two other points whatever. 
Now, the quantity of heat which crosses a plane M results from 
the sum of all the actions which the points m, m', m", m'", etc., 
situated on the same side of the plane, exert on the points /*, 
/*', n", fi'", etc., situated on the other side. Hence, if in the first 
hypothesis the constant flow is denoted by K, it will be equal to 
gK, when we have multiplied all the temperatures by g, 

137. Theorem II. In a prism whose constant temperatures 
are escpressed by the equation v = A — ax — by — cz, and which 
is bounded by sir planes at right angles all of whose points are 
Tnaintained at constant temperatures determined by the preceding 
equation, the quantity of heat which, during unit of time, crosses 
unit of surface taken on a/ny intermediate plane whatever perpen¬ 
dicular to z, is the same as the constant flow in a solid of the 
same substance would be, if enclosed between two infinite parallel 
planes, and for which the equation of constant temperatures is 
v = c — cz. 

To prove this, let us consider in the prism, and also in the 
infinite solid, two extremely near points m and /4, separated 


Fig. 4. 



ft 



] 



by the plane M perpendicular to the axis ot p, being above . 
the plane, and m below it (see fig. 4), and above the same plane 
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let US take a point m such that the perpendicular dropped from 
the point on the plane may also be perpendicular to the 
distance mm' at its middle point h. Denote by x, y, z + h, the 
co-ordinates of the point /tt, whose temperature is by ® — a, y— 
z, the co-ordinates of whose temperature is v, and by ic + a, 
y + P,z, the co-ordinates of m', whose temperature is v'. 

The action of m on fi, or the quantity of heat which m sends 
to during a certain time, may be expressed by j (« —w). The 
factor q depends on the distance my,, and on the nature of the 
masa The action of m! on /* will therefore be expressed by 
j(«'—w); and the factor q is the same as in the preceding 
expression; hence the sum of the two actions of m on y, and 
of m' on y, or the quantity of heat which y receives from m and 
from m!, is expressed by 

3 (u —w +1/ — w). 

Now, if the points m, y, m' belong to the prism, we have 

w=- a® - 6y - c (a 4- A), « = .4 - o (aj - a) - 6 (y - /8) - cz, 

and d' = -4 -a(®-|-a )-6 (y + iS) -ca; 

and if the same points belonged to an infinite solid, we should 
have, by hypothesis, 

w = o — c{z + h), v = e — cz, and v' = c — cz. 

In the first case, we find 

q(v — ‘u;+v'-w) — 2qch, 

and, in the second case, we still have the same result. Hence 
the quantity of heat which y receives from m and from m' on 
the first hypothesis, when the equation of constant temperatures 
is t;=J.-oaj-Jy —ca, is equivalent to the quantity of heat 
which y receives from m and from m' when the equation of 
constant temperatures is v = c — cz. 

The same conclusion might be drawn with respect to any three 
other points whatever m', y', m", provided that the second y' be 
placed at equal distances from the other two, and the altitude of 
the isosceles triangle m' yl m" bo parallel to a. Now, the quantity 
of heat which crosses any piano whatever M, results from the sum 
of the actions which all the points m, m', m", ml" etc., situated on 
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one side of this plane, exert on all the points jm, fi, fi”, etc 
situated on the other side: hence the constant flow, which, during 
unit of time, crosses a definite part of the plane M in the infinite 
solid, is equal to the quantity of heat which flows in the same time 
across the same portion of the plane M in the prism, all of whose 
temperatures are expressed by the equation 

v=^A — ax — hy-cz, 


138. Corollary. The flow has the value cE in the infinite 
solid, when the part of the plane which it crosses has unit of 

dv 

surface. In the prism also it has the same value cK or — K . 

It is proved in the same manner, that the constant flow which takes 
place, during wiit of time, in the same prism across unit of surf ace, 
on any plane whatever perpendicular to j, is equal to 

dv 

hKor-K-i 

dy’ 

and ^ai which crosses a plane perpendicular to x 1ms the value 

aKor-K~. 


139. The propositions ■which we have proved in the preceding 
articles apply also to the case in which the instantaneous action of 
a molecule is exerted in the interior of the mass up to an appre¬ 
ciable distance. In this case, we must suppose that the cause 
which maintains the external layers of the body in the state 
expressed by the linear equation, affects the mass up to a finite 
depth. All observation concurs to prove that in solids and liquids 
the distance in question is extremely small. 

14)0. Theobek hi. If the temperatures at the points of a 
solid are expressed by the equation v = f(a!, y, e, t), in which 
X, y, z are the co-ordinates of a molecule whose temperature is 
equal to v after the lapse of a ■time t; the flow of heat which 
crosses part of a plane traced in the solid, perpendicular to one of 
the three axes, is no longer constant; its value is difilerent for 
different parts of the plane, and it varies also with the time. This 
variable quantity may be determined by analysis. 
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Let 6 ) be an infinitely small circle whose centre coincides with 
the point m of the solid, and whose plane is perpendicular to the 
vertical co-ordinate z ; during the instant dt there will flow across 
this circle a certain quantity of heat which will pass from the 
part of the circle below the plane of the circle into the upper 
part. This flow is composed of all the rays of heat which depart 
from a lower point and arrive at an upper point, by crossing 
a point of the small surface ®. Wo proceed to shew that 

easp'essim of the value of the foto is 

Let us denote by w', y', the coordinates of the point m whose 
temperature is v '; and suppose all the other molecules to be 
referred to this point m chosen as the origin of new axes parallel 
to the former axes: let f, y, ^ be the three co-ordinates of a point 
referred to the origin m; in order to express the actual temperature 
m of a molecule infinitely near to to, we shall have the linear 
equation 

, , ydv', dd , .dv 

The coefficients ®'» ^ values which are found 

by substituting in the functions for the variables 

», y z, the constant quantities a', y', z', which measure the dis¬ 
tances of the point to from the first three axes of a, y, and z. 

Suppose now that the point to is also an internal molecule of 
a rectangular prism, enclosed between six planes perpendicular to 
the three axes whose origin is to ; tliat w the actual temperature of 
each molecule of. this prism, whose dimensions are finite, is ex¬ 
pressed by the linear equation w = .4 -H af -|- 617 •+• cf, and that the 
six faces which bound the prism are maintained at the fixed tem¬ 
peratures which the last equation assigns to them. The state of 
the internal molecules will also be permanent, and a quantity of 
heat measured by the expression —Kowdt will flow during the 
instant di across the circle < 0 . 

This arranged, if we take as the values of the constants 
A, a, h, 0 , the quantities the fixed state of the 
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prism will be expressed by the equation 


VI = v 



a. 


dz ^ 


Thus the molecules infinitely near to the point m will have, 
during the instant dty the same actual temperature in the solid 
whose state is variable, and in the prism whose state is constant. 
Hence the flow which exists at the point m, during the instant dt, 
across the infinitely small circle o), is the same in either solid; it 

dv* 

is therefore expressed ‘hy — K-j- (odt 


From this we derive the following proposition 
If in a solid whose internal temperatures vary with the time, hy 
virtue of the action of the molecules, we trace any straight line what¬ 
ever, and et'ect {see fig. 5), at the different points of this line, the 
ordinates pm of a plane curve equal to the tempei'atures of these 
points taken at the same moment; the flow of heat, at each point p 
of the straight line, will he proportional to the tangent of the angle 
a which the element of the cm've makes with the parallel to the 
dbsdssce ; that is to say, if at the point p we place the centre of an 


Fig. 6. 



infinitely small circle (o perpendicular to the line, the quantity of 
heat which has flowed during the instant dt, across this circle, in 
the direction in which the abscissse op increase, will be measured 
by the product of four factors, which are, the tangent of the angle 
a, a constant coefficient K, the area co of the circle, and the dura¬ 
tion dt of the instant. 

14j 1* CoKOliLART. If we represent by e the abscissa of this 
curve or the distance of a point p of the straight line from a 
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fixed point o, and by v the ordinate which represents the tem¬ 
perature of the point p, v will vary with the distance e and 
will be a certain function /(e) of that distance; the quantity 
of heat which would flow across the circle to, placed at the 

point p perpendicular to the line, will be — JT ^ (odt, or 

-JSr/' 


denoting the function 

"We may express this result in the following manner, which 
facilitates its application. 

To obtain the actual flow of heat at a point p of a straight 
Kne drawn in a solids whose temperatures mry by action of the 
molecules, we must divide the difference of the temperatures at 
two points mflnitely near to the point p by the distance between 
these points. The flow is proportional to the quotient. 


142. Theorem IV. From the preceding Theorems it is 
easy to deduce the general equations of the propagation of heat. 

Suppose the different points of a homogeneous solid of any 
form whatever, to have received initial temperatures which vary 
successively by the effect of the mutual action of the molecules, 
a/nd suppose the equation v = f (x, y, z, t) to represent the successive 
states of the solid, it may now be shewn that v a function of four 
variables necessarily satisfies the equation 

dv _ /d® V ^ d®v\ 

dt "" UD \dx* ^ dy® dzv ' 

In fact, let us consider the movement of heat in a molecule 
enclosed between six planes at right angles to the axes of x, y, 
and z; the first three of these planes pass through the point 
m whose coordinates are x, y, z, the other three pass through 
the point m\ whose coordinates are x + dx, y + dy, z+ dz. 

During the instant dt, the molecule receives, across the 
lower rectangle dxdy, which passes through the point m, a 

quantity of heat equal to--K dxdy ^ dt. To obtain the quantity 

which escapes from the molecule by the opposite face, it is 
sufficient to change z into z -f cZz in the preceding expression, 
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that is to say, to add to this expression its own differential talcen 
■with respect to z only; wo then have 


-Kdx dt-Kixdy-^ dz dt 


as the value of the quantity which escapes across the upper 
rectangle. The same molecule receives also across the first 
rectangle dzdx which passes through the point m, a quantity 
dv 

of heat equal to —K^dzdxdt; and if we add to this ex¬ 
pression its own differential taken with respect to y only, wo 
find that the quantity which escapes across the opposite face 
dz dx is expressed by 

— ixdt^K '■ dy dz dx dt 


Lastly, the molecule receives through the first rectangle dy dz 

dv 

a quantity of heat equal to -K-^dydz dt, and that which it 

loses across the opposite rectanglo which pjisses through mf is 
expressed by 


—K^dydzdt —/v « 


dx dy dz dt. 


We must now take the sum of tho quantities of heat which 
the molecule receives and subtract from it the sum of those 
which it loses. Hence it appears that during the instant dt, 
a total quantity of heat equal to 



dx dy dz dt 


accumulates in the interior of the molecule. It remains only 
to obtain the increase of temperature which must result from 
this addition of heat. 

B being the density of tho solid, or the weight of unit of 
volume, and 0 the specific capacity, or tho quantity of heat 
which raises tho unit of weight from the temperature 0 to the 
temperature 1; the product CBdxdydz expresses the quantity 
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of heat required to raise from 0 to 1 the molecule whose volume 
is dsedydz. Hence dividing by this product the quantity of 
heat which the molecule has just acquired, we shall have its 
increase of temperature. Thus we obtain the general equation 

dv K /d*v d‘v d^v\ 

dt~ CD \dj!?'^ dy‘^d^J .^ 

which is the equation of the propagation of heat in the interior 
of all solid bodies. 

143. Independently of this equation the system of tempera¬ 
tures is often subject to several definite conditions, of which no 
general expression can be given, since they depend on the nature 
of the problem. 

If the dimensions of the mass in which heat is propagated are 
finite, and if the surface is maintained by some special cause in a 
given state; for example, if all its points retain, by virtue of that 
cause, the constant temperature 0, we shall have, denoting the 
unknown function « by (®, y, z, t), the equation of condition 
^ (x, y, z,t) = 0‘, which must be satisfied by all values of a, y, z 
which belong to points of the external surface, whatever be the 
value of t. Further, if we suppose the initial temperatures of tho 
body to be expressed by the known function y, z), we have 
also the equation ^ (®, y, z, Q)=F{x, y, z ); the condition ex¬ 
pressed by this equation must be fulfilled by all values of tho 
co-ordinates x, y, z which belong to any point whatever of tho 
solid. 

144. Instead of submitting the surface of the body to a con¬ 
stant temperature, we may suppose the temperature not to be 
the same at different points of the surface, and that it varies with 
the time according to a given law; which is what takes place in 
the problem of terrestrial temperature. In this case the equation 
rdative to the surface contains the variable t 

145. In order to examine by itself, and from a very general 
point of view, the problem of the propagation of heat, the solid 
whose initial state is given must be supposed to have all its 
dimensions infinite; no special condition disturbs then the dif- 
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fusion of heat, and the law to which this principle is submitted 
becomes more manifest; it is expressed by the general equation 

dv _ 4 . ^ 4 . 

dt ~QD \d^^^d^) ' 

to which must be added that which relates to the initial arbitrary 
state of the solid. 

Suppose the initial temperature of a molecule, whose co¬ 
ordinates are a:, y, z, to be a known function F {oo, y, z), and denote 
the unknown value u by ^ {x, y, z, t), we shall have the definite 
equation ^ (x, y, z,0)=F (x, y, z); thus the problem is reduced to 
the integration of the general equation (A) in such a manner that 
it may agree, when the time is zero, with the equation which con¬ 
tains the arbitrary function F. 


SECTION VII. 

General e^uaUon relative to iJie surfcuse. 

146. If the solid has a definite form, and if its original heat 
is dispersed gradually into atmospheric air maintained at a con¬ 
stant temperature, a third condition relative to the state of the 
surface must be added to the general equation (A) and to that 
which represents the initial state. 

We proceed to examine, in the following articles, the nature of 
the equation which expresses this third condition. 

Consider the variable state of a solid whose heat is dispersed 
into air, maintained at the fixed temperature 0. Let o be an 
infinitely small part of the external surface, and fi a point of », 
through which a normal to the surface is drawn; different points 
of this line have at the same instant different temperatures. 

Let V be the actual temperature of the point ft, taken at a 
definite instant, and w the corresponding temperature of a point v 
of the solid taken on the normal, and distant from by an in¬ 
finitely small quantity ol Denote by x, y, z the co-ordinates of 
the point /*, and those of the point v by as-hSa;, y-t-Sy, z + Sz; 
let f{x, y, «) = 0 be the known equation to the surface of the solid, 
and v=‘<f>{x, y, z, i) the general equation which ought to give the 
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value of ® as a fuaction of tho four variables x, y, z, t. 

tiating tbc oquation/(aj, y, * 0, wo shall have 


[chap. I 
Differea 


mdx + ndy+pdz=:^0-, 
m, n, p being functions of «, y, z. 

It follows from tho corollary enunciated in Article 141, tba 
tho flow in direction of tho normal, or the quantity of heat whic] 
during tho instant dt would cross the surface ©, if it were place, 
at any point whatever of this lino, at right angles to its directior 
IS proportional to the quotient which is obtained by dividing th 
difference of temperature of two points infinitely near by thei 
distance. Honco tho expression for tho flow at the end of th. 
normal is 





^denoting tho specific conducibility of tho mass. On the othe. 
hand, the surface a permits a quantity of heat to ascapfe into th« 
air, duririg tho time dt, equal to hmdt ; h being tho conducibilit. 
relative to atmospheric air. Thus tho flow of heat at the end o 
the normal has two different expressions, that is to say: 


hvodt and — K xdt ; 

henw those two quantities are equal; and it is by tho oxpressioi 
of ^is equality that tho condition relative to tho surface is in 
troducod into tho analysia 


147. Wo have 

Now, it follows from tho principles of geometry, that the co. 
ordinates Sx, Sy, Sz, which fix tho i>frt)ition of the point v of th« 
normal relative to tho point /*, satisfy tho following conditions: 

pSx*BmBz, pSymiiSz. 

Wo havo therefore 
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a = JSa? + St/® + = i (m* + n* + p^) ^ Sz, 

P 


or 

hence 


a = ^ , denoting by q the quantity (m® + ri* + , 

w — v f dv ^ dv , dv\ 1 
a “x dx ^ dy ^ dz) g * 


consequently the equation 

hvtodt = - A? 

becomes the following': 

dv ^ dv ^ dv h ^ 


(B). 


This equation is definite and applies only to points at the 
surface; it is that which must be added to the general equation of 
the propagation of heat (A), and to the condition which deter¬ 
mines the initial state of the solid; m, n, p, g^, are known functions 
of the co-ordinates of the points on the surface. 


148. The equation (B) signifies in general that the decrease of 
the temperatmre, in the direction of the normal, at the boundary of 
the solid, is such that the quantity of heat which tends to escape 
by virtue of the action of the molecules, is equivalent always to 
tiat which the body must lose in the medium. 

The mass of the solid might be imagined to bo prolonged, 
in such a manner that the surface,,instead of being exposed to the 
air, belonged at the same time to the body which it bounds, and 
to the mass of a solid envelope which contained it. If, on this 
hypothesis, any cause whatever regulated at every instant the 
decrease of the temperatures in the solid envelope, and determined 
it in such a manner that the condition expressed by the equation 
(B) was always satisfied, the action of the envelope would take the 


^ Let N be the normal, 


dv wcZw . . 


the rest as in the text. [R. L. E.] 
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place of that of the air, and the movement of heat would be the 
same in either case: we can suppose then that this cause exists, 
and determine on this hypothesis the variable state of the solid; 
which is what is done in the employment of the two equations 
(A) and (B). 

By this it is seen how the interruption of the mass and the 
^on of the medium, disturb the diffusion of heat by submitting 
it to an accidental condition. 


149. We may also consider the equation (B), which relates 
to the state of the surface under another point of view: hut we 
must first derive a remarkable consequence from Theorem ttt 
(Art 140). We retain the construction referred to in the corollaiy 
of the same theorem (Art. 141). Let x,y.z be the co-ordinates 
of the point jp, and 

oj+Saj, y + By, z + Bz 

those of a point q infinitely near top, and taken on the straight 
line in question: if we denote by v and w the temperatures of the 
two points p and q taken at the same instant, we have 



hence the quotient 


Bv Bx dv 
’Be dx Be dx 


dy dv Bz , —___ 


thus the quantity of heat which flows across the surface a> place d 
at the point tti, perpendicular to the straight line, is 


{doa Se dy 8e SeJ ‘ 


The first term is the product of - K~ by dt and by « ^ 

The latter quantity is, according to the principles of geometry, the 
area of the projection of w on the plane of y and a j thus the 
product represents^ the quantity of heat which would flow across 
toe area of toe projection, if it were placed at the point p perpen¬ 
dicular to the axis of «. r 
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The second term represents the quantity of 

heat which would cross the projection of a, made on the plane of 
X and z, if this projection were placed parallel to itself at the 
point p. 


Lastly, the third term —K^ a represents the quantity 

of heat which would flow during the instant dt, across the projec¬ 
tion of a on the plane of x and y, if this projection were placed at 
the point p, perpendicular to the co-ordinate z. 

By this it is seen that the quanUty of heat which flows across 
every injmitely smaU part of a surface drawn m the inierior of die 
solid, cm always he decomposed into diree other quantities of flow, 
which penetrate the three orthogonal prelections of the surface, along 
the directions perpendicular to the planes of the projections. The 
result gives rise to properties analogous to those which have 
been noticed in the theory of forces. 


150. The quantity of heat which flows across a plane surface 
a>, infinitely small, given in form and position, being equivalent 
to that which would cross its three orthogonal projections, it fol¬ 
lows that, if in the interior of the solid an element be imagined of 
any form whatever, the quantities of heat which pass into this 
polyhedron by its different faces, compensate each other recipro¬ 
cally: or more exactly, the sum of the terms of the first order, 
which enter into the expression of the quantities of heat received 
by the molecule, is zero; so that the heat which is in fact accumu¬ 
lated in it, and makes its temperature vary, cannot be expressed 
except by terms infinitely smaller than those of the first order. 

This result is distinctly seen when the general equation (A) 
has been established, by considering the movement of heat in 
a prismatic molecule (Articles 127 and 142); the demonstration 
may be extended to a molecule of any form whatever, by sub¬ 
stituting for the heat received through each face, that which its 
three projections would receive. 

In other respects it is necessary that this should be so : for, if 
one of the molecules of the solid acquired during each instant a 
quantity of heat expressed by a term of the first order, the varia¬ 
tion of its temperature would be infinitely greater than that of 
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other molecules^ that is to saj^ during each infinitely small instant 
its temperature would increase or decrease hy a finite quantity, 
which is contrary to experience. 

161. We proceed to apply this remark to a molecule situated 
at the external surface of the solid. 

Pig. 6 . 




a_i 


a\ - \e 


•at? 


Through a point a (see fig. 6), taken on the plane of x and y, 
draw two planes perpendicular, one to the axis of x the other to 
the axis of y. Through a point h of the same plane, infinitely 
near to a, draw two other planes parallel to the two preceding 
planes; the ordinates raised at the points a, b, c, c?, up to the 
external surface of the solid, will mark on this surface four points 
a\ 6', o', df, and will be the edges of a truncated prism, whose base 
IS the rectangle abed. If through the point a' which denotes the 
least elevated of the four points a', V, o', d', a plane be drawn 
parallel to that of x and y, it will cut off from the truncated prism 
a molecule, one of whose faces, that is to say aWd', coincides 
with the surface of the solid. The values of the four ordinates 
aa\ cc', dd\ are the following: 

m' = 


f dz , 
CO = s + da?, 
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152. One of the &oe8 perpendicular to a; is a triangle, and 
the opposite face is a trapezium. The area of the triangle is 

and the flow of heat in the direction perpendicular to this surface 


being 


• JT ^ we have, omittii^ig the factor dt, 
^dvl j dz j 


as the expression of the quantity gf heat which in one instant 
passes into the molecule, across the triangle in question. 

The area of the opposite face is 




.dv 


and the flow perpendicular to this face is also — .BT ^, suppress¬ 
ing terms of the second order infinitely smaller than those of the 
first; subtracting the quantity of heat which escapes by the second 
face from that which enters by the first we find 

This term expresses the quantity of heat the molecule receives 
through the faces perpendicular to x. 

It will be found, by a similar process, that tho same molecule 
receives, through the faces perpendicular to y, a quantity of heat 

equal to ^dx dy. 

The quantity of heat which the molecule receives through the 
rectangular base is —K^dxdy. Lastly, across the upper sur¬ 
face a'b'c'd, a certain quantity of heat is permitted to escape, 
equal to the product of tvo into the extent q> of that sor&ce. 
The value of <o is, according to known principle^ the same as that 

of dxdy multiplied by the ratio e denoting the length of the 

z 

normal between the external surface and the plane of x and y, and 


9 



THEORY OF HEAT. 


122 


[CHAP. II. 


hence the molecule loses across its surface a'b'dd! a quantity of 


heat equal to hvdxdy 


e 

” • 

z 


Now, the terms of the first order which enter into the expression 
of the total quantity of heat acquired by the molecule, must cancel 
each other, in order that the variation of temperature may not be 
at each instant a finite quantity; we must then have the equation 


Qr ^ € dv dz ^ dv dz dv 

dx dx dy dy dz* 


153. Substituting for 
tho equation 


dz 

dco 


and -T- their values derived from 
dy 


mdx + 'indy + jpcfe == 0, 


and denoting by g the quantity 

(w* + n*+p*) , 

we have 

+ .w. 

thus we know distinctly what is represented by each of the 
terms of this equation. 

Taking them all with contrary signs and multiplying them 
by dx dy^ the first expresses how much heat the molecule receives 
though the two faces perpendicular to a, the second how much 
it receives through its two faces perpendicular to y, the third 
how much it receives through the face perpendicular to z, and 
the fourth how much it receives from the medium. The equation 
therefore expresses that the sum of all the terms of the first 
order is zero, and that the heat acquired cannot be represented 
except by terms of the second order. 


164. To arrive at equation (B), we in fact consider one 
of the molecules whose base is in the surface of the solid, as 
a vessel which receives or loses heat through its different faces. 
The equation signifies that all the terms of the first order which 
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enter into the expression of the heat acquired cancel each other; 
so that the gain of heat cannot be expressed except by terms 
of the second order. We may give to the molecule the form, 
either of a right prism whose axis is normal to the surface of the 
solid, or that of a truncated prism, or any form whatever. 

The general equation (A), (Art. 142) supposes that all the 
terms of the first order cancel each other in the interior of the 
mass, which is evident for prismatic molecules enclosed in the 
solid. The equation (B), (Art. 147) expresses the same result 
for molecules situated at the boundaries of bodies. 

Such are the general points of view from which we may look 
at this part of the theory of heat. 

. rfi; jSl d\ d^v\ . .-i 

The equation 5^ “ ^ + S?) represents the move- 

ment of heat in the interior of bodies. It enables us to ascer¬ 
tain the distribution from instant to instant in all substances 
solid or liquid; from it we may derive the equation which 
belongs to each particular case. 

In the two following axtides we shall make this application 
to the problem of the cylinder, and to that of the sphere. 

SECTION VIII. 

Applimiiion of ihe general equations. 

165. Let us denote the variable radius of any cylindrical 
envelope by r, and suppose, as formerly, in Article 118, that 
all the molecules equally distant from the axis have at each 
instant a common temperature; v will be a function of r and t ; 
r is a function of y, z, given by the equation r* = y* -f «*. It is 
evident in the first place that the variation of v with respect 

d*v 

to a; is nul; thus the term must be omitted. "We shall have 

then, according to the principles of the differential calculus, the 
equations 

dv _dv dr , d!*« _ /dVy dv /d*r\ 

dy ~ dr dy ^ df ~ dn* \dy) ^ dr \^) ’ 

dv _dvdr , d^v _d^v fdrV dv (d^r\ _ 
dz ~ dr dz dz* ~ da^ \ds) ^ dr \o?s*/ ’ 
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whence 


9 

dh , £?*» d*v {{dry (dry dv (d*r tPrM , . 

■*■ W ^ dr\df^d^j\ . 

In the second memher of the equation, the quantities 

dr d' d*r cPr 
diy' ds* ’ dz* ’ 

must be replaced by their respective values; for which purpose 
we derive from the equation y*+ a*=r*, 


and consequently 


dr , - (dry , dV 

y.,_aaai.y+r^, 

= (l) 


zssr^ and 1 
dz 


drN* , dV 


The first equation, whose first member is equal to r^, gives 

© +© . 

the second gives, when we substitute for 


its value 1, 


d\ _1 
dy^ ^ dz^'^ r' 


.(c). 


If the values given by equations (b) and (c) be now substi¬ 
tuted in (a), we have 

d*v d^u _ d*u 1 da 
d^ da* dr* r dr ' 

Hence the equation which expresses the movement of heat 
in the cylinder, is 

— — ^ , 1 
dt CD \dr* r dr) ’ 

as was found formerly, Art. 119. 
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We might also suppose that particles equally distant from 
the centre have not received a common irdtial temperature; 
in this case -we should arrive at a much more general equation. 


156. To determine, by means of equation (A), the movement 
of heat in a sphere which has been immersed in a liquid, we 
shall regard v as a function of r and r is a function of a?, y, z, 
given by the equation 

r*= a5* + y* + «*, 

r being the variable radius of an. envelope. We have then 


dv 

dv 

dr 

and 


d*v tdr"^ 

. d»d*r 

dx" 

~ dr 

dx 

d3?~ 

* di* 

/ d? dx* ’ 

dv _ 
dy’ 

li 

dr 

dy 

and 

d*v 

df'' 

_ d®» fdry 
“ 

L » dv d*r 
' d/rd%^ ’ 

dv ^ 

dv 

dr 


(Pw 

_ d*v /dr"' 

k * dv dV 

dz"^ 

^ dr 

dz 

and 


' dr® vd«i> 

1 ^ dr d^ ' 


MaJcing these substitutions in the equation 

dv E (d*vd*v d^v\. 
CDldo^'^d^^d^i ’ 


we shall have 


I- - (IT - 


The equation as* +y* + «* = v* gives the following results; 

■m 


x<=T and 1 '■ 
das 


cPr 


dr j - 


z=sr^ and 1 
dz 


\dy) 

=(!)■ 


+r 


dy“ 

dPr 


The three equations of the first order give: 

+ + + ©+(§■)*}• 
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The three equations of the second order give: 

„ fdr"^ , fdr'^ , fdr'^ , fcPr dPr 

~ (da?) ^ \dy) \dz ) ** |d®* dy® 

and substituting for 


d*>*' 

'd? 






its value 1, we have 


da? ^ dy^ cZis* ~ r ‘ 


Making these substitutions in the equation (a) we have the 
equation 

dv _ ( d?'o 2 

dt^CDld^rWy 

which is the same as that of Art. 114. 

The equation would contain a greater number of* terms, if we 
supposed molectdes equally distant from the centre not to have 
received the same initial temperature. 

We might also deduce from the definite equation (B), the 
equations which express the state of the surface in particular 
cases, in which we suppose solids of given form to communicate 
their heat to the atmospheric air; but in most cases these equa¬ 
tions present themselves at once, and their form is very simple, 
when the co-ordinates are suitably chosen. 


SECTION IX. 

General Remarks, 

157. The investigation of the laws of movement of heat in 
solids now consists in the integration of the equations which we 
have constructed; this is the object of the following chapters. 
We conclude this chapter with general remarks on the nature 
of the quantities which enter into our analysis. 

In order to measure these quantities and express them nume¬ 
rically, they must be compared with different kinds of units, five 
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in number, namely, the unit of length, the unit of time, that of 
temperature, that of weight, and finally the unit which serves to 
measure quantities of heat. For the last unit, we might have 
chosen the quantity of heat which raises a given volume of a 
certain substance from the temperature 0 to the temperature 1. 
The choice of this unit would have been preferable in many 
respects to that of the quantity of heat required to convert a mass 
of ice of a given weighl^ into an equal mass of water at 0, without 
raising its temperature. We have adopted the last unit only 
because it had been in a manner fixed beforehand in several works 
on physics; besides, this supposition would introduce no change 
into the results of analysis. 


158. The specific elements which in every body determine 
the measurable effects of heat are three in number, namely, the 
conducibility proper to the body, the conducibility relative to the 
atmospheric air, and the capacity for heat. The numbers which 
express these quantities are, like the specific gravity, so many 
natural characters proper to different substances. 

We have already remarked, Art. 36, that the conducibility of 
the surface would be measured in a more exact manner, if we had 
sufiBcient observations on the effects of radiant heat in spaces 
deprived of air. 

It may be seen, as has been mentioned in the first section of 
Chapter L, Art. 11, that only three specific coefficients, h, (?, 
enter into the investigation; they must be determined by obser¬ 
vation ; and we shall point out in the sequel the experiments 
adapted to make them known with pi'ecision, 

169. The number 0 which enters into the analysis, is always 
multiplied by the density D, that is to say, by the number of 
units of weight which are equivalent to the weight of unit of 
volume; thus the product OD may be replaced by the coeffi¬ 
cient c. In this case we must understand by the specific capacity 
for heat, the quantity required to raise from temperature 0 to 
temperature 1 unit of volume of a given substance, and not unit of 
weight of that substance. 

With the view of not departing from the common definition, 
we have referred the capacity for heat to the weight and not to 
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the volume; but it would be preferable to employ the coeflScient c 
which we have just defined; magnitudes measured by the unit 
of weight would not then enter into the analytical expressions: 
we should have to consider only, 1st, the linear dimension oj, the 
temperature v, and the time t ; 2nd, the coefficients c, h, and JT. 
The three first quantities are undetermined, and the three others 
are, for each substance, constant elements which experiment 
determines. As to the unit of surface and the unit of volume, 
they are not absolute, but depend on the unit of length. 

160. It must now be remarked that every undetermined 
magnitude or constant has one dimension proper to itself, and 
that the terms of one and the same equation could not be com¬ 
pared, if they had not the same escponent of dimension. We have 
introduced this consideration into the theory of heat, in order to 
make our definitions more exact, and to serve to verify the 
analysis; it is derived from primary notions on quantities; for 
which reason, in geometry and mechanics, it is the equivalent 
of the fundamental lemmas which the Greeks have left us with¬ 
out proof. 

161. In the analytical theory of heat, every equation (Jf) 
expresses a necessary relation between the existing magnitudes 
a?, t, V, c, h, K. This relation depends in no respect on the choice 
of the unit of length, which from its very nature is contingent, 
that is to say, if we took a different unit to measure the linear 
dimensions, the equation (JE) would still bo tho same. Suppose 
then the unit of length to be changed, and its second value to be 
equal to the first divided by m. Any quantity whatever x which 
in the equation {E) represents a certain line aJ, and which, con¬ 
sequently, denotes a certain number of times the unit of length, 
becomes mx, corresponding to the same length ah ; the value t 
of the time, and tho value v of the temperature will not bo 
changed; the same is not the case with the specific elements 

h, K, c: the first, h, becomes ^; for it expresses the quantity of 

heat which escapes, during the unit of time, from the unit of sur¬ 
face at the temperature 1. If we examine attentively the nature 
of the coefficient K, as we have defined it in Articles 68 and 135, 
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K 

we perceive that it becomes —; for the flow of heat varies 

directly as the area of the surface, and inversely as the distance 
between two infinite planes (Art. 72). As to the coeflScient c 
which represents the product GD, it also depends on the unit of 


length and becomes —bJ hence equation {E) must undergo no 

change when we write mx instead of x, and at the same time 
K h c 

» “5 j —instead of K. h, ci the number m disappears after 
m m Tfi 

these substitutions: thus the dimension of x with respect to the 
unit of length is 1, that of jE' is — 1, that of A is — 2, and that of c 
is — 3. If we attribute to each quantity its own expcment of di- 
nwiision, the equation will be homogeneous, since every term will 
have the same total exponent. Numbers such as 8^ which repre¬ 
sent surfaces or solids, are of two dimensions in the first case, 
and of three dimensions in the second. Angles, sines, and other 
trigonometrical functions, logarithms or exponents of powers, are, 
according to the principles of analysis, absolute numbers which do 
not change with the unit of length; their dimensions must there¬ 
fore be taken equal to 0, which is the dimension of all abstract 
numbers. 


If the unit of time, which was at first 1, becomes the number 

n 

t will become nt, and the numbers x and v will not change. The 

jJT h 

coeflfilcients K, h, o will become —, c. Thus the dimensions 

n n 

of w, V with respect to the unit of time are 0,1, 0, and those of 
K, h, c are — 1, — 1, 0. 


If the unit of temperature be changed, so that the temperature 
1 becomes that which corresponds to an effect other than the 
boiling of water; and if that effect requires a less temperature, 
which is to that of boiling water in the ratio of 1 to the number jp; 
V will become vp, ai and t will keep their values, and the coeflB- 

cients K, h, o will become —, - , - . 

The following table indicates the dimensions of the three 
undetermined quantities and the three constants, with respect 
to each kind of unit. 
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Quantity or Constant 

liongth. 

Ihiration. 

Temperature. 

Exponent of dimension of x ... 

1 

0 

0 

n »i ® ••• 

0 

1 

0 

,1 >1 V ••• 

0 

0 

1 

The Bpeoifio oonduoitility, JY ... 

-1 

-1 

-1 

The sniface oonduoibility, h ... 

-2 

-1 

-1 

The capacity for heat, c ... 

-3 

0 

1 


162. If we retained the coefficients C and D, whose product 
has been represented by c, we should have to consider the unit of 
weight, and we should find that the exponent of dimension, with 
respect to the unit of length, is — 3 for the density D, and 0 
for 0. 

On applying the preceding rule to the different equations and 
their transformations, it will be found that they are homogeneous 
with respect to each kind of unit, and that the dimension of every 
angular or exponential quantity is nothing. If this were not the 
case, some error must have been committed in the analysis, or 
abridged expressions must have been introduced. 

If, for example, we take equation (6) of Art. 105, 
dv 

we find that, with respect to the unit of length, the dimension of 
each of the three terms is 0; it is 1 for the unit of temperature, 
and -1 for the unit of time. 

In the equation v — of Art. 76, the linear dimen¬ 

sion of each term is 0, and it is evident that the dimension of the 

exponent ^ always nothing, whatever be the units of 

length, time, or temperature. 
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PROPAGATION OF HEAT IN AN INFINITE RECTANGULAR SOLID. 

SECTION I. 

Statement of the problem. 

163. Problems relative to the uniform propagation, or to 
the varied movement of heat in the interior of solids, are reduced, 
by the foregoing methods, to problems of pure analysis, and 
the progress of this part of physics will depend in consequence 
upon the advance which may be made in the art of analysis. 
The diifferential equations which we have proved contain the 
chief results of the theory; they express, in the most general 
and most concise manner, the necessary relations of numerical 
analysis to a very extensive class of phenomena; and they 
connect for ever with mathematical science one of the most 
important branches of natural philosophy. 

It remains now to discover the proper treatment of these 
equations in order to derive their complete solutions and an 
easy application of them. The following problem offers the 
first example of analysis which leads to such solutions; it 
appeared to us better adapted than any other to indicate the 
elements of the method which we have followed. 

164. Suppose a homogeneous solid mass to be contained 
between two planes B and G vertical, parallel, and infinite, and 
to be divided into two parts by a plane A perpendicular to the 
other two (fig. 7); we proceed to consider the temperatures of 
the mass BAG bounded by the three infinite planes A, E, C. 
The other part BAC of the infinite solid is supposed to be a 
constant source of heat, that is to say, all its pbints are main¬ 
tained at the temperature 1, which cannot alter. The two 
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lateral solids bounded, one by the plane C and the plane A 
produced, the other by the plane B and the plane A pro- 

Fig. 7. 



duoed, have at all points the constant temperature 0, some 
external cause maintaining them always at that temperature; 
lastly, the molecules of the solid bounded by A, B and C have 
the initial temperature 0. Heat will pass continually from the 
source A into the solid BAC^ and will be propagated there in 
the longitudinal direction, which is infinite, and at the same 
time will turn towards the cool masses B and (7, which will ab¬ 
sorb great part of it. The temperatures of the solid BAG will 
be raised gradually: but will not be able to surpass nor even 
to attain a maximum of temperature, which is different for 
different points of the mass. It is required to determine the 
final and constant state to which the variable state continually 
approaches. 

If this final state were known, and were then formed, it would 
subsist of itself, and this is the property which distinguishes 
it firom all other states. Thus the actual problem consists in 
determining the permanent temperatures of an infinite rect¬ 
angular solid, bounded by two masses of ice B and 0, and a 
of boiling water A ; the consideration of such simple and 
primary problems is one of the surest modes of discovering the 
laws of natural phenomena, and we see, by the history of the 
sciences, that every theory has been formed in this manner. 

165. To express more briefly the same problem, suppose 
a rectangular plate BA G, of infinite length, to be heated at its 
base Aj and to preserve at all points of the base a constant 




SECT. I.] 


INFINITE RECTANGUIAR SOLID. 


133 


temperature 1, whilst each of the two infinite sides B and C, 
perpendicular to the base Ay is submitted also at every point 
to a constant temperature 0; it is required to determine what 
must be the stationary temperature at any point of the plate. 

It is supposed that there is no loss of heat at the surface 
of the plate, or, which is the same thing, we consider a solid 
formed by superposing an infinite number of plates similar to 
the preceding: the straight line Aa which divides the plate 
into two equal parts is taken as the axis of x, and the co-ordinates 
of any point m are x and y\ lastly, the width A of the plate 
is represented by 2Z, or, to abridge the calculation, by w, the 
value of the ratio of the diameter to the circumference of a 
circle. 

Imagine a point m of the solid plate BA 0, whose co-ordinates 
are x and y, to have the actual temperature v, and that the 
quantities v, which correspond to different points, are such that 
no change can happen in the temperatures, provided that the 
temperature of every point of the base A is always 1, and that 
the sides B and 0 retain at all their points the temperature 0. 

If at each point m a vertical co-ordinate be raised, equal to 
the temperature v, a curved surface would be formed which 
would extend above the plate and be prolonged to infinity. 
We shall endeavour to find the nature of this surface, which 
passes through a line drawn above the axis of y at a distance 
equal to unity, and which cuts the horizontal plane of xy along 
two infinite straight lines parallel to x. 


166. To apply the general equation 

dv _ K fd*v d^v (Pv\ 
dt'^ df^d?) ^ 


we must consider that, in the case in question, abstraction is 
made of the co-ordinate z, so that the term ^ must be omitted; 

d'v 

■with respect to the first member ^, it vanishes, since we -wish to 
determine the stationary temperatures; thus the equation which 
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belongs to the actual problem, and determines the properties 
of the required curved surface, is the following: 


d*v A\ 


= 0 , 


{a). 


The fimction of x and y, ^ (x, y), which represents the per¬ 
manent state of the solid JBA (7, must, Ist, satisfy the equation 
(a); 2nd, become nothing when we substitute tt or -I- for y, 
whatever the value of x may be; 3rd, must be equal to unity 
when we suppose aj = 0 and y to have any value included between 
— ^TT and -h^TT. 

Further, this function ^(x, y) ought to become extremely 
small when we give to a? a very large value, since all the heat 
proceeds from the source A. 


167. In order to consider the problem in its elements, we 
shall in the first place seek for the simplest functions of x 
and y, which satisfy equation (a); we shall then generalise the 
value of V in order to satisfy all the stated conditions. By this 
method the solution will receive all possible extension, and wo 
shall prove that the problem proposed admits of no other 
solution. 


Functions of two variables often reduce to less complex ex¬ 
pressions, when we attribute to one of the variables or to both 
of them infinite values; this is what may be remarked in alge¬ 
braic functions which, in this particular case, take the form of 
the product of a function of oj by a function of y. 


We shall examine first if the value of v can be represented 
by such a product; for the function v must represent the state 
of the plate throughout its whole extent, and consequently that 
of the points whose co-ordinate x is infinite. We shall then 
write v = F{x)f{y); substituting in equation {a) and denoting 


d!^F{x) 


dy(y) 


^ by F" (x) and by/' (y), we shall Lave 


dy^ 

IP / \ ^ and. —;r 

^(«) f{y) 


-m, m being any 


wo then 


suppose 
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constant quantity, and as it is proposed only to find a particular 
value of V, we deduce from the preceding equations F{x) 

/(y) = cos my. 

168. We could not suppose m to he a negative number, 
and we must necessarily exclude all particular values of v, into 
which terms such as might enter, m being a positive number, 
since the temperature v cannot become infinite when x is in¬ 
finitely great. In fact, no heat being supplied except from the 
constant source A, only an extremely small portion can arrive 
at those paits of space which are very far removed from the 
source. The remainder is diverted more and more towards the 
infinite edges £ and G, and is lost in the cold masses which 
bound them. 

The exponent m which enters into the function a"*** cos my 
is unknown, and we may choose for this exponent any positive 
number: but, in order that v may become nul on making 
y = —-^TT or y —+ i7r, whatever x msLy be, m must be taken 
to be one of the terms of the series, 1, 3, 5, 7, &c.; by this 
means the second condition will be fulfilled. 


169. A more general value of v is easily formed by adding 
together several terms similar to the preceding, and we have 

V = ae^ cos y + cos 3y + ce^ cos 5y + cos 7y + &c.(5). 


It is evident that the function v denoted by <f> (a?, y) satisfies 

the equation ^ 4* ^ — 0, and the condition <f)(x, ± J tt) = 0. 

A third condition remains to be fulfilled, which is expressed thus, 
<f> (0, y) = 1, and it is essential to remark that this result must 
exist when we give to y any value whatever included between 
—-J-TT and 4-J-7r. Nothing can be inferred as to the values 
which the function <f> (0, y) would take, if we substituted in place 
of y a quantity not included between the limits - J tt and +tt. 
Equation (6) must therefore be subject to the following condition : 

1 = a cos y + 6 cos 3y + c cos 6y + c? cos 7y 4* &c- 


The coefficients, a, 5, c, d, &c., whose number is infinite, are 
determined by means of this equation. 

The second member is a function of y, which is oqual to 1 
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SO long as the variable y is included between the limits — Jw 
and It may be doubted whether such a function exists, 

but this difficulty will be fully cleared up by the sequeL 


170. Before giving the calculation of the coefficients, we 
may notice the effect represented by each one of the terms of 
the series in equation (i). 

Suppose the fixed temperature of the base A, instead of 
being equal to unity at every point, to diminish as the point 
of the line A becomes more remote from the middle point, 
being proportional to the cosine of that distance; in this case 
it will easily be seen what is the nature of the curved surfece, 
whose vertical ordinate expresses the temperature v or <}> {os, y). 
If this surface be cut at the origin by a plane perpendicular 
to the axis of x, the curve which bounds the section will have 
for its equation « = a cos y; the values of the coefficients will 
be the following: 

a —a, 5 = 0, c = 0, <? = 0, 


and so on, and the equation of the curved surface will be 

V = a«"* cos y. 


If this surface be cut at right angles to the axis of y, the 
section will be a logarithmic spiral whose convexity is turned 
towards the axis; if it be cut at right angles to the axis of x, 
the section will be a trigonometric curve whose concavity is 
turned towards the axis. 

It follows from this that the function ^ is always positive. 


and is always negative. Now the quantity of heat which 

a molecule acquires in consequence of its position between two 

others in the direction of x is proportional to the value of ^ 

(Art 123): it follows then that the intermediate molecule receives 
fiom that which precedes it, in the direction of x, more heat than 
it communicates to that which follows it. But, if the same mole¬ 
cule be considered as situated between two other's in the direction 

of y, the function being negative, it appears that the in- 
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termediAte molecule communicates to that which follows it more 
heat than it receives from that which precedes it. Thus it 
follows that the excess of the heat which it acquires in the direc¬ 
tion of X, is exactly compensated hy that which it loses in the 

direction of y, as the equation + ^5 = 0 denotes. Thus 

then the route followed hy the heat which escapes from the 
source A becomes known. It is propagated in the direction 
of X, and at the same time it is decomposed into two parts, 
one of which is directed towards one of the edges, whilst the 
other part continues to separate from the origin, to be decomposed 
like the preceding, and so on to infinity. The surface which 
we are considering is generated hy the trigonometric curve which 
corresponds to the base A, moved with its plane at right angles to 
the n-Tig of X along that axis, each one of its ordinates de¬ 
creasing indefinitely in proportion to successive powers of the 
same fraction. 


Analogous inferences might he drawn, if the fixed tempera¬ 
tures of the base A were expressed by the term 

h cos 3y or c cos ^y, &c.; 

and in this manner an exact idea might be formed of the move¬ 
ment of heat in the most general case; for it will he seen by 
the sequel that the movement is always compounded of a multi¬ 
tude of elementary movements, each of which is accomplished 
as if it alone existed. 


SECTION II. 

jRrst exompU of the use of trigonometric series in the theory 

of heat. 

171. Take now the equation 

1 = a cos y + i cos 3 y + c cos 5y + d cos 7y + &c., 

in which the coefiicients o, b, 0 , d, &c. arc to he determined. 
In order that this equation may exist, the constants must neces- 
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sarily satisfy the equations which are obtained by successive 
differentiations; whence the following results, 

l = acosy+ Jcos3y+ ccos6y+ (?cos7y + &c., 

0 = a sin y + 35 sin 3y -H 5c sin 5y + 7d sin 7y + &o., 

0 = a cos y + 3^5 cos 3y + 5*c cos 5y + Td cos 7y + &c., 

0 = a siny+ 3®5 sin3y+ 6*c sin5y + 7®rf sin7y + &c., 
and so on to infinity. 

These equations necessarily hold when y = 0, thus we have 
l = 5+ c+ d-^ f"V y'f*-**&c., 

0 = a + 3®5-i-5®c + 7®cZ + 9*c + liy+... &c., 

0 = 4" 3^5 4* o^c 4“ 7^t? 4“ 9^6 4“ • • • &c., 

0 = a 4“ 3®5 4" 5®c 4* 7®^? 4“ • • • &c., 

0 = a 4" 3®5 + 5®c 4* • • • &c., 

&c. 

The number of these equations is infinite like that of the 
unknowns o, 5, c, c?, c,... &c. The problem consists in eliminating 
all the unknowns, except one only. 

172. In order to form a distinct idea of the result of these 
eliminations, the number of the unknowns a, 5, c, d,... &c., will 
be supposed at first definite and equal to m. We shall employ 
the first m equations only, suppressing all the terms containing 
the unknowns which follow the m first If in succession m 
be made equal to 2, 3, 4, 6, and so on, the values of the un¬ 
knowns will be found on each one of these hypotheses. The 
quantity a, for example, will receive one value for the case 
of two unknowns, others for the cases of three, four, or successively 
a greater number of unknowns. It will be the same with the 
unknown 5, which will receive as many different values as there 
have been cases of elimination; each one of the other unknowns 
is in like manner susceptible of an infinity of different values. 
Now title value of one of the unknowns, for the case in which 
their number is infinite, is the limit towards which the values 
which it receives by means of the successive eliminations tend. 
It is required then to examine whether, according as the number 
of unknowns increases, the value of each one of a, 5, c, ... &c. 
does not converge to a finite limit which it continually ap¬ 
proaches. 
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Suppose the six folio-wing equations to be employed: 

l=®o+ &+ c+ (2 + 0 + / + &c., 

0 = o + 3*6 +6*c +7*d +9*6 +11*/+&C., 

0 = <x + 3*6 + 6*c + 7*d + 9‘e +11*/ + &c., 

0 = o + 3*J +5«c +rd +9»e +liy +&c., 

0 = o+3»5 +5"c +7®d +9*6 +11*/ +&c, 

0 = a + 3“6 + 5"c + 7*“(2 + 9“e +11“/ + &c. 

The five equations which do not contain / are: 
ll*=a(ll*-l*)+ 5(ll*-3*)+ c(ll*-5*)+ (?(il*_7*)+ e(ll*-9*), 
0 =a(ll*-l*)+3*i(ll*-3*)+5*c(ll*-5*)+7*(2(ll*-7*)+9*e(ll*-9*), 
0 =a(ll»-r)+3*i (il*-3*) +5*c(ll*-5*)+7V(ll*-7*) +9V (ll*-9>), 
0 =a (11*-!*) +3*6 (ll*-3*)+5*c (ll*-5*)+7*d (ll*_7*)+9*6 (ll*-9*), 
0 =a(ll*-l*)+3*6(ll*-3»)+5*c (ll*-5*)+7*d(ll*-7’)+9*6(ll*-9’). 

Continuing the elimination we shall obtain the final equation 
in a, which is: 

a (11*-1*) (9*-1*) (7* -1*) (5* -1») (3* -1*) = 11*. 9*. 7’. 5*. 3*. 1*. 

173. If we had employed a number of equations greater 
by unity, we should have found, to determine a, an equation 
analogous to the preceding, having in the first member one 
factor more, namely, 13* — 1*, and in the second membef 13* 
for the new factor. The law to which these diflferent values of 
a are subject is evident, and it follows that the value of a which 
corresponds to an infinite number of equations is expressed thus: 

_ _ 3* 6* 7* 9* 11* „ 

® 3“-r‘5*-i*’7*-r‘9*-r'ii“-i*’*®'’ 

3.3 5.5 7.7 9.9 11.11 , 

“ 2.4'4!.C’(5.8'8. 10’1().12'*°' 

Now the last expression is known and, in accordance with 
Wallis’ Theorem, we conclude that a — —. It is required then 

TT 

only to ascertain the values of the other unknowns. 

174j. The five equations which remain after the elimination 
of / may be compared with the five simpler equations which 
would have been employed if there had been only five unknowns. 
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The last equations differ from the equations of Art. 172, in 
that in them e, d, o, h, a are found to be multiplied respec¬ 
tively by the factors 

11 *- 9 ‘ 11 *- 7 ® 11 *- 6 * 11 *- 3 * 11 *- 1 * 

IF"’ 11* ’ 11* ’ 11* ’ 11* ‘ 


It follows from this that if we had solved the five linear 
equations which must have been employed in the case of five 
unknowns, and had calculated the value of each unknown, it 
would have been ea^ to derive from them the value of the 
unknowns of the same name corresponding to the case in which 
six equations should have been employed. It would suffice to 
multiply the values of e, d, e, h, a, found in the first case, by the 
known factors. It will be easy in general to pass from the value 
of one of these quantities, taken on the supposition of a certain 
number of equations and unknowns, to the value of the same 
quantity, taken in the case in which there should have been 
one unknown and one equation more. For example, if the value 
of e, found on the hypothesis of five equations and five unknowns, 
is represented by E, that of the same quantity, taken in the case 

11 * 

of one unknown more, will be The same value, 

taken in the case of seven unknowns, will be, for the same reason. 


E 


11 * 


13* 


ll*-9*13*-9*’ 


and in the case of eight unknowns it will be 

p 11* 13* 15* 

•^11*-9*'13*-9*'16*-9” 

and so on. In the same manner it wUl suffice to know the 
value of h, corresponding to the case of two unknowns, to derive 
from it that of the same letter which corresponds to the cases 
of three, four, five unknowns, &c. We shall only have to multiply 
this first value of h by 

5* 7* 9* j 



SECT. II.] 


DETERMINATION OF COEFFICIENTS. 


141 


Similarly if we knew the value of c for the case of three 
unknowns, we should multiply this value by the successive factors 


7* 9* 11* 


... &c. 


We should calculate the value of d for the case of four unknowns 
only, and multiply this value by 

9* 11* 13* p. 

9‘-7*‘ir-7*‘13*-7*”‘“°‘ 


The calculation of the value of a is subject to tho same rule, 
for if its value be taken for the case of one unknown, and multi¬ 
plied successively by 

3* 6* 7* 9* 

^_1*» 6*-l*’ 7*-l*’ 9*-l*’ 

the value of this quantity will be found. 

175. The problem is therefore reduced to determining the 
value of a in the case of one unknown, the value of 5 in the case 
of two unknowns, that of c in the case of three unknowns, and so 
on for the other unknowns. 

It is easy to conclude, by inspection only of the equations and 
without any calculation, that tho results of these successive elimi¬ 
nations must be 


u = 1, 



1* 3* 

• 3*-5*' 

^ 1* 3* 6* 

“ “ 1* _ 7* ’ 3* — 7® ■ 6* — 7* ’ 

1« 3* 6* 7* 

« = pir9* • 3*^ • 6*-9* • 7*-9’' 

176. It remains only to multiply tho preceding quantities by 
the series of products which ought to complete them, and which 
we have given (Art. 174). We shall have consequently, for the 
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final values of the unknowns a, 6, c, e, fy &c., the following 
expressions: 

1 3’ 5* 7* 9* 11* 

®-i • snr* • • f^r* • 9*-i* ■ 

1* 6’ 7* 9* 11’ «. 


h - ji_32 • 5«_3« ■ 7»_3» • 9*-3* ’ 

1* 3* 7® 9* 11® 

® = i*:r6» • sTzj. • • 9>“6‘ • 

, 1* 3> 5* 9* 11’ 

““iTTY* ■ sny. • 5«_7* • 9«_7* • ll*-7* ■’ 

1* 3’ 5* 7* 11* 13* 

6 - • 32392 • 5»_9» • 7«_9' • ii’‘-9* ■ 13’-9’' ’ 


■ 5®^* * r-ll* * 9*-ll’‘ ■ 13*-11’ 


,, 3.3 5.5 7.7 „ 

• 27i ‘O • 

1.1 5.5 7.7 9.9 

®-2Ti • 2.8 • 4.10 • e.l2 

_.1.1 3.3 7.7 9.9 11.11,,. 

®“'*'4.6 ‘ 2.8 • 2.12 • 4.14 • 6.16 ’ 

^ 1.1 3.3 6.5 9.9 ll.lljp 

""“678 • 4.10 • 2.12 • 2.16 ’ 4.18 

_ , 1.1 3.3 6.5 7.7 11.11 13.13 p 

*“■^8.10 • 6.12 • 4.14 • 2.16 * 2.20 ' 4.22 

1.1 3.3 6.6 7.7* 9.9 13.18 16.15, 

•'" 10.12 • 8.14 • 6.16'4.18 • 2.20 ■ 2724 • 4.26 

The quantity Jir or a quarter of the circumference is equiva¬ 
lent, according to Wallis’ Theorem, to 

2.2 4.4 6.6 8.8 10.10 12.12 14.14^. 

1.3 • 3.6 • 6.7 • Y79 • 9.11 ' 103 ’ lOs*®' 
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If now in the values of a, h, c, d, &c., we notice what are the 
factors which must be joined on to numerators and denominators 
to complete the double series of odd and even numbers, we find 
that the factors to be supplied are: 


f 7 3.3 
for 6 -g-. 


for c 


5.5 
10 ’ 


7.7 
for d i;-, 


for e ■ 

22 


9.9 

18’ 

11.11 


whence we conclude 


2 . 

TT 


= 2 




= 2 . 


/ = -2.T^ 


5w’ 

77r’ 

2 

9w’ 

2 

IItt' 


177. Thus the eliminations have been completely efiected, 
and the coefdcients a, b, c, d, &c., determined in the equation 


1 = 0 cos y + J cos 3y + c cos 5y + d cos 7y + e cos 9y+&c. 

The substitution of these coefficients gives the following equa¬ 
tion : 


w 1 „ 1 

- = cosy-gCos3y+g< 


The second member is a function of y, which docs not change 
in value when we give to the variable y a value included between 
—and +^. It would be easy to prove that this series is 
always convergent, that is to say that writing instead of y any 
number whatever, and following the calculation of the coefficients, 
we approach more and more to a fixed value, so that the difference 
of this value from the sum of the calculated terms becomes less 
- than any assignable magnitude. Without stopping for a proof. 


1 It is a little better to deduce the valae of & in a, of c in 5, Ae. [R. L. E.] 

* The ooefidoients a, 6, o, might be determined, according to the methods 
of Section yl, by multiplying both sides of the first eg[uation by cosy, cosSy, 

cos 5y, &o., respectiyely, and integrating from - g r to +»ir, as was done by 

I). E. Gregory, Camhri^e Mathematical Journal^ Tol. i, p. 106. [A. E] 
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which the reader may supply, we remark that the fixed value 
which is continually approached is Jtt, if the value attributed 
to y is included between 0 and ^tt, but that it is —iTr, if y is 
included between Jtt and f tt ; for, in this second interval, each 
term of the series changes in sign. In general the limit of the 
series is alternately positive and negative; in other respects, the 
convergence is not suflSciently rapid to produce an easy approximar 
tion, but it suflBices for the truth of the equation. 

178. The equation 

y = cos aj - 5 cos 3a5 + i cos 5^7-1 cos 7a? + &a 
o o / 

belongs to a line which, having x for abscissa and y for ordinate, is 
composed of separated straight lines, each of which is parallel to 
the axis, and equal to the circumference. These parallels are 
situated alternately above and below the axis, at the distance \ir, 
and joined by perpendiculars which themselves make paii of the 
line. To form an exact idea of the nature of this line, it must be 
supposed that the number of terms of the function 

cosa? —^cos 3j? + gCOs 5x — &c. 
has first a definite value. In the latter case the equation 

y = cos a: — i cos 3a? + ^ cos 5a? — &c. 
o o 

belongs to a curved line which passes alternately above and below 
the axis, cutting it every time that the abscissa a? becomes equal 
to one of the quantities 

According as the number of terms of the equation increases, the 
curve in question tends more and more to coincidence with the 
preceding line, composed of parallel straight lines and of perpen¬ 
dicular lines y so that this line is the limit of the different curves 
which would be obtained by increasing successively the number of 
terms. 
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SECTION III. 

Remarha on these series. 

179. We may look at the same equations from another point 
of view, and prove directly the equation 


TT 

-7 = cos a? ■ 
4 


■ i cos i cos 5a? - J cos 7a? + ^ cos 9a? - &c. 

0 0 7 9 


The case where a? is nothing is verified by Leibnitz’ series, 

We shall next assume that the number of terms of the series 

cos aj — ^ cos 3a! + ^cos 5 jj—^ cos 7® + &c. 

o 5 7 

instead of being infinite is finite and equal to m. We shall con¬ 
sider the value of the finite series to be a function of x and m. 
We shall express this function by a series arranged according to 
negative powers of «ij and it will be found that the value of 
the function approaches more nearly to being constant and inde¬ 
pendent of X, as the number m becomes greater. 

Let y be the function required, which is given by the equation 

y = cos *—I cos 3®+i cos 5a!—I cos 7a!+...—cos (2m—1) ar, 

m, the number of terms, being supposed even. This equation 
differentiated with respect to x gives 

— ^ = sinaf—sin3a! + sin6jj—sin7a!+ ... 


+ sin (2m — 3) ar — sin (2 m -1) a:; 


multiplying by 2 sin 2a!, we have 


— 2 sin 2a! = 2 sin a;sin 2a: —2 sin 3 j; sin 2a: + 2 sin 5a!sin 2a;... 
da 

-f 2 sin (2m — 3) a; sin 2a; - 2 sin (2m — 1) a! sin 2a!. 
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TTAfili term of the second member being replaced by the 
difference of two cosines, we conclude that 

— 2 ^ sin 2« =» cos (— «) — cos 3« 

— cos a: + cos 5a; 

+ cos 8«-cos 7* 

— cos Sx + cos 9x 


+ COS (2m—5)a;- cos (2m—1) x 
— cos (2m — a; + cos (2m +1) x. 

The second member reduces to 

co8(2m+l)a;-cos(2m —l)aj, or - 2 sin 2mar sin *; 

1 f/’j sin 2mx\ 

hence ^ ’ 

180. We shall integrate the second member by parts, dis¬ 
tinguishing in the integral between the factor sin2miBda; which 

must be integrated successively, and the factor w sec x 

which must be differentiated successively; denoting the results 
of these differentiations by sec'a^ sec" or, sec"'ir, we shall 

have 

2w = const. — — cos'2ma: sec x + sin 2mx sec' x 
•' 2m 2 m 

+ cos 2ma5 sec" as + &c.; 

thus the value of y or 

cosa!-|cos3a; + gCOs5a;—^cos7a5 + ... -cos (2m -1) a;, 

which is a function of x and m, becomes expressed by an infinite 
series; and it is evident that the more the number m increases, 
the more the value of y tends to become constant. For this 
reason, when the number m is infinite, the function y has a 
definite value which is always the same, whatever be the positive 
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value of X, less than Now, if the arc x be supposed nothing, 

we have 

1111 

\vluch is equal to Jtt. Hence generally we shall have 

«cosa5 —|cos3aj + “Cos 5aj—^cos7aj + |cos 9:c —&c....(6). 


1 TT 


181. If in this equation we assume = 2 2 ' 


- +8" 5" 9 " 13“ 


2J2 


by giving to the arc x other particular values, we should find 
other series, which it is useless to set down, several of which 
have been sdready published in the works of Euler. If we 
multiply equation (i) by dx, and integrate it, we have 

^ = sin « - i sin 3® + ^ sin 5« ~sin 7» + &c. 


Making in the last equation x = Iw, we find 

^=®l + ^ + '^ + ^+ yii+ &c., 

a series already known. Particular cases might be enumerated 
to infinity; but it agrees better with the object of this work 
to determine, by foUowrag the same process the values of the 
different series formed of the sines or cosines of multiple area 


182. Let 

y = sin * — I sin 2aj+1 sin 3® - ^ sin 4»... 

1 1 

H-rsin (wi-1) ® — sin mx, 

m-1 ' ' w ’ 

m being any even number. We derive from this equation 

^ = cos ®— cos 2®+ COS 3®— cos 4®... + cos(n» —1)«—cosiw®; 
ax 
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multiplying by 2sm», and replacing each term of the second 
member by the difference of two sines, we shall have 

2 sin «^ = sin (a + a?) — sin {as—as) 


— sin (2® + «) + sin (2a: — x) 
+ sin (3a: + x)- sin (3a: — x) 


+ sin {{m — l)x-x]- sin {(jn +1) a: - a:} 
— sin (mx + a:) + sin {mx — x) j 
and, on redaction, 

2sina:^ = sina: + sinwja:-sin {mx + x): 


the quantity sin mx — sin {mx + x), 

or sin(ma: + Ja: —Ja:) —sin(wia:+ia: + ia:), 

is equal to — 2 sin Ja: cos {mx + ^x); 

we have therefore 


CSC 


^ = l 

dx 2 

^_1 

die” 2 


sin^a: 
sin a; 


cos {mx + ix). 


cos {ms+jx) 

2 cos ^x ’ 


whence we conclude 


J 2cosia: 


If we integrate this by parts, distinguishing between the 

cosi® ” sec Ja:, which must be successively differentiated, 

and the factor cos(ma: + J®), which is to be integrated several 
times in succession, we shall form a series in which the powers 

of m + g enter into the denominators. As to the constant it 

is nothing, since the value of y begins with that of x. 
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It follows from this that the value of the finite series 
sin » - 5 sin 2a? +1 sin Sjb — i sin 5® + = sin 7® —... — — sin mjj 

A O O 4 W? 

differs veiy little from that of J®, when the number of terms 
is very great; and if this number is infinite, we have the known 
equation 

I» = sin ® — ^ sin 2®+g sin 3® — ^ sin 4® + g sin 5® — j&c. 

From the last series, that which has been given above for 
the value of \ir might also be derived. 

183. Let now 

y = ^ cos 2® — ^ cos 4® + g cos 6® —... 

+ 2m^-2 (2m - 2) ® - i cos 2mx. 

Differentiating, multiplying by 2 sin 2®, substituting the 
differences of cosines, and reducing, we shall have 

2 ^— 

dx cos a: 

or 2y — c— fdx tan ® + (dx - ^ . 

J J cos® ’ 

integrating by parts the last term of the second member, and 
supposing m infinite, we have y-c + glogcos®. If in the 
equation 

1 1-1 1 
y = gCos2®-j cos4®+-cos 6® — gCos8®+ ...&c. 

we suppose ® nothing, we find 

therefore 2 / = | log 2 + 1 log cos ®. 

Thus wo meet with the scries given by Euler, 

111 

log (2 cos J®) = cos ® — 5 cos 2® + 5 cos 3® - T cos 4® + &c. 

A O ^ 
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184. Applying the same process to the equation 
^ * sin a? + i sin 3.e+i sin 5a;+i sin 7® + &c., 
we 6nd the following series, which has not been noticed, 

= sin a; sinSa; +gsin 5a; + i sin 7a; + ^ sin 9a; + &c.* 

It must he observed with respect to all these series, that 
the equations which are formed by them do not hold except 
when the variable x is included between certain limits. Thus 
the function 


cosa;—^ cos3a;+ ^ cos 5a; — ^ cos 7a: + &c. 


is not equal to Jw, except when the variable x is contained 
between the limits which we have assigned. It is the same 
with the series 


sin a; — ^ sin 2a; sin 3a: — ^ sin 4a: + i sin 5a? — &c. 

This infinite series, which is always convergent, has the value 
\x so long as the arc a; is greater than 0 and less than tt. But 
it is not equal to ^x, if the arc exceeds tt ; it has on the contrary 
values very dififerent from ^a?; for it is evident that in the in¬ 
terval from x — TT to a?=27r, the function takes with the contrary 
sign all the values which it had in the preceding interval from 
a? = 0 to x = Tr. This series has been known for a long tiwa, 
but the analysis which served to discover it did not indicate 
why the result ceases to hold when the variable exceeds w. 

The method which we are about to employ must therefore 
be examined attentively, and the origin of the limitation to which 
each of the trigonometrical series is subject must be sought. 


185. To arrive at it, it is sufficient to consider that the 
values expressed by infinite series are not known with exact 
certainty except in the case where the limits of the sum of the 
terms which complete them can be assigned; it must therefore 
be supposed that we employ only the first terms of these series, 

1 This may be derived by integration from 0 to r as in Art. 282, [B. L. E.] 
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and the limits between which the remainder is included must 
be found. 


We will apply this remark to the equation 

1 o . 1 - 1 n 

cos* — j; COS 3* +T COS 6« — tCOST® ... 

•' 3 0 7 

cos( 2 w —3) X 
2 m —8 


cos ( 2 m —11 a; 
2 m —1 


The number of terms is even and is represented by m; from it 
is derived the equation whence we may infer the 

CLOS COS Sa 

value of y, by integration by parts. Now the int^ral /ttvd* 
may be resolved into a series composed of as many terms as 
may be desired, u and v being functions of x. We may write, for 
example. 



'C + 


ujvdx—^jd«jvdx + 



-/HS) W*’/”*’} • 


an equation which is verified by dififerentiatioiL 

Denoting sin 2mx by v and sec s by w, it will be found that 

2 y = c — sec a cos 2ma! + 5 ^* sec'jc sin 2ma + sec"a? cos 2mjt 
^ 2in 2 m* I ni 




186. It is required now to ascertain the limits between which 

the integral -~^j{d(8eo''x)cos^mx} which completes the series 

is included. To form this integral an infinity of values must 
be given to the arc x, from 0 , the limit at which the integral 
begins, up to *, which is the final value of the arc; for each one 
of these values of « the value of the differential d (sec" x) must 
be determined, and that of the factor cos 2 maj, and all the partial 
products must be added; now the variable factor cos 2 m* is 
necessarily a positive or negative fraction; consequently the 
integral is composed of the sum of the variable values of the 
differential d{soc''x), multiplied respectively by those fractions. 
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The total value of the integral is then less than the sum of the 
differentials d (sec" a), taken from oj = 0 up to ir, and it is greater 
than this sum taken negatively: for in the first case we replace 
the variable factor cos by the constant quantity 1 , and in 
the second case we replace this factor by — 1; now the Sum of 
the differentials d (sec" x), or which is the same thing, the integral 
Id (sec" £c), taken from aj = 0 , is sec" a? — sec" 0 ; sec" a? is a certain 
function of x, and sec "0 is the value of this function, taken on 
the supposition that the arc x is nothing. 

The integral required is therefore included between 
+ (sec"a; — sec" 0) and — (sec" x — sec" 0); 
that is to say, representing by h an unknown fraction positive or 
negative, we have always 

/ [d (sec" cr) cos 2iiix] = h (sec" x - sec" 0 ). 

Thus we obtain the equation 

= c - sec a; cos %iix + sec' x sin 2mx + - 7 ^. sec" a; cos 2mx 

h 

in which the quantity ^ “ sec" 0 ) expresses exactly the 

sum of all the last terms of the infinite series. 

187. If we had investigated two terms only we should have 
had the equation 

I 1 . Jfe 

= <3 - sec X cos fLnix + sec' x sin 2iiix + 5 (sec' a?- scc'O). 

Aul Ifl Jiftl 

I'rom this it follows that we can devclope tlio value of y in as 
many terms as we wish, and express exactly tlio remainder of 
the series; we thus find the set of equations 
1 

2 y = c - ^ s®c a cos ^mx +(sec » - sec 0 ), 

II jg 

2 y s= c - ^ sec a: cos 2 mj!+ sec' x sin 2 hix - (sec' x - sec' 0 ), 

2 y = c - ^ sec® cos 2m® + sec' ® sin 2 m® + sec" ® cos 2 m® 

- ^8<scc"®-scc"0). 
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The numher Tc which enters into these equations is not the 
same for all, and it represents in each one a certain quantity 
which is always included between 1 and — 1; m is equal to the 
number of terms of the series 

cosa? —|cos3a5 + ^ cos {2m ^1) a, 

whose sum is denoted by y. 


188. These equations could be employed if the number m 
were given, and however great that number might be, we could 
determine as exactly as we pleased the variable part of the value 
of y. If the number m be infinite, as is supposed, we consider 
the first equation only; and it is evident that the two terms 
which follow the constant become smaller and smaller; so that 
the exact value of 2y is in this case the constant c; this constant 
is determined by assuming as = 0 in the value of y, whence we 
conclude 

1111 
7 = COS a - 5 COS 3a!+T COS 5®— = COS 7® + n cos 9® — &c. 


4 


3 


9 


It is ea^ to see now that the result necessarily holds if tho 
arc ® is less than ^tt. In fact, attributing to this arc a definito 
value X as near to Jtt as we please, we can always give to m 

k 

a value so great, that the term ^ (see® —sec0), which completes 

the series, becomes less than any quantity whatever; but the 
exactness of this conclusion is based on the fact that the term 
see ® acquires no value which exceeds aU possible limits, whenco 
it follows that the same reasoning cannot apply to the case in 
which the arc x is not less than 

The same analysis could be applied to the series which express 
the values of lx, log cos®, and by this means we can assign 
the limits between which the variable must be included, in order 
that the result of analysis may be free from all uncertainty; 
jnoreover, the same problems may be treated otherwise by a 
method founded on other principles'. 


189. The expression of the law of fixed temperatures in 
a solid plate supposed the knowledge of the equation 

1 Of. De Morgoa’a Diff, and Int. Calmlv>, pp. 606—609. [A.P.] 
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^ = cos« —i cos3x + l co 8 5« —^ cos7« + ^ cos9jj —&c. 

A simpler method of obtaining this equation is as follows: 

If the sum of two arcs is equal to Jtt, a quarter of the 
circumference, the product of their tangent is 1; we have there¬ 
fore in general 

I ^ = arc tan u + arc tan ^.(c); 


the symbol arc tan u denotes the length of the arc whose tangent 
is tt, and the series which gives the value of that arc is well 
known; whence we have the following result: 


. 


.(d). 


If now we write instead of tt in equation (c), and in equa¬ 
tion (d), wc shall have 


1 

2 


IT s= arc tan + arc tan 




and I IT = cosa! —~ cos3a;-l-1 cosoic—^ 


cos 7 jj -1- ^ cos 9.® — &c. 


Tho scries of equation (d) is always divergent, and that of 
equation (5) (Art. 180) is always convergent; its value is \ir 
or — ^TT. 


SECTION IV. 

General solution. 

190. We can now form the complete solution of the problem 
which we have proposed; for the coefficients of equation (£) 
(Art. 169) being determined, nothing remains hut to substitute 
them, and we have 

^ s e"* cos y — g e”“ cos 3y + g e~^ cos .'Jy — e"’' cos 7y + &c... .(a). 
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This value of v satisfies the equation ^ ^ = 0 3 it becomes 

nothing when we give to y a value equal to Jtt or — Jtt; lastly, 
it is equal to unity when x is nothing and y is included between 
— Jtt and + Thus all the physical conditions of the problem 
are exactly fulfilled, and it is certain that, if we give to each 
point of the plate the temperature which equation (a) deter¬ 
mines, and if the base A be maintained at the same time at the 
temperature 1 , and the infinite edges B and C at the tempera¬ 
ture 0 , it would be impossible for any change to occur in the 
system of temperatures. 


191. The second member of equation (a) having the form 
of an exceedingly convergent series, it is always easy to deter¬ 
mine numerically the temperature of a point whose co-ordinates 
X and y are known. The solution gives rise to various results 
which it is necessary to remark, since they belong also to the 
general theory. 

If the point m, whose fixed temperature is considered, is very 
distant from the origin A^ the value of the second member of 
the equation (a) will be very nearly equal to cos y; it reduces 
to this term if x is infinite. 

4 

The equation c“®cosy represents also a state of'the 

*ir 

solid which would bo preserved without any change, if it were 
once formed; the same would he the case with the state repre- 

4 

sented by the equation v = ^e"”cos 3 y, and in general each 

term of the series corresponds to a particular state which enjoys 
the same property. All these partial systems exist at once in 
that which equation (a) represents; they are superposed, and 
the movement of heat takes place with respect to each of them 
as if it alone existed. In the state which corresponds to any 
one of these terms, the fixed temperatures of the points of the 
base A differ from one point to another, and this is the only con¬ 
dition of the problem which is not fulfilled; but the general state 
which results from the sum of all the terms satisfies this special 
condition. 

According as the point whoso temperature is considered is 
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more distant from the origin, the movement of heat is less com¬ 
plex: for if the distance x is snflSiciently great, each term of 
the series is very small with respect to that which precedes it^ 
so that the state of the heated plate is sensibly represented by 
the first three terms, or by the first two, or by the first only, 
for those parts of the plate which are more and more distant 
fi:om the origin. 

The curved surface whose vertical ordinate measures the 
fixed temperature v, is formed by adding the ordinates of a 
multitude of particular surfaces whose equations are 

^ = e"* cosy, ^ cos 3y, ^ = g e'** cos 5y, &c. 

The first of these coincides with the general surface when x 
is infinite, and they have a common asymptotic sheet. 

If the difference v — v^ot their ordinates is considered to be 
the ordinate of a curved surface, this surface will coincide, when x 
is infinite, with that whose equation is i-n-Pj = — cos 3y. All 
the other terms of the series produce similar results. 

The same results would again be found if the section at the 
origin, instead of being bounded as in the actual hypothesis by 
a straight line parallel to the axis of y, had any figure whatever 
formed of two symmetrical parts. It is evident therefore that 
the particular values 

afcaay, le^coaZy, ce'"cos5y, &c., 

have their origin in the physical problem itself, and have a 
necessary rdation to the phenomena of heat. Each of them 
expresses a simple mode according to which heat is established 
and propagated in a rectangular plate, whose infinite sides retain 
a constant temperature. The general system of temperatures 
is compounded always of a multitude of simple systems, and the 
expression for their sum has nothing arbitrary but the coeflS- 
cients a, h, c, d, &c. 

192. Equation (a) may be employed to determine all the 
circumstances of the permanent movement of heat in a rect¬ 
angular plate heated at its origin. If it be asked, for example, 
what is the expenditure of the source of heat, that is to say* 
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what is the quantity which, during a given time, passes across 
the base A and replaces that which flows into the cold masses 
B and C ; we must consider that the flow perpendicular to the 

axis of y is expressed by The quantity which during 

the instant dt flows across a part dy of the axis is therefore 


and, as the temperatures are permanent, the amount of the flow, 

during unit of time, is — This expression must be 

integrated between the limits y = *- Jtt and y = + ^tt, in order 
to ascertain the whole quantity which passes the base, or which 
is the same thing, must be integrated from y=sO to y = Jtt, and 

dv 

the result doubled. The quantity ^ is a function of ne and y, 

in which ai must he made equal to 0, in order that the calculation 
may refer to the base A, which coincides with the axis of y. The 
expression for the expenditure of the source of heat is there¬ 
fore 2 ^ ^ . The integral must be taken from y = 0 to 

y = 47r; if, in the function « is not supposed equal to 0, 

but x = a!, the integral will be a function of x which will denote 
the quantity of heat which flows in unit of time across a trans¬ 
verse edge at a distance x from the origin. 


193. If we wish to ascertain the quantity of heat which, 
during unit of time, passes across a line drawn on the plate 

dv 

parallol to the edges J5 and C, we employ the expression -K-^, 

and, multiplying it by the element dx of the line drawn, integrate 
with respect to x between the given boundaries of the line; thus 


the integral cLej 


shews how much heat flows across the 


whole length of the lino; and if before or after the integration 
we make y=we determine the quantity of heat which, during 
ixnit of time, escapes from the plate across the infinite edge 0. 
We may next compare the latter quantity with the expenditure 
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of the source of heat; for the source must necessarily supply 
continually the heat which flows into the masses B and O. If 
this compensation did not exist at each instant, the system of 
temperatures would he variable. 

194r. Equation (a) gives 

— iT ^ ^ (e"* cos y — e"** cos 3y + e"** cos oy — e"'* cos 7y + &c.); 
multiplying by dy, and integrating from ^ = 0, we have 

^siny—g e"** sin 3y + i e"** sin ^ e"'* sin 7y + &&j . 

If y be made — and the integral doubled, we obtain 

as the expression for the quantity of heat which, during unit of 
time, crosses a line parallel to the base, and at a distance os from 
that base. 

From equation (a) we derive also 
dv 

— siny-e"** sin3^^ + e“** sin5y-e"** sin7y+Ac.): 

hence the integral J— K taken from a; = 0, is 

4/r 

— {(1 - e"”) siny- (1 - e~^ sin3y + (1 - e"*^ sin5y 

— (1 — e"*®) sin 7y + &&}. 

If this quantity be subtracted from the value which it assumes 
when w is made infinity we And 

4jJ5r /It \ 

— ^6"* sin y - g e**” sin 3y + ^ e"* sin 5y - &c.J; 

and, on making y=Jw, we have an expression for the whole 
quantity of heat which crosses the inflnite edge C, from the 
point whose distance from the origin is ® up to the end of the 
plate; namely. 
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which is evidently equal to half the quantity which in the same 
time passes beyond the transverse line drawn on the plate at 
a distance x from the origin. We have already remarked that 
this result is a necessary consequence of the conditions of the 
problem; if it did not hold, the part of the plate which is 
situated beyond the transverse line and is prolonged to infinity 
would not receive through its base a quantity of heat equal to 
that which it loses through its two edges; it could not therefore 
preserve its state, which is contrary to hypothesis. 

195. As to the expenditure of the source of heat, it is found 
by supposing a;=0 in the preceding expression; hence it assumes 
an infinite value, the reason for which is evident if it be remarked 
that, according to hypothesis, every point of the line A has and 
retains the temperature 1: parallel lines which are very near 
to this base have also a temperature very little different firom 
unity: hence, the extremities of all these lines contiguous to 
the cold masses B and C communicate to them a quantity of 
heat incomparably greater tlian if the decrease of temperature 
were continuous and imperceptible. In the first part of the 
plate, at the ends near to B or 0, a caiwract of heat, or an 
infinite flow, exists. This result ceases to hold when the distance 
X becomes appreciable. 

196. The length of the base has been denoted by tt. If we 
assign to it any value 2?, we must write instead of y, and 


multiplying also the values of « by we must write 
instead of x. Denoting by A the constant temperature of the 

‘ V 

base, we must replace v by . Tlxese substitutions being made 
in the equation (a), we have 




V = 


4-4Try 1 

_ I ^ 91 nrkO _t ^ 


(e «cos'^-|«"« cos3^ + re"*»'cos5-^1 


1 — 5 .’!?? 


iry 


IT \ 


21 


+ &c.^ 


• 03 ). 


This equation represents exactly the system of permanent 
temperature in an infinite rectangular prism, included between 
two masses of ice B and C, and a constant source of heat. 
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197. It is easy to see either by means of this equation, or 
from Art 171, that heat is propagated in this solid, by sepa¬ 
rating more and more from the origin, at the same time that it 
is directed towards the infinite faces B and C7. Each section 
parallel to that of the base is traversed by a wave of heat which 
is renewed at each instant with the same intensity: the intensity 
diminishes as the section becomes more distant from the origin. 
Similar movements are effected with respect to any plane parallel 
to the infinite faces; each of these planes is traversed by a con¬ 
stant wave which conveys its heat to the lateral masses. 

The developments contained in the preceding articles would 
be unnecessary, if we had not to explain an entirely new theory, 
whose principles it is requisite to fix. With that view we add 
the following remarks. 


198. Each of the terms of equation (a) corresponds to only 
one particular system of temperatures, which might exist in a 
rectangular plate heated at its end, and whose infinite edges are 
maintained at a constant temperature. Thus the equation 
v sa cos y represents the permanent temperatures, when the 
points of the base A are subject to a fixed temperature, denoted 
by cosy. We may now imagine the heated plate to be part of a 
plane which is prolonged to infinity in all directions, and denoting 
the co-ordinates of any point of this plane by x and y, and the 
temperature of the same point by v, we may apply to the entire 
plane the equation v = e*"* cos y ; by this means, the edges B and 
C receive the constant temperature 0; but it is not the same 
with contiguous parts BB and CO; they receive and keep lower 
temperatures. The base A has at every point the permanent 
temperature denoted by cos y, and the contiguous parts A A have 
higher temperatures. If we construct the curved surface whose 
vertical ordinate is equal to the permanent temperature at each 
point of the plane, and if it be cut by a vertical plane passing 
through the line A or parallel to that line, the form of the section 
will be that of a trigonometrical line whose ordinate represents 
the infinite and periodic series of cosines. If the same curved 
surface be cut by a vertical plane parallel to the axis of x, the 
form of the section will through its whole length be that of a 
logarithmic curve. 
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199. By this it may be seen how the analysis satisfies the 
two conditions of the hypothesis, which subjected the base to a 
temperature equal to cosy, and the two sides B and G to the 
temperature 0. When we express these two conditions we solve 
in fact the following problem: If the heated plate formed part of 
an infinite plane, what must be the temperatures at all the points 
of the plane, in order that the system may be self-permanent, and 
that the fixed temperatures of the infinite rectangle may be those 
which are given by the hypothesis ? 

We have supposed in the foregoing part that some external 
causes maintained the faces of the rectangular solid, one at the 
temperature 1, and the two others at the temperature 0. This 
effect may be represented in different manners; but the hypo¬ 
thesis proper to the investigation consists in regarding the prism 
as part of a solid all of whose dimensions are infinite, and in deter¬ 
mining the temperatures of the mass which surrounds it, so that 
the conditions relative to the surface may be always observed. 

200. To ascertain the system of permanent temperatures in 
a rectangular plate whose extremity A is maintained at the tem¬ 
perature 1, and the two infinite edges at the temperature 0, we 
might consider the changes which the temperatures undergo, 
from the initial state which is given, to the fixed state which is 
the object of the problem. Thus the variable state of the solid 
would be determined for all values of the time, and it might then 
be supposed that the value was infinite. 

The method which we have followed is different, and conducts 
more directly to the expression of the final state, since it is 
founded on a distinctive property of that state. We now proceed 
to shew that the problem admits of no other solution than that 
which we have stated. The proof follows from the following 
propositions. 


201. If we give to all the points*of an infinite rectangular 
plate temperatures expressed by equation (a), and if at the two 
edges B and G we maintain the fixed temperature 0, whilst the 
end A is exposed to a source of heat which keeps all points of the 
line A at the fixed temperature 1; no change can happen in the 

state of the solid. In fact, the equation ^ ^ = 0 being 
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satisfied, it is evident (Art. 170) that the quantity of heat which 
determines the temperature of each molecule can he neither 
increased nor diminished. 

The different points of the same solid having received the 
temperatures expressed by equation (a) or v=‘^{x,y), suppose 
that instead of maintaining the edge A at the temperature 1, the 
fixed temperature 0 he given to it as to the two lines B and (7; 
the heat contained in the plate BAG will flow across the three 
edges A, B, 0, and by hypothesis it will not he replaced, so that 
the temperatures wiU diminish continually, and their final and 
common value will be zero. This result is evident since the 
points infinitely distant from the origin A have a temperature 
infinitely small from the manner in which equation (a) was 
formed. 

The same effect would take place in the opposite direction, if 
the system of temperatures were — iTia t.oni1 of being 

V = y); that is to say, all the initial negative temperatures 

would vary continually, and would tend more and more towards 
their final value 0, whilst the three edges A, B, 0 preserved the 
temperature 0. 


202. Let v=‘f{x,y) he a given equation which expresses 
the initial temperature of points in the plate BAG, whose base A 
is maintained at the temperature 1, whilst the edges B and G 
preserve the temperature 0. 

Let v = F(x, y) he another given equation which expresses 
the initial temperature of each point of a solid plate BAG exactly 
the same as the preceding, but whose three edges B, A, G are 
maintained at the temperature 0. 

Suppose that in the first solid the variable state which suc¬ 
ceeds to the final state is determined by the equation « = ^ (as, y, f), 
t denoting the time elapsed, and that the equation » = y, <) 
determines the variable state of the second solid, for which the 
initial temperatures are F{x, y). 

Lastly, suppose a third solid like each of the two preceding; 
let V y) + FQb, y) be the equation which represents its 
initial state, and let 1 be the constant temperature of the base 
A, 0 and 0 those of the two edges B and G, 
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We proceed to shew that the variable state of the third solid 
is determined by the equation y, t) + ^(x, y, t). 

In fact, the temperature of a point m of the third solid varies, 
because that molecule, whose volume is denoted by M, acquires 
or loses a certain quantity of heat A. The increase of tempera¬ 
ture during the instant dt is 



the coefficient c denoting the specific capacity with respect to 
volume. The variation of the temperature of the same point in 
d D 

the first solid .is dt, and ‘-rydt in the second, the letters 
CM cm 

d and D representing the quantity of heat positive or negative 
which the molecule acquires by virtue of the action of all the 
neighbouring molecules* Now it is easy to perceive that A 
is equal to d + D. For proof it is sufficient to consider the 
quantity of heat which the point m receives from another point 
m' belonging to the interior of the plate, or to the edges which 
bound it 

The point m,, whose initial temperature is denoted by /j, 
transmits, during the instant dt, to the molecule m, a quantity of 
heat expressed by ’^f)dt, the factor representing a certain 
function of the distance between the two molecules. Thus the 
whole quantity of heat acquired by m is ^qi{ft^f)dt, the sign 
2 expressing the sum of all the terms which would be found 
by considering the other points &c. which act on m ; 

that is to say, writing q^,f^ or fi instead of 

g^,/j. In the same manner F)dt will be found to be 

the expression of the whole quantity of heat acquired by the 
same point m of the second solid; and the factor is the same 
as in the term 2g,(j^ — f)dt, since the two solids are formed of 
the same matter, and the position of the points is the same; we 
have then 

For the same reason it will be found that 


A-rf + D and + 


hence 
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It follows from this that the molecule m of the third solid 
acquires, during the instant db, an increase of temperature equal 
to the sum of the two increments which the same point would 
have gained in the two first solids. Hence at the end of the 
first instant, the original hypothesis will again hold, since any 
molecule whatever of the third solid has a temperature equal 
to the sum of those which it has in the two others. Thus the 
same relation exists at the beginning of each instant, that is to 
say, the variable state of the third solid can always be represented 
by the equation 


203. The preceding proposition is applicable to all problems 
relative to the uniform or varied movement of heat. It shews 
that the movement can always be decomposed into several others, 
each of which is effected separately as if it alone existed. This 
superposition of simple effects is one of the fundamental elements 
in the theory of beat. It is expressed in the investigation, by 
the very nature of the general equations, and derives its origin 
from the principle of the communication of heat. 

Let now v-<l>{x, y) be the equation (a) which expresses the 
permanent state of the solid plate BAG, heated at its end A, and 
whose edges B and G preserve the temperature O'; the initial state 
of the plate is such, according to hypothesis, that all its points 
have a nul temperature, except those of the base A^ whose tem¬ 
perature is 1. The initial state can then be considered as formed 
of two others, namely: a first, in which the initial temperatures are 
y\ the three edges being maintained at the temperature 0, 
and a second state, in which the initial temperatures are + 
the two edges B and G preserving the temperature 0, and the 
base A the temperature 1; the superposition of these two states 
produces the initial state which results from the hypothesis. It 
remains then only to examine the movement of heat in each one 
of the two partial states. How, in the second, the system of tem¬ 
peratures can undergo no change; and in the first, it has been 
remarked in Article 201 that the temperatures vary continually, 
and end with being nuL Hence the final state, properly so called, 
is that which is represented by v = {x, y) or equation (a). 
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If this state were formed at first it would be self-existent, and 
it is this property which has served to determine it for us. If the 
solid plate be supposed to be in another initial state, the differ¬ 
ence between the latter state and the fixed state forms a partial 
state, which imperceptibly disappears. After a considerable time, 
the difference has nearly vanished, and the system of fixed tem¬ 
peratures has undergone no change. Thus the variable temper¬ 
atures converge more and more to a final state, independent of 
the primitive heating. 

204. We perceive by this that the final state is unique; for, 
if a second state were conceived, the difference between the 
second and the first would form a partial state, which ought to be 
self-existent, although the edges A, B, G were maintained at the 
temperature 0. Now the last effect cannot occur; similarly if we 
supposed another source of heat independent of that which flows 
from the origin A; besides, this hypothesis is not that of the 
problem we have treated, in which the initial temperatures axe 
nul. It is evident that parts very distant from the origin can 
only acquire an exceedingly small temperature. 

Since the final state which must be determined is unique, it 
follows that the problem proposed admits no other solution than 
that which results from equation (ct). Another form may be 
given to this result, but the solution can be neither extended nor 
restricted without rendering it inexact. 

The method which we have explained in this chapter consists 
in forming first very simple pai-ticular values, which agree with 
the problem, and in rendering the solution more general, to the 
intent that v or ^ (a?, y) satisfy three conditions, namely: 

S"**^*^’ 0)=1, ^± ^tt) = 0. 

It is clear that the contrary order might bo folloTTod, and the 
solution obtained would necessarily he the same as tho foregoing. 
We shall not stop over the details, which are easily supplied, 
when once the solution is known. We shall only give in the fol¬ 
lowing section a remarkable expression for the function ^ [as, y) 
whose value was developed in a convergent series in equation (a). 
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SECTION V. 


Biniie expression of the result of tiie solution. 

205. The preceding solution might be deduced from the 

integral of the equation = 0/ 'which contains imaginary 

quantities, under the sign of the arbitrary functiona We shall 
confine ourselves here to the remark that the integral 

v = ^{ps+yj + 

has a manifest relation to the value of v given by the equation 

^ cos y - g c"®* cos 3y + g e~^ cos 5y — &c. 

In fact, replacing the cosines by their imaginary expressions, 
we have 

^ =: _ i e"*(ar»v=r) ^ 1 g-»(»-irV=5) _ 


3 5 

The first series is a function of «—and the second 
series is the same function of x+yj — 1. 

Ooniparing these series with the known development of arc tan a 
in functions of z its tangent, it is immediately seen tibat the first 

is arc tan and the second is arc tan ; thus 

equation (a) takes the finite form 

Y = arc tan + arc tan e"**"*^. (B). 

In this mode it conforms to the general integral 

+ .(J), 

the function tf) («) is arc tan e~*, and similarly the function ^ (z). 

1 D. E. Gregory derived tlie solution irom the form 

^(z) +Biii 

Cajiib, Math, Journal^ Vol. I. p. 106. [A. E.] 
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If in equation (j5) we denote the first term of the second mem¬ 
ber by p and the second by q, we have 

i TTV + q, tan p = tan q <= ; 

, X / . \ tanpH-tano 2e"*cosy 2cosy 

irhence "we dedace the equation ^ cm = arc tan . (O). 

This is the simplest form under which the solution of the 
problem can be presented. 

206. This value of vox </> (x, y) satisfies the conditions relative 
to the ends of the solid, namely, ^ (as, ± = 0, and ^ (0, y) = 1; 

it satisfies also the general equation ^ + equa¬ 

tion (0) is a transformation of equation (.5). Hence it represents 
exactly the system of permanent temperatures; and since that 
state is unique, it is impossible that there should be any other 
solution, either more general or more restricted. 

The equation ((7) furnishes, by means of tables, the value of 
one of the three unknowns v, x, y, when two of them are given; it 
very clearly indicates the nature of the surface whose vertical 
ordinate is the permanent temperature of a given point of the 
solid plate. Finally, we deduce from the same equation the values 

of the differential coefficients ^ and ^ which measure the velo¬ 
city with which heat flows in the two orthogonal directions; and 
we consequently know the value of the flow in any other direction. 

These coefficients are expressed thus. 


2cc8y(; 
; = - 2 siny 


e” + e-* 

,^ + 2cos2y+e'" 


dy- ‘ + 2cos2y-h e*’) ' 

dv 

It may be remarked that in .Article 194 the value of ^, and 

that of ^ are given by infinite series, whose sums may be easily 

ay 
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found, by replacing the trigonometrical quantities by imaginary 
exponentials. We thus obtain the values of ^ and ^ which 
we have just stated. 

The problem which we have now dealt with is the first which 
we have solved in the theory of heat, or rather in that part of 
the theory which requires the employment of analysis. It 
furnishes very easy numerical applications, whether we make 
use of the trigonometrical tables or convergent series, and it 
represents exactly all the circumstances of the movement of 
heat. We pass on now to more general considerations. 


SECTION VI. 


Developnemt of an arhitrary fmction in tfigononietric series. 


207. The problem of the propagation of heat in a rect- 

d^v d^v 

angular solid has led to the equation ^ + and if it 

be supposed that all the points of one of the faces of the solid 
have a common temperature, the coeflBcients a, J, c, t?, etc. of 
the series 


a cosa; + i cos3a: + ccos6a? +cos7n+...&c., 

must be determined so that the value of this function may bo 
equal to a constant whenever the arc x is included between — Jtt 
and + \ir. The value of these coefficients has just been assigned; 
but herein we have dealt with a single case only of a more general 
problem, which consists in developing any function whatever in 
an infinite series of sines or cosines of multiple arcs. This 
problem is connected with the theory of partial differential 
equations, and has been attacked since the origin of that analysis. 
It was necessary to solve it, in order to integrate suitably the 
equations of the propagation of heat; we proceed to explain 
the solution. 

■ We shall examine, in the first place, the case in which it is 
required to reduce into a series of sines of multiple arcs, a 
function whose development contains only odd powers of the 
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variable. Denoting such a function by we arrange the 

equation 

^ (oj) = a sin £c + 6 sin 2aj + c sin +«? sin4aj + ... &c., 
in which it is required to determine the value of the coefficients 
a, b, c, d, &c. First we write the equation 

^ (x) = x<j>' (0) + ^ (0) + ^ <f>'' (0) + ~ (0) + ^ (0) +... &c., 

in which ^"(0), ^""(0), ^*^(0), &c. denote the values taken 
by the coefficients 

d4>ix) d^4>(^) d^<f>{ai) d*^(x) ^ 

~dx ^ 'do?^ ^ da?'^ dx^ ' 

when we suppose a? = 0 in them. Thus, representing the develop¬ 
ment according to powers of x by the equation 

we have ^ (0) = 0, and <j> (0) = A, 

f'(0) = 0, f"(0)=_5 

^■^(0)-0, ^’(0) = (7, 

^'^(0) = 0, <^’“(0) = -i) 

&c. &c. 

If now we compare the preceding equation with the equation 
ip(ai) = a sin«+5 sin24; + c sin3® + sin4aj + e sin5®4-&c., 

developing the second member with respect to powers of «, we 
have the equations 

A=>a + 2b +So +4id +5e +&c., 
jB .s o + 2*6 + 3*c + 4*d + 5*6 + <&c., 

0= fl! + 2*6 + 3*c + 4*ci + 5*6 + &Ci, 

J3 = a + 2^6 + 3*c + 4*d + 6*6 + &o,, 

E= ct'^ 2*6 + 3*6 + 4*d + 5*6 + &c.(a). 

These equations serve to find the coefficients a, 6, c, d, e, 
&c., whose number is infinite. To determine them, wo first re¬ 
gard the number of unknowns as finite and equal to m; thus 
we suppress all the equations which follow the first m equations. 
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and we omit from each equation all the terms of the second 
member which follow the first m terms which we retain. The 
whole number m being given, the coefficients a, 5 , o, cZ, e, &c. have 
fixed values which may be found by elimination. Different 
values would be obtained for the same quantities, if the number 
of the equations and that of the unknowns were greater by one 
unit. Thus the value of the coefficients varies as we increase 
the number of the coefficients and of the equations which ought 
to determine them. It is required to find what the limits are 
towards which the values of the unknowns converge continually 
as the number of equations increases. These limits are the true 
values of the unknowns which satisfy the preceding equations 
when their number is infinite. 

208. We consider then in succession the cases in which we 
should have to determine one unknown by one equation, two 
unknowns by two equations, three unknowns by three equations, 
and so on to infinity. 

Suppose that we denote as follows different systems of equa¬ 
tions analogous to those from which the values of the coefficients 
must be derived: 

+ a, + 26j +803 

= a, + 2*5, + 3’c,=5„ 

a 3 + 2'i,+3‘c. = (7„ 

O 3 + 263 + 3c^ + .4(?3 = A^, 

Of ++ yOf + 4i*df =! Bf, 
af + S?if + S\ + 4?df=>Cf, 

®4 + 

®j + 26b +3Cj 4-4i2, +5^3 =Af, 

Of + 2 *&g + 3% + 4’<i3+ Si\ =Bf , 

a. + 2'6.+ 3*c, + 4»d.+6‘e. = Ci, 
a, + 2\+S\+4^d, + 5\ = J)f, 

Of + 2*^3 + 3®C3 + 4®4?3 + 5*e ,=, 

&c. &o. 


(i). 
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If now wo eliminate the last unknown e, by means of the 
five equations which contain A^, B^, Cj, &c., we find 

a.(5*-l«) + 26. (6‘-2*) + 3c. (5»-3*) + H (6* 

(5* -1*) + (8* - 2*) -I- 2,\ (5* - 3') + 4X (5* - 4*) = &B, - C, , 

(3* -1*) + n, (5* - 2*) + 3*0, (5* - 3*) + 4X (5* - 4*) = 5*0, - B,, 

“5 (5* -1‘) + 2*5, (5*- 2*) + 3V, (5*- 3*) + 4*(f, (5*- 4*) = 

We could have deduced these four equations firom the four 
which form the preceding system, by substituting in the latter 
instead of 

(5*-l*)a,. 

K (5*-2*) 6,. 
c„ (5’-3'0c,, 
d,, (5*-4*)rf,; 

and instead of A^, 5*.4,— 

A. 5*.5,-0„ 

5*0,-i?., 

A, 5‘A-A- 

By similar substitutions we could always pass from the case 
which corresponds to a number m of unknowns to that which 
corresponds to the number m+1. Writing in order all the 
relations between the quantities which correspond to one of the 
cases and those which correspond to the following case, we shall 
have 

o,=a,(2*-l), 

a,=:a.(3*-l), 6,=6.(3*-2*), 
a,=a,(4*-l), 6, = 6,(4*-2*), c, = c,(4*-3*), 
n,,=a,(5*-l), 5, = 6,(5*-2*). c,=c,(6*-3‘), c?, = d,(5»-4*), 
a, = o,(6»-l), 5. = 6,(6*-2*), c. = c,(6*-3*), d, = cf.(6*-4*), 

«. = e.(0*-5*), 

&c. &c..(c). 
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We have also 

A^=ZA,-B^, B^ — ZB^-C^, 

A,=4A,-B„ B, = 4B,-C„ C, = 40,-I>,. 

A,=5A,-B„ B,^5B,-0„ 0, = 5C,-I),, 

&0. •&C. (d). 

From equations (c) we conclude that on representing the un¬ 
knowns, whose number is infinite, by a, b, o, d, e, &c., we must 
have 

__ _ 

(2*-l) (3’'-l)(4*-l)(5*-l)...’ 

,_ \ 

® " (3* - 2*) (4* - 2*) (6* - 2*) (6* - ’ 

^ _ ^ _ 

(4*-3*) (5*-3*) (6®-3*) (7*-3*)...’ 

._ d, _ 

““ (5®-4*)(6®-4*)(T‘ -4*) (8*- 4*)... ’ 

&c. &c.(c). 

209. It remains then to determine the values of a^, c,, 

d^, Sj, &a; the first is given by one equation, in which A^^ enters; 
the second is given by two equations into which AJB^ enter; the 
third is given by three equations, into which enter; and 

so on. It follows from this that if we. knew the values of 

-dj, AJB^, .4,5,C7g, AtB^O^D^..., &c., 

we could easily find by solving one equation, a,5, by solving 
two equations, a,&,c, by solving three equations, and so on: after 
which we could determine a, b, c, d, e, See, It is required then 
to calculate the values of 

A„ A,B„ A^,C,, A,B,CA> 

by means equations (d). 1st, we find the value of A^ in 
terms of j 4, and 5,; 2nd, by two substitutions we find this valtie 
of A^ in terms of AgB,0 ^; 3rd, by three substitutions we find tho 

★ 

the numerals should be squared In line 2^ 4^ 5, 
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same value of in terms of AJS^OJ)^, and so on. The successive 
values of A^ are 

u1, = A2*-3*-A(2* + 3*) + (7,. 

A^ = ^,2*. 3*. 4* - J?« (2*. 3* + 2*. 4» + 3*. 4“) + C, (2* + 3* + 4*) - i?,, 
A^ = J,2*. 3*. 4*. 5* - i?, (2*. 8*. 4* + 2*. 3*. 5* + 2*. 4‘. 5* + 3’. 4*. 5*) 

+ 0. (2*. 3* + 2". 4» + 2*. 5* + 3*. 4*+ 3*. 5* + 4*. .5>) 
-D,(2*+3*+4* + 5“) + .E'„ &c., 

the law of which is readily noticed. The last of these values, 
which is that which we wish to determine, contains the quantities 
A, B, 0, JD, E, &c., with an infinite index, and these quantities 
are known; they are the same as those which enter into equa¬ 
tions (a). 

Dividing the ultimate value of A^ hy the infinite product 
2*.3*.4*.5*.6‘...&c., 

we have 

^ ^ (f73* 2*. 4* ■*" 

(2*.3*. 4* ■‘■2". 3*. 6* 3*. 4*. S*'*’ 

^ (2*.3*?4*.6* irsriTe* 

The numerical coefficients are the sums of the products which 
could be formed by different combinations of the fractions 

i i i 1 i &c 

1*' 2*’ 3” 6” gn •••«»•» 


after having removed the first fraction p. If we represent 

the respective sums of products by Pj, Q^, P,, 8yt T ^,... &c., and 
if we employ the first of equations (a) and the first of equa¬ 
tions (5), we have, to express the value of the first coefficient a, 
the equation 

a (2»-1) (3*-1) (4*-1) (6*-1)... 

9« O*" A? K* ' ~ 

.. ^‘A-BP. + CQ.-DB.J^ES.-Sit., 
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now the quantities P,, Qj, Pj, 5,, T^.., &c. may be easily deter¬ 
mined, as we shall see lower down; hence the first coefficient a 
becomes entirely known. 

210. We must pass on now to the investigation of the follow¬ 
ing coefficients h, o, d, e, &c., which from equations (e) depend on 
the quantities 5,, c,, d^, e^, &c. For this purpose we take up 
equations (6), the first has already been employed to find the 
value of flj, the two following give the value of 6^, the three 
following the value of Cg, the four following the value of d^, and 
so on. 

On completing the calculation, we find by simple inspection 
of the equations the following results for the values of 6,, c,, d^, 

&G. 

26,(l*-2*)=^gl*-Pg. 

3c, (1* - 3*) (2* - 3*) = J,l*. 2® - P, (1*+2*) + (7„ 
4d,(l*-4*)(2*-4*)(3*-4*) 

=^,1». 2*. 3* - P, (1*. 2* +1*. 3*+2*. 3“) + <7, (1” + 2* + 3*) - D,, 
&c. 

It is easy to perceive the law which these equations follow; 
it remains only to detenuine the quantities j4 ,P,, 

&a 

Now the quantities AJS^ can be expressed in terms of A^B^C^, 
the latter in terms of Afi^OJD^. For this purpose it suffices to 
effect the substitutions indicated by equations (d); the successive 
changes reduce the second members of the preceding equations 
so as to contain only the ABCJD, &c, with an infinite suffix, 
that is to say, the known quantities ABCD, &c. which enter into 
equations (a); the coefficients become the different products 
which can be made by combining the squares of the numbers 
1,2,3,4,5 to infinity. It need only be remarked that the first 
of these squares 1* will not enter into the coefficients of the 
value of a,; that the second 2* will not enter into the coefficients 
of the value of 6,; that the third square 3’ will be omitted only 
from those which serve to form the coefficients of the value of c,; 
and so of the rest to infinity. We have then for the values of 
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&c., and consequently for those of ictfo, &c., results entirely 
analogous to that which we Imve found above for the value of 
the first coefficient 


211. If now we represent by S^, &c., the quantities 


l« + g. + 4.+ 5. + ••• . 


11 1 
1*. 3’. 4* I*. 3*. 5* 3*. 4*. 5* • 

!+•••> 




r.3‘.4*. 5’'^r.4*.5\6‘ 

&c., 

which are formed by combinations of the fractions i^i, 

1 2 o’* 

11. 1 

| 5 , ^&c. to infinity, omitting ^ the second of these fractiom 
we have, to determine the value of the equation 

26j gs ^ g. = j1 — JBP^ + OQf — + PiSf — &c. 

Representing in general by F„QJt,8 ^... the sums of tho 
products which can be made by combining all the fractions 

p, infinity, after omitting the fraction i 

only; we have in general to determine the quantities a„ c,, 
d^, e,..., &c., the following equations: 

1 


A. — JBP^ + OQj^ — jDJ2| + JS3^ — &c. = a, 


2*. 3*. 4*. 6*...' 
(I*-2*) 


A-PP, + CQ, - DR, + E8, - &c. = 2&. , 

A-BPaOQ,-Z>B,^.B8,-S^~Sc, 

A - BP,+ OQ,- DB. +£5, - &0. = li, . 


&c. 
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212. If we consider now equations (e) wbich give the values 
of the coefficients a, b, c, d, &c., we have the following results: 

^ (2* - 1*) (3* -1*) (4* -1*) (6* -1*)... 

2*. 3*.4*.5»... 

= A-BP,+ CQ, - DM, + E8, - &c., 

(1* - 2*) (3* - 2“) (4* - 2*) (5* -2*)... 
l‘.3‘.4*.5“... 

= A-MP,+ CQ, - DM^ + E8, - &c., 

o. (1* - 3*) (2« - 3*) (4« - 3») (5* - 31... 
r.2*.4*.6*... 

^ A-£P,- OQ, - DM, + ES, - &c., 

. ,( !»- 4«) (2» - 4«) (3» - 4») (5* - 4»)... 

1*. 2‘. 

= A-£P^-^ CQ, - DR, + E8, - &c., 

&C. 

Remarking the factors which are wanting to the numerators 

and denominators to complete the double series of natural 

numbers, we see that the fraction is reduced, in the first equation 

1 1. 2 2 3 3 
to j . 2 ; in the second to — ^ j; in the third to g . ^; in the 

4 4 

fourth to — ^ . g; so that the products which multiply a, 2b, 3c, 

4(^ &c,, are alternately g and ~ g ■ It is only required then to 

find the values of P,Q,MA> PtQ»^A> AQAAt, &c. 

To obtain them we may remark that we can make these 
values depend upon the values of the quantities PQB8T, &c., 
which represent the different products which may be formed 

with the fractions p, p, ~,&c., without omit¬ 

ting any. 

With respect to the latter products, their values are given 
by the series for the developments of the sine. We represent 
then the series 
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P+^ + 35 + 55 + ^ + &C. 

P7^ ■*■ 2*73* 3^4* ■*■ 

1 ■ 1 . 1 . 1 

1*. 2*. 3* ■*■ 1*. 2*. 4* 1*. 3*. 4* 2*. 3*. 4* ■*■ ‘ 


■=« +• 


V. + &C. 


1‘. 2*. 3*. 4* ^ 2*. 3’. 4’. 5‘ ^ 1*. 2». 3*. 5' 
by jP, Q, B, 8, &c. 

The senes smflj = a!-TK + r^ —-ns + ac. 

^ I" ^ 

furnishes the values of the quantities P, Q, B, 8, &e. In fact, the 
value of the sine being expressed by the equation 

w)(^" sv) *°- 

we have 

“(^“ P5?) “ 2v) “ 3v) “ 4v) 

Whence we conclude at once that 

•^“|3’ ^“|3’ '®“l7’ 

213. Suppose now that P„, Q„, B„, 8„, &c., represent the 
sums of the different products which can be made with the 

fractions p, p, &c., from which the fraction ^ 

has been removed, n being any integer whatever j it is required 
to determine P„ B^, 8„, &o., by means of P, Q, B, 8, &c. If 
we denote by 

1 - jP, + + i*8^ - &c., 

the products of the factors 

(l - fs) (l - I) (l - I) (l - {i) &c., 
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amoDg irhich the factor only has been omitted; it follows 

that on multiplying by ^1— the quantity 

we obtain 1-2P + 2 *Q —+ —&c. 

This comparison giyes the following relations: 

«.+^-p.=e. 

s.+^s.-s. 


&c.; 


or 


P, = P--., 


Q.= e--,P + -4, 

n n 

• n* n* n" 

8,^8-\r+-,Q--,P + -„ 

• rr n* ^ m* n® 

&c. 

Employing the known values of P, Q, M, 8, and making n 
equal to 1, 2, 3, 4, 5, See. successively, we shall have the values of 
&c.; those of Pj,Q^j5„ &c.; those of P^Q^B^S^, &o. 

214, From the foregoing theory it follows that the values 
of a, b, c, d, e, See., derived from the equations 

o + 26 + So + 4d +56 + &c. = A, 
a + 2*6 + 3*0 + 4*<? + 6*c + &c, = B, 

Cl + 2*6 + 3*0 + 4*0? + 6*0 + &c. = 0, 

Of + 2*6 + 3*0 + 4*0? + 5*0 + See. = P, 
o + 2*6 "f* 3*0 + 4*0? "H 6*0 4" &c. = P, 

&c., 
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are thus expressed, 


1 

2 



+ 1 ! 


/TT* 1 71^ 1 TT* 1 W* 

l|9 l*[7'*’l‘|6“P]3 



_ n_ i. 3!^* 4.1 

Ij? 2* |5 2* {3 2*; 




&c. 


215. Enowiug the values of a,h,o,d, e, &c., we can substitute 
them in the proposed equation 

^ (a!)=a sina + & sm2®+c sin3»+(2 sin4a!+e sin 6a! + &o., 

and writing also instead of the quantities A, B, 0, J), JE, &c., their 
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values ^'(0), ^^(0), ^*“(0), <^"*(0), &c., ve have the general 

equation 

1 ^( 0 *)= sin «jf(0)+r(0)(|-p) + ^’(0)(|*-p| + p) 

+r (0) (| - PI+^ ^ - p)+&c-}; 

-|sin2« {f (0) +f" (0) (| -1) + ^^0) ^ I +1) 

+(0) (| - PI+^ I - p)+&o-}; 

+|sm3a. (0)+f "(0) (g -+ m (| - +1.) 

+r ( 0 ) (| -1 ^ ^ ^ - p)+&c.}; 

-isin4aj|f (0)+f"(0) (^-^) + ^"(0) 

+r(0) j4^-:p)+&c.|; 

+ &ft (A). 

We may make use of the preceding series to reduce into 
a series of sines of multiple axes any proposed function vrhose 
development contains only odd powers of the variable. 

216. The first case which presents itself is that in which 
^ (®) = flf; we find then <f>' (0) = 1, (0) = 0, ^^(0) = 0, &c., and so 
for the rest We have therefore the series 

1 1 1 1 . 

-djsisina; —ssin2x + K8in3a; —7sin 4<e + &c., 

2 2 3 4j 

which has been given by Euler. 

If we suppose the proposed function to be as*, we ^all have 

d.'(0j = 0, f "(0) = [3, m = 0. d>’“(0) = 0, &C., 

which gives the equation 

sinas-^TT* |sin2a!H- ^^‘-^jlsin 3a! + &c. 
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We should arrive at the same result, starting from the pre¬ 
ceding equation, 

= sin 05 — ^ sin 2a5 + g sin 3» — ^ sin 4a! + &c. 

In fact, multiplying each member by dx, and integrating, vre 
have 

£^111 
( 7 —= COS 05 — ^ COS ^ cos Soi — ^ cos 4 a 5 + &o.; 

the value of the constant C is 


1 TT* 

a series whose sum is known to be ^ -j^. Multiplying by dx the 

two members of the equation 

ln^ 0^ 1 o , 1 „ « 

2|g—-^ = <508 05 — ^cos2ai + ^cos3ai — &&, 

and integrating we have 

1^0! la!* . l.o.l.„ » 

g-j^-g||=sina!-^sm2a! + gssin3a!-&c. 

If now we write instead of x its value derived from the 
equation 

1 111 

sa! = sma!—■ssin2a5 + 5sin3a5 — • 78 m 4 a! + &c., 

2 2 3 4 


we shall obtain the same equation as above, namely, 

I a:? . /w* I'N 1 • o 1 • o I\ JL 

II - * Ig - pj - 2 ^ (l - ^j + 5 “ (3 - 

We could arrive in the same manner at the development in 
series of multiple arcs of the powers a!*, <d, od, &c., and in general 
every function whose development contains only odd powers of 
the variable. 


217. Equation (A), (Art 215), can be put under a simpler 
form, which we may now indicate. We remark firsts that part of 
the coefficient of sin x is the series 
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which represents the quantity In fact, we have, in 

general, 

^(ar) =^(0) + a^'(0) + ^f'(0)+|f"(0)+^^‘’(0) 

4-&C. 

Now, the function ^(x) containing by hypothesis only odd 
powers, we must have ^(0) = 0, ^"(0)=»0, ^‘^(0) = 0, and so on. 
Hence 

^ {x )» (0) +1 r (0) (0) + &c.; 

a second part of the coefficient of sin a: is found by multiplying 
by — pthe series 

whose value is - We can determine in this manner the 

different parts of the coefficient of sin x, and the components of 
the coefficients of sin 2x, sin Sa;, sin 4as, &c. We may employ for 
this purpose the equations: 

f(0)+^r(0) + |<^^(0) +&c. = i^(w); 

r(0)+|^^(0) +|r(0) + &c.-^f'(w); 

+1 r (0) +1 no) + &C. = i 
r (0) + ^ (0) + no) + &C. = i (w). 
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By means of these reductions equation (A) takes the follovring 
form: 

I = sin »(tt) - ^ (ff) + p W - p (tt) + &c.|- 

-1 sin 2x (77) - ^ {it) + ^ 4 f (tt) - ^ + &c.| 

+ g sin 3aj (ir) - ^ ip" (ir) + ^ (tt) - ^ + &c.|- 

- ^ sin |«#> (tt) - i + p ^ + &c.|- 

+ &<x (B); 


or this, 


^v^{x) = tj>{'7r) jsina —sin2aj +-^sin3« — &c.J 
jsinaj —^ sin2a5 + ^sin3a5 — &a j 
+ jsin a: — ^ sin 2a; + ^ sin 3it — &c.|- 
-<f/'{'ir) jsina;-^ sin2a! + gjsin8a;-&c.|- 


+ &c. 


( 0 ). 


218, We can apply one or other of these formulse as often as 
we have to develope a proposed function in a series of sines of 
multiple arcs. If, for example, the proposed function is e“ - e~", 
•whose development contains only odd powers of a?, we shall have 


1 

2 


e"* /I 1 

TT-- (sin a? - sin 2a? + -o sin 3a? 

g»r_i^-7r ^2 O 

— ^sin a? — ^ sin 2a? + ^ sin 8a; 
+ ^sina;-^ sin2® + ^sin3a; 

— ^sin ® — ^7 sin 2® + gj sin 3® 


— &c.^ 

— &c.^ 

— &c.^ 
-&c.) 


+ &o. 
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Collecting the coefficients of sin x, sin 2x, sin 3a:, sin 4a:, &c., 

and ■writing, instead of - — + — ■^ + etc., its value v, we 

n w n w ’ »* + l 

have 

^ sin a: 


1(^-0 


sin 2x sin 3^ « 

-y • ' + - — &C, 

l+i 2+1 3+1 


We might multiply these applications and derive from them 
several remarkable series. We have chosen the preceding example 
because it appears in several problems relative to the propagation 
of heat. 


219. Up to this point we have supposed that the function 
whose development is required in a series of sines of multiple 
arcs can he developed in a series arranged according to powers 
of the variable x, and that only odd powers enter into that 
series. We can extend the same results to any functions, even 
to those which are discontinuous and entirely arbitrary. To esta¬ 
blish clearly the truth of this proposition, we must follow the 
analysis which famishes the foregoing equation (B), and examine 
what is the nature of the coefficients which multiply sin a?, 

sin 2a?, sin 3a?, &c. Denoting by 8 the quantity which multiplies 


isin wa? in this equation when « is odd, and 
even, we have 


1 

n 


sin 7 ^ when n is 


5 = ^(w) f' w + ^ ^•' W - ^ + &a 

Considering a as a function of tt, differentiating twice, and 

1 d^8 

comparing the results, we find ^ equation 

which the foregoing value of s must satisfy. 

1 . • 

Now the integral of the equation ^ + ^ ^ ^ (^)> ^ which s 

is considered to be a function of a?, is 
a = a coswa; + 6 sinTia? 


■ u sin 7ia? J cos 7 ux}<p {x)dx — n cos nx Jsin nx <f> (x) dx. 
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If n is an. integer, and the value of x is equal to v, we have 

s = ±nj<^(x) sin nxdx. The sign + must be chosen when n is 

odd, and the sign — when that number is even. We must make 
X equal to the semi-circumference ir, after the integration in¬ 
dicated; the result may be verified by developing the term 

Ji>(x) sinna;<2a;, by means of integration by parts, remarking 

that the function ^(x) contains only odd powers of the vari¬ 
able X, and taking the integral from x = 0 to 
We conclude at once that the term is equal to 

If we substitute this value of - in equation (B)^ taking the 

sign + when the term of this equation is of odd order^ and the 

sign — when n is even, we shall have in general sin nxdx 

for the coefficient of sin nx; in this manner we arrive at a very 
remarkable result expressed by the following equation: 

”7r0(a?) = sina: Jainx<f>(x) c2a? + sin2a? Jsin2a?^(a?) d!aj+&c. 

+ sinwjjsin^n^(n) cfo + &c.(D), 

the second member will always give the development required 
for the function ^(x), if we integrate from 0 ?*= 0 to 


^ Lagrange had already shewn {MUcellanea Taurinensictf Tom. m., 1766, 
pp. 260—1) that the lonetion y giyen by the eq.natio'h 

y=52(S^rrBinZ;.irAX:) einsBir + S 7;sin2JSlr AX)BUi2anr 

r-l t«a 

+2 Bin SJZr'A2) Bin 8*ir+ ... + 2 (2V,sinnj:;ir AX) Biniwr 
reoeives tha TalneB V,, T„ X.... ooireBponding to the Talnes X;i, X„ X....X^ of 

T 1 

as, where » aad AX= —. 

Lagrange however abstained from the transition from this snmmation-formula 
to the integration-formula given by Fourier. 

Of. Biemann’s Gesammelte Mathmatische Werke^ Leipzig, 1876, pp. 218—220 
of bis histoxioal oxitioism, XJcher die Darstellharkeit einer Function diurch cine 
Trigommtrische Beihe, [A. F.] 
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220. We see by tbis that the coefficients a, b, o, d, e,ft &c., 
which enter into the equation 

(a?) = a sinaj + 6 sin2aj + c sin3aj + ci! sin4a? + &c., 

and which we found formerly by way of successive eliminations, 
are the values of definite integrals expressed by the general term 

J (a?) dx, i being the number of the term whose coefficient 

is required. This remark is important, because it shews how even 
entirely arbitrary functions may be developed in series of sines 
of multiple arcs. In fact, if the function ^ (a?) be represented 
by the variable ordinate of any curve whatever whose abscissa 
extends from a? = 0 to a? = tt, and if on the same part of the axis 
the known trigonometric curve, whose ordinate is y = Bina?, be 
constructed, it is easy to represent the value of any integral 
term. We must suppose that for each abscissa x, to which cor¬ 
responds one value of ^ (a?), and one value of sin a?, we multiply 
the latter value by the first, and at the same point ^ of the axis 
raise an ordinate equal to the product ^(£c)sin«?. By this con¬ 
tinuous operation a third curve is formed, whose ordinates are 
those of the trigonometric curve, reduced in proportion to the 
ordinates of the arbitary curve which represents This 

done, the area of the reduced curve taken from a? = 0 to aj = 7r 
gives the exact value of the coefficient of sin a?; and whatever 
the given curve may be which corresponds to ^ (a)» whether we 
can assign to it an analytical equation, or whether it depends on 
no regular law, it is evident that it always serves to reduce 
in any manner whatever the trigonometric curve; so that the 
area of the reduced curve has, in all possible cases, a definite 
value, which is the value of the coefficient of sin a? in the develop¬ 
ment of the function. The same is the case with the following 

coefficient 5, or J</> (x) sin 2xdx, 

In general, to construct the values of the coefficients a, 6, c, d, &c., 
we must imagine that the curves, whose equations are 

2 / = sina?, 2 / = sm2j?, y = sin3j?, y = sin4a?, &c., 
have been traced for the same interval on tlic axis of x, from 
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oissO to x—ir; and then that we have changed these curves by 
multiplying all their ordinates by the corresponding ordinates of 
a curve whose equation is y = <f> (x). The equations of the re¬ 
duced curves are 

y=!Bmx^(x), y=8m2x<f>(x), y — Bm3x^(x), &g. 

The areas of the latter curves, taken from x=bO to x = ir, 
are the values of the coefficients a, b, c, d, &c., in the equation 

~jrd>(x) = a sinaj-l-j^ 8in2a! + c 8in3«-|-<Zsin4® + &c. 


221. We can verify the foregoing equation (D), (Art. 220), 
by determining directly the quantities a^, a,, a„ ... Oj, &c., in the 
equation 

^(o;) =:a^ sinasH-aj. sin 2a! + a, sin 8a!-f... sinya;-|-&a; 

for this purpose, we multiply each member of the latter equation 
by sin^dd!, i being an integer, and take the integral from a;=>0 
to 0 ! ss TT, whence we have 


j<f>(x) siaixda = a^Jamoa eia ixdx 4 a^jsm2x smixdx’'h&c. 


Now it can easily be proved, 1st, that all the integrals, which 
enter into the second member, have a nul value, except only the 

term a, Jsin ix sin ixdx •, 2nd, that the value of Jsmix sin mda; is 

Jir; whence we derive the value of Oj, namely 



sin iai dx. 


The whole problem is reduced to considering the value of the 
integrals which enter into the second member, and to demon¬ 
strating the two preceding propositions. The integral 

2 fsia jx sin ixdx, 
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taken from a!=: 0 to a; = tt, in which i and j are integers, is 
i sin (i-j) ® sin (i + j) x + G. 

Since the iategral must begin when a? = 0 the cpustaht 0 is 
nothing, and the numbers i and j being integers, the value of the 
integral will become nothing when £i5 = 7r; it follows that each 
of the terms, such as 

[sin ^ sin ia? da?, f bul 2x Bin ix da, a^fsinSx Bin ixda, &c.. 


vanishes, and that this wiU occur as often as the numbers i and j 
are different The same is not the case when the numbers i and j 


are equal, for the term -r—. sin (z — j) a 

3 


to which the integral re¬ 


duces, hecomes and its value is tt. 


Consequently we have 


2 jsiniaj Binixdx « tt; 

thus we obtain, in a very brief manner, the values of a^, a^, a,,... 


Of, &c., namely, 


aj = ^ J^(») sin sc 3®, 

o, = ^J^(®) sin 2®3®, 

0,=^ J^(®) sinSscd®, 

a,=^j<^(x) sin-ixdx. 

Substituting these we have 


J' 7 r<^(£D) = sina? J<f>(a) sin a? dte + sin 2aj J^(x) sin 2aj da? + &c. 


+ BinzaJ^ (a) sin zxda -h &c. 


222. The simplest case is that in which the given fanction 
has a constant value for all values of the variable x included 

between 0 and tt ; in this case the integral Jain iadx is equal to 
if the number i is odd, and equal to 0 if the number i is even. 
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Hence we deduce the equation 

^7rs= sm® + gsin 3« + isin 6® + ^sin 7a? +&c., (A) 

which has heen found before. 


It must be remarked that when a function ^ (®) has been de¬ 
veloped in a series of sines of multiple arcs, the value of the series 

asinfl; + 5sin2® + o sin 3® + sin 4® + &c. 

is the some as that of the function ^(®) so long as the variable ® 
is included between 0 and ir ; but this equality ceases in general 
to hold good when the value of ® exceeds the number tt. 

Suppose the function whose development is required to be ®, 
we shall have, by the preceding theorem, 


I w® s sin ® J ® sin ® d® 4* sin 2® J® sin 2® (2® 

+smS,/.™ited« + *o. 

The integral j ® sin «®(2® is equal to j;?; the indices 0 and ir, 

which are connected with the sign J, shew the limits of the inte¬ 
gral ; the sign + must be chosen when t is odd, and the sign — 
when i is even. We have then the following equation, 

I® = sin® — I sin 2®-l-g8in 8® — jsin4®+gsin6®—&c. 


223. We can develope also in a series of sines of multiple 
arcs functions different from those in which only odd powers of 
the variable enter. To instance by an example which leaves no 
doubt as to the possibility of this development, we select the 
function cos®, which contains only even powers of ®, and which 
may be developed under the following form: 

a sin ® + 6 sin 2® H- 0 sin 8® + c2 sin 4® -I- o sin 5.® &o., 

although in this series only odd powers of the variable enter. 
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We have, in fswjt, by the preceding theorem, 
gTTCOsa! = sinasjcos® sinaji?® + sin 2® J cos®sin2®d® 

+ sin 3® f cos ® sin 3® dot + &c. 


The integral j cos® sint®<fe5 is equal to zero when i is an 
odd number, and to r - when i is an even number. Supposmg 

“■ JL 

successively i = 2, 4, 6, 8, etc., we have the always convergent 
series 

1 O ^ ^ 

J TT COS a? = j— g sin 2a + ^ sin 4a? + sin 6a? + &c.; 


cos ® = 110 + g) sin 2® + 0 + g) sin 4® + 0 + sin 6® + &c.|. 

This result is remarkable in this respect, that it exhibits the 
development of the cosine in a series of functions, each one of 
which contains only odd powers. If in the preceding equation ® 
be made equal to Jw, we find 


1 w _1 A 


4.1 1 I4.I4. 



This series is known {Introd. ad anedysm. infimt. cap. E.). 


224. A similar analysis may be employed for the development 
of any function whatever in a series of cosines of multiple arcs. 

Let 4> (®) be the function whose development is required, wo 
may write 

<f> (®) = o, cos 0® + cos ® + a, cos 2® + a, cos 3® + &c. 

+ o,cosi»+&c. (w). 

If the two members of this equation be multiplied by cosy®, 
and each of the terms of the second member integrated from 
® = 0 to ® = 7r; it is easily seen that the value of the integral 
will be nothing, save only for the term which already contains 
cosy®. This remark gives immediately the coefficient q,; it is 
sufficient in general to consider the value of the integral 

fcosjxcosixdx, 
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taken from a; = 0 to a; — tt, supposing j and % to be integers. We 
have 

j cos ja? ooaixdx = sin (j + {)x+ (j-i) x + o. 

This integral, taken from a? = 0 to a? == tt, evidently vanishes 
whenever j and i are two different numbers. The same is not 
the case when the two numbers are equal. The last term 




sin (j — i)x 


becomes ^, and its value is when the arc x is equal to tt. 

If then we multiply the two terms of the preceding equation (to) 
by cosix, and integrate it from 0 to ir, we have 


Jip (x) cos ixdx = 


an equation which exhibits the value of the coefficient Oi. 

To find the first coefficient a,, it may be remarked that in 
the integral 

if j = 0 and i — 0 each of the terms becomes ^, and the value 

of each term is thus the integral jooajxeoBixdx taken 

from a? = 0 to a? = TT is nothing when the two integers J and i 
are different: it is when the two numbers j and i are equal 
but different from zero; it is equal to tt when j and { are each 
equal to zero; thus we obtain the following equation, 

coso; J ^(ss)co8xdx+cos 2a j <f>{x)cos2xdx 

+ cos SxJ if) (a) cos See die + &c. (71) \ 

^ The process analogous to (A) in Art. 222 foils here; yet we see, Art. 177, that 
an analogous result exists. [B. L. E.] 



192 


THEORY OF HEAT. 


[CHAP. III. 


This and the preceding theorem suit all possible functions, 
whetlier their character can be expressed by known methods of 
analysis, or whether they correspond to curves traced arbitrarily. 


226. If the proposed function whose development is required 
in cosines of multiple arcs is the variable x itself; we may write 
down the equation 

I Tree — cos oj + cos 2aj + ag cos 3a? +... + a^ cos ix + &c., 

and we have, to determine any coeflSlcient whatever the equa- 

tion a, = I 05 cos ia? dx» This integral has a nul value when i is 
0 

2 

an even number, and is equal to —when i is odd. We have at 


the same time We thus form the following series, 

1 . cos a? . cos 3a? . cos 5a? . cos 7aJ « 

xss 21^-4-4~55-4—=5-4-=-&c. 

2 TT 3 TT 5*7r Ttt 

We may here remark that we have arrived at three different 
developments for a?, namely, 

^aj5=sina? — ^sm2a? + ^sin3a?—“8in4a?+~sm6a? — &c., 
2 22 o 4 D 

12 2 2 

iflj = - sina? —^ 5 —sin 3a? +-= 7 -sin 6 a? — &c. (Art. 181), 

2 TT O TT 5 TT 

112 2 2 

?ra? = 7 ^ — COS a? — 57 “cos 3a?— = 5 — cos 6 a? —&c. 

2 4i TT 3V 5*7r 


It must be remarked that these three values of ^a? ought not 
to be considered as equal; with reference to all possible values of 
a?, the three preceding developments have a common value only 
when the variable a? is included between 0 and Jtt. The con¬ 
struction of the values of these three series, and the comparison of 
the lines whose ordinates are expressed by them, render sensible 
the alternate coincidence and divergence of values of these 
functions. 

To give a second example of the development of a function in 
a series of cosines of multiple arcs, we choose the function sin a?, 
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whicli contains only odd powers of the variable, and we may sup¬ 
pose it to be developed in the form 

a + 6 cos 05 + c cos 2 j! + cZ cos Sx + &c. 

Applying the general equation to this particular case, we find, 
as the equation required. 


1 

7 W Sm 05 = 

4 


1 

2 


cos 2® cos 4fl5 cos 6o5 g_ 

■ 1 . 3 TTS sTT “ 


Thus we arrive at the development of a function which con¬ 
tains only odd powers in a series of cosines in which only even 
powers of the variable enter. If we give to x the particular value 
Jtt, we find 


1 1 
i '^“2 



3.6'*’6.7 7.9'''* 


Now, from the known equation, 

we derive 

1 _ 1 , 1 . 1 . 1 . 

8= ITS + 57? + or +105 + 

and also 


1 _1 1 1 1 
8’^ 2 3.5 779 11.13 


Adding these two results we have, as above, 



3.6'^6.7 7.9'''9.11 


226. The foregoing analysis giving the means of developing 
any function whatever in a series of sines or cosines of multiple 
axes, we can easily apply it to the case in which the function to be 
developed has definite values when the variable is included 
between certain limits and has real values, or when the variable is 
included between other limits. We stop to e5ramine this particular 
case, since it is presented in physical questions which depend on 
partial differential equations, and was proposed formerly as an ex¬ 
ample of functions which cannot be developed in sines or cosines 
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of multiple arcs. Suppose then that we have reduced to a series of 
this form a function whose value is constant, when x is included 
between 0 and a, and all of whose values are nul when x is in¬ 
cluded between a and tt. We shall employ the general equation 
(jD), in which the integrals must be taten from x = 0 to x=ir. 
The values of ^(a?) which enter under the integral sign being 
nothing from a? = a to a? = tt, it is sufficient to integrate from a? = 0 
to a? = 0 . This done, we find, for the series required, denoting by 
h th^ constant value of the function, 

= A |(1 - COS a) sin a + — sin 2a! 

.1 —cos3a . _ , » ) 

+-g-sm 8a! + &c. I. 

If we make h=\'jr, and represent the versed sine of the arc x 
by versina!, we have 

^ (a!) = versin * sin * + ^ vcrsin 2a sin 2a! + g versin 3a sin Bx + &c/ 

This series, always convergent, is such that if we give to x any 
value whatever included between 0 and a, the sum of its terms 
will be -J-TT; but if we give to x any value whatever greater than 
a and less than tt, the sum of the terms will he nothing. 

In the following example, which is not less remarkable, tho 

values of <f> (x) are e(jual to sin for all values of x included 

between 0 and o, and nul for values of x between a and ir. To 
find what series satisfies this condition, we shall employ equa¬ 
tion (D). 

The inte^als must be taken from a; = 0 to a! = w; but it is 
suflScient, in the case in question, to take these integrals firom 
a! = 0 to a!=a, since the values of ^(x) are supposed nul in the 
rest of the interval. Hence we find 

,,, „ fsinasina! , sin2asin2a! . sinSasinS® , 

♦(»)- 

1 In what oases a fonotion, arbitrary between certain limits, can be developed 
in a series of cosines, and in what oases in a s^es of sines, has been eJSOwn by 
Six W. Thomson, Camb. Math Journal, Vol. ii. pp. 258—262, in an article 
signed P. Q. R., On Fourier's Exvansions of FuncUom in Trigonometrical Series, 

[A.F.] 
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If a be supposed equal to ir, all the terms of the series vanish, 
except the first, which becomes and whose value is sin®; we 
have then ^(®) = sin®. 

227. The same analysis could be extended to the case in 
which the ordinate represented by ^ (®) was that of a line com¬ 
posed of different parts, some of which might be arcs of curves 
and others straight lines. For example, let the value of the func¬ 
tion, whose development is equired in a series of cosines of 


multiple arcs, be ~ ®*, from ® = 0 to ® = Jtt, and be nothing 

from ® = Jtt to ® = w. We shall employ the general equation (n), 
and effecting the integrations within the given limits, we find 

that the general term' J iaidx is equal to ^ when i 

is even, to when i is the double of an odd number, and to 
% 

— ^ when % is four times an odd number. On the other hand, we 


find g ^ for the value of the first term 




Wo have then 


the following development: 

, ,, ^ 1 (ir'^ . 2 fcos ® cos 3® , cos 5® co.s 7® 


. cos 2a: cos4aJ . cos 6.-*: « 

+-^-- -&c. 

The second moinbcr is represented by a lino composed of para¬ 
bolic arcs and straight lines, 

228. In the same manner wo can find the development of a 
function of x which expresses the ordinate of the contour of a 
trapezium. Suppose ^(x) to be equal to x from ai = 0 to 
that the function is equal to a from a 5 = a to x = 7r^ a, and lastly 
equal to tt — a, from £ 1 : = tt — a to = tt. To reduce it to a series 


ir\* "1 . j . 2 f 

cosiaj<Za:=fg-j -j sia t.-?: - » coR los I-2- 


[11. L. E.] 
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of sines of multiple axes, we employ the general equation (i?). 
The general term Jif> (a:) dn ice dx ia composed of three different 

2 

parts^ and we have, after the reductions, -;jsin ia for the coeflBcient 

of sin ir, when t is an odd number; but the coeificient vanishes 
when i is an even number. Thus we arrive at the equation 

(oj) = 2 jsin a sin a; + sin 3a sin 3fl? + ^ sin 6a sin 6a? 

+ ^ sin 7a sin 7a? + &c.| (X)/ 


If we supposed a — the trapezium would coincide with an 
isosceles triangle, and we should have, as above, for the equa¬ 
tion of the contour of this triangle, 

I w ^ (as) = 2 ^sin a; - sm 3® + ^ sin Sa? - ^ sin 7a! + 

a series which is always convergent whatever be the value of x. 
In general, the trigonometric series at which we have arrived, 
in developing different functions are always converge.nt, but it 
has not appeared to us necessary to demonstrate this here; for the 
terms which compose these series are only the coefi&cients of terms 
of series which give the values of fhe temperature; and these 
coefficients are affected by certain exponential quantities which 
decrease very rapidly, so that the final series are very convergent. 
With regard to those in which only the sines and cosines of 
multiple arcs enter, it is equally easy to prove that they are 
convergent, although they represent the ordinates of discontinuous 
lines. This does not result solely from the fact that the values 
of the terms diminish continually; for this condition is not 
sufficient to establish the convergence of a series. It is necessary 
that the values at which we arrive on increasing continually the 
number of terms, should approach more and more a fixed limit. 


^ The aooniacy of this and other series giyen by Fonrier is maintained by 
Sir W. Thomson in the article quoted in the note, p. 194 
> Expressed in cosines between the limits 0 and x, 

5T^(a)= ^- ^oos2a5+ pcos fec+^oos 10ae+&o.^ . 

Of. De Morgan’s Dif, and Int. Calc,, p. 622. [A. F.] 
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and should differ from it only by a quantity which becomes less 
than any given magnitude: this limit is the value of the seriea 
Now we may prove rigorously that the series in question satisfy 
the last condition. 

229. Take the preceding equation (\) in which we can give 
to X any value whatever; we shall consider this quantity as a 
new ordinate which gives rise to the following construction. 


Eig. 8. 



Having traced on the plane of x and y (see fig. 8) a rectangle 
whose base Oir is equal to the semi-circumference, and whose 
height is ^; on the middle point m of the side parallel to the 
base, let us raise perpendicularly to the plane of the rectangle 
a line equal to Jtt, and from the upper end of this line draw 
straight lines to the four comers of the rectangle. Thus will be 
formed a quadrangular pyramid. If we now measure from the 
point 0 on the shorter side of the rectangle, any line equal to a, 
and through the end of this lino draw a plane parallel to the base 
Ow, and perpendicular to the plane of the rectangle, the section 
common to this plane and to the solid will be the trapezium whose 
height is equal to a. The variable ordinate of the contour of 
this trapezium is equal, as we have just seen, to 

^ ^sin a sin a -1- ^ sin 3a sin 3» + ^ sin 5a sin 5x + &c.^. 

It follows from this that calling x, y, z the co-ordinates of any 
point whatever of the upper surface of the quadrangular pyramid 
which we have formed, we have for the equation of the surface 
of the polyhedron, between the limits 

a! = 0, y = 0, y = 

1 sin a: sin V . sinSassinSj/ , sin Sas sin .5.7/ , 

--_^ +-- + &C. 




198 


THEOBT OF HEAT, 


[CHAP. III. 


This conveigont series gives always the value of the ordinate 
z or the distance of any point whatever of the surface firom the 
plane of x and y. 

The series formed of sines or cosines of multiple arcs are 
therefore adapted to represent, between definite limits, all possible 
functions, and the ordinates of lines or surfaces whose form is 
discontinuous. Not only has the possibility of these develop¬ 
ments been demonstrated, but it is easy to calculate the terms 
of the series; the value of any coefficient whatever in the 
equation 

<l> (ai) =aiSinflJ + ajSin2aJ + agSin 3fl; + ... H-aiSinia? + etc., 
is that of a definite integral, namely. 



sin ix dx. 


Whatever be the function <f> (x), or the form of the curve 
which it represents, the integral has a definite value which may 
be introduced into the formula. The values of these definite 


integrals are analogous to 


that of the whole area 



eluded between the curve and the axis in a given interval, or to 
the values of mechanical quantities, such as the ordinates of the 
centre of gravity of this area or of any solid whatever. It is 
evident that all these quantities have assignable values, whether 
the figure of the bodies be regular, or whether we give to them 
an entirely arbitrary form. 


280. If we apply these principles to the problem of the motion 
of vibrating strings, we can solve difficulties which first appeared 
in the researches of Daniel Bernoulli. The solution given by this 
geometrician assumes that any function whatever may always be 
developed in a series of sines or cosines of multiple arcs. Now 
the most complete of all the proofs of this proposition is that 
which consists in actually resolving a given function into such a 
series with determined coefficients. 

In researches to which partial differential equations are ap¬ 
plied, it is often easy to find solutions whose sum composes a 
more general integral; but the employment of these integrals 
requires us to determine their extent, and to be able to dis- 
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tinguish clearly tlie cases in which they represent the general 
integral from those in which they include only a part. It is 
necessary above all to assign the values of the constants, and 
the difficulty of the application consists in the discovery of the 
coefficients. It *is remarkable that we can express by convergent 
series, and, as we shall see in the sequel, by definite integrals, 
the ordinates of lines and surfaces which are not subject to a 
continuous law\ We see by this that we must admit into analysis 
functions which have equal values, whenever the variable receives 
any values whatever included between two given limits, even 
though on substituting in these two functions, instead of the 
variable, a number included in another interval, the results of 
the two substitutions are not the same. The functions which 
enjoy this property are represented by different lines, which 
coincide in a definite portion only of their course, and offer a 
Bingiilflr species of finite osculation. These considerations arise 
in the calculus of partial differential equations; they throw a new 
light on this calculus, and serve to facilitate its employment in 
physical theories. 


231. The two general equations which express the develop¬ 
ment of any function whatever, in cosines or sines of multiple 
arcs, give rise to several remarks which explain the true meaning 
of these theorems, and direct the application of them. 

If in the series 

o + i cosaj + ccos 2a! + (Zcos8»+ ecos4!a!+ &c., 

we make the value of as negative, the series remains the same; it 
also preserves its value if we augment the variable by any multiple 
whatever of the circumference 2ir. Thus in the equation 


I(a:) = (®) dx+coBxJ^ (aj) costcdx 

+ cos 2a! (x) cos 2a!dx + cos (x) cos Sxda + 


the function ^ is periodic, and is represented by a curve composed 
of a multitude of equal arcs, each of which corresponds to an 

1 Demonstrations bave been sappUed -b^ Poisson, Defiers, Diriohlet, Dirbson, 
Bessel, Hamilton, Boole, De Morgon, Stolcos. See note, pp. 208,209. fA. E.] 
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interval equal to 2ir on the axis of the ahscissse. Further, eaoh of 
these arcs is composed of two symmetrical branches, which cor¬ 
respond to the halves of the interval equal to 2w. 

Suppose then that we trace a line of any form whatever 
(see fig. 9.), which corresponds to an interval equal to ir. 

Fig. 9. 








^ IT ■w • 



If a series be required of the form. 

a + 5coa® + ccos 2«+<fcos3a! + &c., 

such that, substituting for x any value whatever X included be¬ 
tween 0 and w, we find for the value of the series that of the 
ordinate X<f>. it is easy to solve the problem: for the coefficients 
^ven by the equation (y) are 

ij<f>(x)€lx, COB 2xdx, ^jif> (x) oosSxclx, &e. 

These integrals, which are taken from x = 0 to aj = 7r, having 
always measurable values like that of the area O^wr, and the 
series formed by these coefficients being always convergent, there 
is no form of the line for which the ordinate X^ is not 
exactly represented by the development 

a + J cos x + c cos 2«! + 1 ? cos 9x+e cos 4!® -I- &c. 

The arc ^2 is entirely arbitrary; but the same is not the case 
with other parts of the line, they are, on the contrary, determinate; 
thus the arc <pa which corresponds to the interval from 0 to — tt is 
the same as the arc and the whole arc is repeated on 
consecutive parts of the axis, whose length is 27r. 

We may vary the limits of the integrals in equation (y). If 
they are taken from ®=:- 7 rto® = 7rthe result will be doubled: 
it would also be doubled if the limits of the integrals were 
0 and 27r, instead of being 0 and w. We denote in general by the 
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sign j an integral which begins when the variable is equal to a, 

and is completed when the variable is equal to 6; and we write 
equation (m) under the following form: 


1 If" f" f*" 

|7r^(a!)=gj ^(ic)div+coaxJ 4p(x)coBa!dx+coB2xJ ^(a>) 

+ cos3ajJ ^ (x) ooa3xdie +etc........ 


cos2«djS 


Instead of taking the integrals from a; = 0 to a; = w, we might 
take them from = 0 to aj = 27r, or from « = —it to »=■«■; but in 
each of these two cases, (®) must he written instead of (as) 
in the first member of the equation. 


232. In the equation which gives the development of any 
function whatever in sines of multiple arcs, the series changes 
sign and retains the same absolute value when the variable a 
becomes negative; it retains its value and its sign when the 
variable is increased or diminished by any multiple whatever of 



the circumference 27r. The arc (see fig. 10), which cor¬ 
responds to the interval from 0 to tt is arbitrary; all the other 
parts of the line are determinate. The arc <fxl>a, which corresponds 
to the interval from 0 to — tt, has the same form as the given arc 
but it is in the opposite position. The whole arc is 

repeated in the interval from tt to Sw, and in all aimilftr intervals. 
We write this equation as follows: 

{x) = sin ^ (®) sin aid® + sin 2 j! ^ ^ (x) sin 2a:di» 

+ sin 3aj (x) sin 5xdx + &c..(/t). 
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miglit cliaiig6 thio limits of the integrals and write 


or j*" instead of j ; 


but in each of these two cases it would be necessary to substitute 
in the first member (a) for (*). 


233. The function ^ (x) developed in cosines of multiple arcs, 
is represented by a line formed of two equal arcs placed sym- 

Fig. 11. 



metrically on each side of the axis of y, in the interval from 
— w to +ir (see fig. 11); this condition is expressed thus, 

^ (a) = <l> {-ai). 

The line which represents the function (a) is, on the contrary, 
formed in the same interval of two opposed arcs, which is what is 
expressed by the equation 

(«) =s—(—®)- 

Any function whatever F(x), represented by a line traced 
arbitrarily in the interval from - tt to + tt, may always be divided 
into two functions such as ^ (p) and (a). In fact, if the line 
FF'mFF represents the function F{x), and we raise at the point 
0 the ordinate om, we can draw through the point m to the right 
of the axis <m the arc mff similar to the arc mFF of the given 
curve, and to the left of the same axis we may trace the arc mff' 
similar to the arc mFF; we must then draw through the point m 
a line which shall divide into two equal parts the differ¬ 

ence between each ordinate toF or as'/' and the corresponding 
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ordinate xf or a!F. We must draw also the line ■^'■^'0^^, whose 
ordinate measures the half-difference between the ordinate of 
F’F'mFF and that of ff'mff. This done the ordinate of the 
lines FFmFF, and being denoted by Fi^oi) and/(») 

respectively, we evidently have fia!)^F(^—x)', denoting also the 
ordinate of by 4> (®)> that of by (®), 

we have 

= + and /(a) = ^(«)-'^(ic) = jF'(-aj), 

hence 

4> («)=|.P’(«)+|.F(-aj) and ^ .F(a;) - ^F{-x), 

wheDce we conclude that 

^ (a?) = ^ (— a?) and (a;) = — a?), 

which the construction makes otherwise evident. 

Thus the two functions ^ (a?) and ^Jr (x), whose sum is equal to 
JF (a?) may be developed, one in cosines of multiple arcs, and the 
other in sines. 


If to the first function we apply equation (v), and te the second 
the equation (/a), taking the integrals in each case from a? = — tt 
to a; = 7r, and adding the two results, we have 


7r[^(a?) +'^(0?)] — wFifo) 

= +cosaj J<ff(a!) cos a? cfo? 4-cos 2xJ<f>(a) cos 2a? db + &c. 

+ sina?J'^(a?) sina?db + sin 2aj ^-^( 0 ?) sm2ajdaj+ &c. 


The integrals must be taken from a? = — tt to a? = tt. It may now 

be remarked, that in the integral f ^ (a?) cos a? dx we could, 

J ••IT 

without changing its value, write ^(a?) 4-'^(a?) instead of ^(w): 
for the function cos a? being composed, to right and left of the 
axis of X, of two similar parts, and the function (a?) being, on the 


contrary, formed of two opposite parts, the integral ^jt(x) cos xdx 

J -IT 


vanishes. The same would bo the case if wo wrote cos 2iB or 
cos 3aj, and in general cosza; instead of cosaj, i being any integer 
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from 0 to infinity. Thus the integral I cob ixdtc is the same 
as the integral 

r+v r+tr 

j (®)+'^(®)] cos or j F{a) ooaiaidai. 

It is evident also that the integral J ^ixdx is equal 

to the integral J F(ai) sin ixda, since the integral J^<f>(x) sinwcda? 

vanishes. Thus we obtain the following equation (p), which serves 
to develope any function whatever in a series formed of sines and 
cosines of multiple arcs: 

7r2^(a;) = i | F(x) dx (p) 

+ coaxJF(x) cos a! + cos 2® jF(x) cos 2 j; dx + &c. 

+ sin a: jF(x) sin a; dir + sin 2aj j'F(x) sin 2x da; + &c. 


234. The function F(x), which enters into this equation, is 
represented by a line FFFF, of any form whatever. The arc 
F'F'FFf which corresponds to the interval from — tt to +«■, is 
arbitrary; all the other parts of the line are determinate, and the 
arc FFFF is repeated in each consecutive interval whose length 
is 27r. We shall make frequent applications of this theorem, and 
of the preceding equations (/*) and \v). 

If it be supposed that the function F{x) in equation (p) is re¬ 
presented, in the interval from — w to by a line composed of 
two equal arcs symmetrically placed, all the terms which contain 
sines vanish, and we find equation (v). If, on the contrary, the 
line which represents the given function is formed of two 
equal arcs opposed in position, all the terms which do not contain 
sines disappear, and we find equation (/a). Submitting the func¬ 
tion F{x) to other conditions, we find other results. 

If in the general equation (p) we write, instead of the variable 
the quantity x denoting another variable, and 2r the length 
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of the interval which includes the arc which represents F {x ); 
the function becomes F > which we may denote by f{x). 

The limits aj = — tt and aj = tt become ™ — -tt, — = tt : we 

r T 

have therefore, after the substitution, 

= (p). 

+ cos TT* j"/(«) C06 — dx-V COS^^+ etc. 

+ siiiTT® J/(®) sin ^ dcB + sin^^ J/C®) sin^^efo + etc. 

All tte integrals must be taken like the first from x = — r to 
x = + r. If the same substitution be made in the equations (v) 
and (/i), we have 

\rf(x) = I j^/(a)£fe + cos ^ J/(®) cos'^dx 

+ cos ^|/(«) cos ^ dte + &c.(N), 

and 

I rf{x) - sin y dx 

+ sin j /(a) sin ^~dx + &c.(M). 

In the first equation (P) the integrals might be taken from 
from ® = 0 to aa= 2r, and representing by X the whole interval 2r, 
we should have^ 

^ It has hoen shewn h; Mr 1. O'Einooly that if the valnos of tho arhitnuy 
function/(z) he imagined to roonr for every range of x over succossivo intervals X, 
'we have the symbolical egnation 

(e'‘E-l)/(»)=0; 

and the roots of the auxiliary equation hoing 

«b0, 1, 2, 8... 00, 

A 


[Turn over. 
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|x/(a*)=ij'/(a*)<?a! (H) 

4 cos j/C®) ^ Jfi^) ^ 

4siii^^ j/(a5) sin ^^da!4 sin^-j/(aj)sin^~ (iaj 4 &c. 


235. It follows from* that which has beea proved in this sec¬ 
tion, concerning the developnaent of functions in trigonometrical 
series, that if a function f(x) be proposed, whose value in a de¬ 
finite interval from aj = 0tO£c = Xis represented by the ordinate 
of a curved line arbitrarily drawn; we can always develops this 
function in a series which contains only sines or only cosines, or 
the sines and cosines of multiple arcs, or the cosines only of odd 
multiples. To ascertain the terms of these series we must employ 
equations (M), (N), (P). 

The fundamental problems of the theory of heat cannot be 
completely solved, without reducing to this form the functions 
which represent the initial state of the temperatures. 

These trigonometric series, arranged according to cosines or 
sines of multiples of arcs, belong to elementary analysis, like the 
series whose terms contain the successive powers of the variable. 
The coefficients of the trigonometric series are definite areas, and 
those of the series of powers are functions given by differentiation, 
in which, moreover, we assign to the variable a definite value. We 
could have added several remarks concerning the use and pro¬ 
perties of trigonometrical series; but we shall limit ourselves to 
enunciating briefly those which have the most direct relation to 
the theory with which we are concerned. 


it follows that 


/ (a) =^Aq + Ai COB ~ 4- .4 j cos 2 —^ + J j cos 8 &c. 

+.BiSin?™+.5jsm2^+jB,sm8 ^+&o. 


Til. oooffioisnts d6t6r]]iui6dl lu Fotixi6r*s wfifttiwAr mxiltiplyuig 
, - , cos 2iriB 

sides by n and integtating from 0 to X. (Philosophical Magazine, August 
74, pp, 96, 96). [A.P.] 
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1st, The series arranged according to sines or cosines of mul¬ 
tiple arcs are always convergent; that is to say, on giving to the 
variable any value whatever that is not imaginary, the sum of the 
terms converges more and more to a single fixed limit, which is 
the value of the developed function. 


2nd. If we have the expression of a function f{(c) which cor¬ 
responds to a given series 

a + 6 cos a? + c cos 2a? + cos 3a? 4- e cos 4a? + &c., 
and that of another function ^ (a?), whose given development is 
a + )8cosa? + 7 COS 2a? + Scos 3a? + e cos 4a?+ &c., 
it is easy to find in real terms the sum of the compound series 
cut 4“ 5)8 4“ C7 “I" +6e 4“ &c., ^ 

and more generally that of the series 

oa 4- 5)8 cos a? 4- cy cos 2a? 4- dS cos 3a? 4- ee cos 4a? 4- &c., 
which is formed by comparing term by term the two given series. 
This remark applies to any number of series. 


3rd. The series (P) (Art. 234) which gives the development 
of a function JF' (a?) in a series of sines and cosines of multiple arcs, 
may be arranged under the form 


irF(«,)^lfF(x)d2 


4- cosa? 
4- sin a? 


jm 

jFia) 


cos ada + cos 2x 
siu tt.dx + sia 2x 


fF(a) COS 2adx 4- &c. 
jF (a) sin 2a<2a + &c. 


wF 




da 


a being a now variable wbicb disappears after the integrations. 
We. have then 

1 
2 

+ cos a cos a + cos 2aj cos 2a + cos 5ai cos 3a + &c. 

+ sin » sin a + sin 2a! sin 2a + sin Sjs sin 3a + &a|-, 
1 Wo sliWl have 

I ^(«) 0(«;)«?»ssaaTT + iTT{6/9+C7+...}. [R.L, E.] 

Jo 
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or 

F(x')=‘^l^ F(x)<h || + cos (a;—a) + cos 2 (aj — a) + &c.|. 

Hence, denoting the sum of the preceding series by 
2 cos i (aj — a) 

taken from i = 1 to i = oo, we have 

■F (x) = F (a) || + 2 cos t (a? - a)|. 

The expression ^ + 2 cos i (a; — a) represents a function of x 

and a, such that if it be multipKed hy any function whatever F{a), 
and integrated with respect to a between the limits a = — w and 
a = 7r, the proposed function jF’(a) becomes changed into a like 
function of x multiplied hy the semi-circumference tt. It will bo 
seen in the sequel what is the nature of the quantities, such as 

g+2cost (aj —a), which enjoy the property we have just enun¬ 
ciated. 


4(th. If in the equations (M), (N), and (P) (Art 234), which 
on being divided by r give the development of a function f(x), 
we suppose the interval r to become infinitely large, each term of 
the series is an infinitely small element of an integral; the sum of 
the series is then represented by a definite integral. When the 
bodies have determinate dimensions, the arbitrary functions which 
represent the initial temperatures, and which enter into the in¬ 
tegrals of the partial differential equations, ought to be developed 
in series analogous to those of the equations (M), (N), (P); but 
these functions take the form of definite integrals, when the 
dimensions of the bodies are not determinate, as will be ex¬ 
plained in the course of this work, in treating of the free diffnainn 
of heat (Chapter ix.). 

Not6 on Section VT, On ttio subjeot of tho doYelopmont of a fonotion whoso 
valnes axe arbitraiily assigned between certain limits, in series of sines and 
cosines of multiple arcs, and on questions connected with the Talnes of such 
series at the limits, on the oonvergency of the series, and on the discontinuity 
of their values, the principal authorities are 

Poisson, fliSorie matMmatique de la Chalew, Paris, 1886, Chap. vn. Arts. 
92—^102, Sur la maiiih'e d*cxprimer les fonctions arhitraires par des s&ries de 
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quantum pSriodiques. Or, more briefly, in bis TraiU de Mdcaiivqne, Arts. 325—328. 
Poisson’s original memoirs on the subject were published in the Journal de VEcole 
Eolytechnique, Oahier 18, pp. 417-489, year 1820, and Cahier 19, pp. 404—509, 
year 1823. 

De Morgan, Differential and Integral Calculus. London, 1842, pp. 609—617. 
The proofs of the developments appear to be original. In the verification of the 
developments the author follows Poisson’s methods. 

Stokes, Cambridge Philosophical Transactions, 1847, Vol. vin. pp. 633—566. 
On the Critical values of the sums of Periodic Fleries. Section I. Mode of ascertain¬ 
ing the nature of the discontimiity of a fiinction which is expanded in a series 
of sines or cosines, and of obtaining the developments of the derived functions. 
Graphically illustrated. 

Thomson and Tait, Natural Philosophy, Oxford, 1867, Vol. i. Arts. 76—77. 

Donkin, Acoustics, Oxford, 1870, Arts. 72—79, and Appendix to Chap. iv. 

Matthieu, Cours de Physique Mathimatique, Paris, 1873, pp. 38—36. 

Entirely different methods of discussion, not involving the introduction of 
arbitrary multipliers to the successive terms of the series were originated by 

Diriohlet, CrelWs Journal, Beriin, 1829, Band iv. pp. 167—109. Snr la con¬ 
vergence des siries trigonomitriques q%d servent h ropr^senter une fonction arUtraire 
entre les limites doniides. The methods of this inomoir thorouglily deserve at¬ 
tentive study, but are not yet to be found in English text-books. Another memoir, 
of greater length, by the same author appeared in Dovo’s Repertoriim der Physih, 
Berlin, 1837, Baud j. pp. 162—174, XJeher die Darstellmig ganz willkilhrlicher 
Functionen durch Sinus- und Cosinusreihen, Yon G. Lejeuno Dirichlot, 

Other methods are given by 

Dirksen, Crelle's Journal, 1829, Band iv. pp. 170—178. XJeher die Convergenz 
einer nach den Smusse^i wid Cosinussen der Vielfachcn eines Winkcls forUchreiten- 
den Reihe, 

Bessel, AstronomiscJie Nachrichten, Altona, 1839, pp. 230—238. Uehcr den 
Ausdntek einer Function 0 (x) durch Cosinusse und Sinusse der Vielfachen von x. 

The writings of the lust three authors are criticised by Bloniann, Ocsamnielte 
Matheniatische Werkc, Lciiwig, 1870, pp. 221—226, Ueber die Darstdlharkeit einer 
Fiinctio7i durch eine Trigommetrische Reihe. 

On Fluctuating Functions and their properties, a memoir was published by 
Sir W. R. Hamilton, Transactions of the Royal Irish Academy, 1843, Vol. xix. pp. 
204—321. The introductory and concluding remarks may at this stage be studied. 

The writings of Defiers, Boole, and others, on tho subject of the oxpansiou 
of an arbitrary function by moans of a double integral (Fourier's Theorem) will 
bo alluded to in the notes on Chap. IX. Arts. 301, 862, [A F.] 


SECTION vir. 

Application to the actual prohUin, 

236. We can now solve in a general manner the problem of 
the propagation of heat in a rectangular plate BA whose cud -^1 
is constantly heated, whilst its two infinite edges li and 0 are 
maintained at tho temperature 0. 
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Suppose the initial temperature at all points of the slab BAG 
to he nothing, but that the temperature at each point m of the 
edge A is preserved by some external cause, and that its fixed 
value is a function /(x) of the distance of the point m from the 
end 0 of the edge A whose whole length is r; let « be the 
constant temperature of the point m whose co-ordinates are a and 
y, it is required to determine v as a function of x and y. 


The value v = cuT^ sin mx satisfies the equation 
da? dy* ~ ’ 


a and m being any quantities whatever. If we take m = , 

% being an integer, the value ae~**^sin vanishes, when x=r, 

whatever the value of y may be. We shall therefore assume, as a 
more general value of v. 


-irS . nrx , -2ir? . ^nrx . -8ir^ . Stt® . . 

» = a,e sm-h a,e sm — + a,e ' sm-h &c. 

‘ ft f • » f 

If y be supposed nothing, the value of v will hy hypothesis 
be equal to the known function f{x). We then have 

K . irx , . 27rx , . Stt® . . 

/(«)=!aiSm —+ OjSm —+ a,sin —-|-&c. 

The coefficients Oj, a,, a„ &c. can be determined by means of 
equation (M), and on substituting them in the value of v we have 


1 . irx (j;/ s • j . • Stt® f. 27rx, 

^rv = e 'Bm—J/(x)8m—dx+e 8m-^j/(x)Bin—^dx 


-tA 


+ e 8m^J‘/(x) 


sin ^^cfoj + &c. 

T 


287. Assuming r = tt in the preceding equation, we have the 
solution under a more simple form, namely 

^ TTO SB e"* sin «J/(«) sin xdx +e'**' sin 2x j/(x) sin 2xdx 

-h e"*" sin 3® J f(x) sin 3® tZar + &c. (a). 
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or 

1 T" 

^ TTV == I /(x) da. {e^ sin a: sin a + c"®*' sin 2oo sin 2a 

4- sin Zx sin 3a + «Ssc.) 

a is a new variable, which disappears after integration. 

If the sum of the series be determined, and if it be substituted 
in the last equation, we have the value of in a finite form. The 
double of the series is equal to 

[cos («;--«) — cos (x + a)] 4 [cos 2 (a? — a) — cos 2 (a; + a)] 

+ [cos 3 (^ - a) — cos 3 (a? + a)] 4- &c.; 

denoting by F the sum of the infinite series 

cosp 4 cos 2j) H-e”®*'cos3^)4- &c*, 

we find 

TTV^ f /(a)da{F(y,m--a) -F(2/,x-hot)}* 

J 0 

We have also 



^ ^-(iry V=i5 


4- 

^ ^-3(in»V-D 




(v+ji V-1) g- (y-p 


,r 

whence 


. _ f"j-f cos (.13 — a) — e** cos (a! + a) —e‘®_ | 

' - J y W <w _ 2 cos (03 - a) + e"' ^ - 2 co's («+o) + ’ 

_ r wf/.N J f 2 (e" — e"*) sin i» sin a__I 

' - j y W a* li-gy _ 2 cog _ 2 cos (a; + a) + e^]} 


2 (e" — e ~*) si n a3 s in a__ ) 

~a) + — 2 cos (a; + a) + e""] j ’ 


or, decomposing the coefficient into two fractions. 


2 2cos(«—a)+e‘’' 


^—2 cos (.13+a)+e"''. 
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This eq^uatioD. contains^ in real terms under a finite form, the 

integral of the equation ^^4 -^2 applied to the problem of 

the imifonn movement of heat in a rectangular solid, exposed at 
its extremity to the constant action of a single source of heat. 

It is easy to ascertain the relations of this integral to the 
general integral, which has two arbitrary functions; these func¬ 
tions are by the very nature of the problem determinate, and 
nothing arbitrary remains but the function /(a), considered 
between the limits (1 = 0 and as=s 7 r. [Equation (a) represents, 
under a simple form, suitable for numerical applications, the same 
value of V reduced to a convergent series. 

If we wished to determine the quantity of heat which the solid 
contains when it has arrived at its permanent state, we should 
take the integral jdxfdyv from a7 = 0 to and from ^ = 0 to 
y = 00 ; the result would be proportional to the quantity required. 
In general there is no property of the uniform movement of heat 
in a rectangular plate, which is not exactly represented by this 
solution. 

We shall next regard problems of this kind from another point 
of view, and determine the varied movement of heat in different 
bodies. 



CHAPTER IV. 


OF THE LINEAR AND VARIED MOVEMENT OF HEAT IN A RINO. 


SECTION I. 


General solution of the problem. 

238. The equation whicli expresses the movement of heat 
in a ring has been stated in Article 105; it is 

dv K dy hi 
CDda?' 


dt 


CDS' 


( 6 ). 


The problem is now to integrate this equation: 
write it simply 

^ r 

dt' 


wo may 


.h——ho 

AW, 


K hi 

wherein k represents and h represents « denotes the 

length of the arc included between a point m of the ring and the 
origin 0, and v is the temperature which would be observed at 
the point m after a given time t We first assume w = 

M being a now unknown, whence wo deduce ^ ^ 

equation belongs to the case in which the radiation is nul at 
the surface, since it may be derived from the preceding equa¬ 
tion by making A = 0: wo conclude from it that the different 
points of the ring are cooled successively, by the action of the 
medium, without this circumstance disturbing in any manner the 
law of the distribution of the heat. 


In fact on integrating the equation ^ 
find the values of w which correspond to different points of tlie 


du , d*u , ,, 

A’^^, we should 
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ring at the same instant, and we should ascertain what the state 
of the solid would be if heat were propagated in it without any 
loss at the surface; to determine then what would be the state 
of the solid at the same instant if this loss had occurred, it will 
be sufficient to multiply all the values of u taken at different 
points, at the same instant, by the same fraction Thus the 
cooling which is effected at the surface does not change the law 
of the distribution of heat; the only result is that the tempera¬ 
ture of each point is less than it would have been without this 
circumstance, and the temperature diminishes from this cause 
according to the successive powers of the fraction 


239. The problem being reduced to the integration of the 
equation shall, in the first place, select the sim¬ 


plest particular values which can be attributed to the variable 
from them we shall then compose a general value, and we 
shall prove that this value is as extensive as the integral, which 
contains an arbitrary function of a?, or rather that it is this 
integral itself, arranged under the form which the problem re¬ 
quires, so that there cannot be any different solution. 


It may be remarked first, that the equation is satisfied if we 
give to u the particular value sin nx, m and n being subject 
to the condition ny — ^hr?. Take then as a particular value of 
u the function sin nx. 


In order that this value may belong to the prooiem, it must 
not change when the distance x is increased by the quantity 27 rr, 
r denoting the mean radius of the ring. Hence 27 rwr must bo a 

multiple i of the circumference 27 r; which gives n = 

T 

We may take i to be any integer; we suppose it to be 
always positive, since, if it were negative, it would suffice to 
change the sign of the coefficient a in the value sin. 9 ur. 

The particular value ae^ ^ sin^ could not satisfy the problem 

proposed unless it represented the initial state of the solid. Now 

on making i==0, we find w = asin~: suppose then that the 
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initial values of u are actually expressed by osin-j that is to 

say, that the primitive temperatures at the different points are 
proportional to the sines of angles included between the radii 
which pass through those points and that which passes through 
the origin, the movement of heat in the interior of the ring will 



we take account of the loss of heat through the surface, we find 



In the case in question, which is the simplest of all those which 
we can imagine, the variable temperatures preserve their primi* 
tive ratios, and the temperature at any point dim inish es accord¬ 
ing to the successive powers of a fraction which is the same for 
every point. 

The same properties would be noticed if we supposed the 
initial temperatures to be proportional to the sines of the double 

of the arc -; and in general the same happens when the given 

temperatures arc represented by asin—, % being any integer 
whatever. 

We should arrive at the same results on taking for the 
particular value of u the quantity as"*”*^cos rue : hero also we have 

%nirr = 2wr, and w ^ ; honce the equation 

ae ^ cos — 
r 

expresses tho movement of heat in the interior of the ring if the 
initial temperatures are represented by cos ^. 

In all these cases, where tho given temperatures are proper- 

tional to the sines or to tho cosines of a multiple of the arc - , 

the ratios established between these temperatures exist con¬ 
tinually during tho infinite time of tho cooling. Tho same would 
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be tbe case if the iuitial temperatures wore represented by the 
function a sin — + 5 cos ^, i being any integer, a and b any co- 
eflScients whatever. 


240. Let us pass now to the general case in which the initial 
temperatures have not the relations which we have just supposed, 
but are represented by any function whatever /(x). Lot us give 

to this function, the form ^ , so that we have f{x) — <f> ^5^, and 

imagine the function to bo decomposed into a series of 

sines or cosines of multiple arcs affected by suitable coefficients. 
We write down the equation 


t) + (l ~) + «* 8in (2 Q + &c. 

+ \ cos (0 + b^cos (1 + J, cos ^2 2) + &c. 

The numbers a,..., 6^, 5^, are regarded as known 
and calculated beforehand. It is evident that the value of u will 
then be represented by the equation 



11=^ L + 


. os 
a. sin - 
^ r 


z ® 

0 . cos - 
^ r 




a. sin 2 - 

^ T 


^cos 2 


a? 




vt 


+ &c. 


In fact, 1st, this value of u satisfies the equation — ^ k — 

. . . dt da?* 

since it is the sum of several particular values; 2nd, it does not 
change when we increase the distance q; by any multiple whatever 
of the circumference of the ring; 3rd, it satisfies the initial state, 
smee on making t = 0, we find the equation (e). Hence all the 
conditions of the problem are fulfilled, and it remains only to 
multiply the value of u by e“*‘. 


241. As the time increases, each of the terms which compose 
the value of u becomes smaller and smaller j the system of tern- 
peratures tends therefore continually towards the regular and con- 
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stant state in which the difference of the temperature Vi from the 
constant \ is represented by 

a sin - 4- & cos - ] e ^. 

T t) 

Thus the particular values which we have previously considered, 
and from which we have composed the general value, derive their 
origin from the problem itself. !Each of them represents an 
elementary state which could exist of itself as soon as it is sup¬ 
posed to be formed; these values have a natural and necessary 
relation with the physical properties of heat. 

To determine the coefficients a,, &c., 6^, &c., we 

must employ equation (H), Art. 234, which was proved in the 
last section of the previous Chapter. 

Let the whole abscissa denoted by X in this equation be 27 rr, 
let X be the variable abscissa, and let represent the initial 
state of the ring, the integrals must be taken from £c = 0 to 
X s= 27rr; we have then 

’"/(») “ I //(®) <*8 

+ J COB j /(aj) dv + cos ^2 J cos ^2 5) / («) d® + &c. 

+ S“ (^) /Jsin + &c. 

Knomng in this manner the values of a^, a^, a„ &o., 
5*. &c., if they he substituted in the equation we have 
the following equation, which contains the complete solution of 
the problem; 

TrtU = J /(®) 

cos® j ^cos®/(a!)<fo) 

sin 2 ®/^sin ^/(x) dxj 

* 

cos 2 ® J ^cos "/(a) d® j 
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All the integrals must be taken from a: = 0 to a? = 27rr. 

The first term Jf{x) eZa?, which serves to form the value of 

V, is evidently the mean initial temperature, that is to say, that 
which each point would have if all the initial heat were distri¬ 
buted equally throughout. 


242. The preceding equation (E) may be applied, whatever 
the form of the given function /(a?) may be. We shall consider 
two particular cases, namely: 1st, that which occurs when the 
ring having been raised by the action of a source of heat to its 
permanent temperatures, the source is suddenly suppressed; 2nd, 
the case in which half the ring, having been equally heated 
throughout, is suddenly joined to the other half, throughout which 
the initial temperature is 0. 


We have seen previously that the permanent temperatures 
of the ring are expressed by the equation = + the 

value of quantity a being e where I is the perimeter of the 
generating section, and 8 the area of that section. 


If it be supposed that there is but a single source of heat, the 
equatiou ^^0 must necessarily hold at the point opposite to 


that -which is occupied by the source The condition ad’— 0 
will ther^ore be satisfied at this point. For convemence of calcu¬ 
lation let us consider the faction to be equal to unity, and let 

us take the radius r of the ring to be the radius of the trigono¬ 
metrical tables, we shall then have v = a<r+l>e~“i hence the initial 
state of the ring is represented by the equation 


It remains only to apply the general equation (E), and de¬ 
noting by ilf the mean initial temperature (Art.241},we shall have 




This equation expresses the variable state of a solid ring, which 
having been heated at one of its points and raised to stationary 
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temperatures^ cools in air after the suppression of the source of 
heat. 

243. In order to make a second application of the general 
equation (E), we shall suppose the initial heat to be so distributed 
that half the ring included between a; = 0 and a? = tt has through¬ 
out the temperature 1, the other half having the temperature 0. 
It is required to determine the state of the ring after the lapse of 
a time t 

The function f{x), which represents the initial state, is in this 
case such that its value is 1 so long as the variable is included 
between 0 and ir. It follows from this that we must suppose 
/(a;) = l, and take the integrals only from £c=:0 to x=^ 7 r, the 
other parts of the integrals being nothing by hypothesis. We 
obtain first the following equation, which gives the development 
of the function proposed, whose value is 1 from a? — 0 to a? = tt and 
nothing from to a?= 2^r, 

f{x) *= I + ^ ^sina? + 1 sin3a?sin Saj + ^ sin 7aj + &c.^. 


If now we substitute in the general equation the values which 
we have just found for the constant coefficients, we shall have the 
equation 



which expresses the law according to which the temperature at 
each point of the ring varies, and indicates its state after any 
given time: we shall limit ourselves to the two preceding applica¬ 
tions, and add only some observations on the general solution 
expressed by the equation (E). 

244. 1st. If k is supposed infinite, the state of the ring is 

expressed thus, 7rrv^e’^^jf{x)dx, or, denoting by M the 

mean initial temperature (Art. 241), The temperature 

at every point becomes suddenly equal to the mean temperature, 
and all the dijflferent points retain always equal tempcraturcH, 
which is a necessary consequence of the hypothesis in which we 
admit infinite conducibility. 
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2iid. We should have the same result if the radius of the ring 
were infinitely small. 

3rd, To find the mean temperature of the ring after a time t 

we must take the integral jf(pe)dx from £c = 0 to aj=27rr, and 

divide by 27ir. Integrating between these limits the different 
parts of the value of u, and then supposing x = 27rr, we find the 
total values of the integrals to be nothing except for the first 
term; the value of the mean temperature is therefore, after the 
time % the quantity Thus the mean temperature of the 

ring decreases in the same manner as if its conducibility were in¬ 
finite ; the variations occasioned by the propagation of heat in the 
solid have no influence on the value of this temperature. 

In the three cases which we have just considered, the tem¬ 
perature decreases in proportion to the powers of the fraction 
or, which is the same thing, to the ordinate of a logarithmic 
curve, the abscissa being equal to the time which has elapsed. 
This law has been known for a long time, but it must be remarked 
that it does not generally hold unless the bodies are of small 
dimensions. The previous analysis tells us that if the diameter of 
a ring is not very small, the cooling at a definite point would not 
be at first subject to that law; the same would not be the case 
with the mean temperature, which decreases always in proportion 
to the ordinates of a logarithmic curve. For the rest, it must not 
be forgotten that the generating section of the ring is supposed to 
have dimensions so small that different points of the same section 
do not differ sensibly in temperature. 

4th. If we wished to ascertain the quantity of heat which 
escapes in a given time through the surface of a given portion of 

the ring, the integral hljdtjvdx must be employed, and must 

be taken between limits relative to the time. For example, 
if we took 0 and 27rr to be the limits of a;, and 0, oo, to be the 
limits of that is to say, if we wished to determine the whole 
quantity of heat which escapes from the entire surface, during the 
complete course of the cooling, we ought to find after the integra¬ 
tions a result equal to the whole quantity of the initial heat, or 
27rrMCD8, M being the mean initial temperature. 
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6th. If we wish to ascertain how much heat jBows in a given 
time, across a definite section of the ring, we must employ the 

integral -KS J writing for ^ the value of that function, 

taken at the point in question. 


246. Heat tends to be distributed in the ring according to 
a law which ought to be noticed. The more the time which 
has elapsed increases the smaller do the terms which compose 
the value of v in equation (E) become with respect to those 
which precede them. There is therefore a certain value of t for 
which the movement of heat begins to be represented sensibly 
by the equation 



The same relation continues to exist during the infinite time 
of the cooling. In this state, if we choose two points of the ring 
situated at the ends of the same diameter, and represent their 
respective distances from the origin by and and their cor¬ 
responding temperatures at the time ^ by and ; we shall have 



X X 

Tho sines of the two arcs and differ only in sign; the 

SP VG 

same is tho case with the quantities cos and cos ; hence 

-V-*= V 


thus the half-sum of the temperatures at opposite points gives 
a quantity which would remain the same if we chose two 
points situated at the ends of another diameter. The quantity 
as we have seen above, is the value of the mean tempera¬ 
ture after the time t Hence the half-sum of the temperature 
at any two opposite points decreases continually with tho mean 
temperature of the ring, and represents its value without sonsihlo 
error, after tho cooling has lasted for a certain time. Let us 
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examine more particularly in what the final state consists which 
is expressed by the equation 



If first we seek the point of the ring at which we have the 
condition 

a, sin - -f cos - = 0, or - = — arc tan M- , 

we see that the temperature at this point is at every instant 
the mean temperature of the ring: the same is the case with 
the point diametrically opposite; for the abscissa x of the latter 
point will also satisfy the above equation 

- = arc tan f — — V 
r V aj 

Let us denote by X the distance at which the first of these 
points is situated, and we shall have 



I. ^ 

cos — 

r 


and substituting this value of we have 


t;=i 



If we now take as origin of abscissae the point which corre¬ 
sponds to the abscissa X, and if we denote by u the new abscissa 
a? — T, we shall have 



At the origin, where the abscissa u is 0, and at the opposite 
point, the temperature v is always equal to the mean tempera¬ 
ture; these two points divide the circumference of the ring into 
two parts whose state is similar, but of opposite sign; each point 
of one of these parts has a temperature which exceeds the mean 
temperature, and the amount of that excess is proportional to 
the sine of the distance from the origin. Each point of the 
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other part has a temperature less than the mean temperature, 
and the defect is the same as the excess at the opposite point. 
This symmetrical distribution of heat exists throughout the wholo 
duration of the cooling. At the two ends of the heated half, 
two flows of heat are established in direction towards the cooled 
half, and their effect is continually to bring each half of the 
ring towards the mean temperature. 

246. We may now remark that in the general equation which 
gives the value of v, each of the terms is of the form 

(a< sin^ cos ^~ 

We can therefore derive, with respect to each term, consequences 
analogous to the foregoing. In fact denoting by X the distance 
for which the coeflicient 

a. sin t - + h cos t - 
r r 

X 

is aothing, we have tho equation bi = — a, tan* —, and this sub- 

T 

stitntion gives, as the value of the coefficient, 



a being a constant. It follows from this that taking the point 
whose abscissa is X as the origin of co-ordinates, and denoting 
by u the new abscissa a — X, we have, i.s tho expression of tho 
changes of this part of the value of v, tho function 

ae-w sini-e”*"?®. 
r 

If this particular port of the value of v existed alone, so as to 
make the coefficients of all the other parts nul, the state of the 
ring would be represented by the function 

. f.u\ 

<jc "e- r»sin(»-J, 

and the temperature at each point would be proportional to the 
sine of tho multiple % of the distance of this point from the origin. 
This state is analogous to that which we have already dosoiibed: 



224 


THEORY OF HEAT. 


[chap. IV. 


it diflfers from it in that the number of points which have always 
the same temperature equal to the mean temperature of the ring 
is not 2 only, but in general equal to 2i. Each of these points or 
nodes separates two adjacent portions of the ring which are in 
a s im i l a r state, but opposite in sign. The circumference is thus 
found to be divided into several equal parts whose state is alter¬ 
nately positive and negative. The flow of heat is the greatest 
possible in the nodes, and is directed towards that portion which 
is in the negative state, and it is nothing at the points which are 
equidistant from two consecutive nodes. The ratios which exist 
then between the temperatures are preserved during the whole of 
the cooling, and the temperatures vary together very rapidly in 
proportion to the successive powers of the fraction 

If we give successively to i the values 0,1, 2, 3, &c., we shall 
ascertain all the regular and elementary states which heat can 
assume whilst it is propagated in a solid ring. When one of these 
simple modes is once established, it is maintained of itself, and the 
ratios which exist between the temperatures do not change; but 
whatever the primitive ratios may be, and in whatever manner 
the ring may have been heated, the movement of heat can be de¬ 
composed into several simple movements, similar to those which 
we have just described, and which are accomplished all together 
without disturbing each other. In each of these states the tempe¬ 
rature is proportional to the sine of a certain multiple of the dis¬ 
tance from a fixed point. The sum of all these partial temperatures, 
taien for a single point at the same instant, is the actual tempeiu- 
ture of that point. Now some of the parts which compose this 
sum decrease very much more rapidly than the others. It follows 
from this that the elementary states of the ring which correspond 
to different values of i, and whose superposition determines the 
total movement of heat, disappear in a manner one after the 
other. They cease soon to have any sensible influence on the 
value of the temperature, and leave only the first among them to 
exist, in which i is the least of all. In this manner we form an 
exact idea of the law according to which heat is distributed in 
a ring, and is dissipated at its surface. The state of the ring be* 
'omes more and more symmetrical; it soon becomes confounded 
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with that towards which it has a natural tendency, and which con¬ 
sists in this, that the temperatures of the different points become 
proportional to the sine of the same multiple of the arc which 
measures the distance from the origin. The initial distribution 
makes no change in these results. 


SECTION II. 

Of the communication of heat between sei^arate masses. 

247. We have now to direct attention to the conformity of 
the foregoing analysis with that which must be employed to de¬ 
termine the laws of propagation of heat between separate masses; 
we shall thus anive at a second solution of the problem of the 
movement of heat in a ring. Comparison of the two results will 
indicate the true foundations of the method which we have fol¬ 
lowed, in integrating the equations of the propagation of heat in 
continuous bodies. Wo shall examine, in the first place, an ex¬ 
tremely simple case, which is that of the communication of heat 
between two equal masses. 

Suppose two cubical masses m and n of equal dimensions and 
of the same material to be unequally heated; let their respective 
temperatures bo a and b, and let them bo of infinite conducibility. 
If we placed those two bodies in contact, the temperature in each 
would suddenly become equal to the moan temperature ^(a+b). 
Suppose the two masses to bo separated by a very small interval, 
that an infinitely thin layer of the first is detached so as to be 
joined to the second, and that it returns to the first immediately 
after the contact. Continuing thus to be transferred alternately, 
and at equal infinitely small intervals, the interchanged layer 
causes the heat of the hotter body to pass gradually into that 
which is less heated; the problem^is to determine what would bo, 
after a given time, the heat of each body, if they lost at their sur¬ 
face no part of the heat which they contained. We do not suppose 
the transfer of heat in solid continuous bodies to be effected in a 
manner similar to that wliich we have just described; we wish 
only to dctcriniuo by analysis tho result of such an hypothesis. 

Each of tho two masses possessing infinite conducibility, tho 
quantity of heat contained in an infinitely thin layer, is siid- 
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denly added to that of the body with which it is in contact; and a 
common temperature results which is equal to the quotient of the 
sum of the quantities of heat divided by the sum of the masses. 
Let Q) he the mass of the infinitely small layer which is separated 
from the hotter body, whose temperature is a; let a and j3 be the 
variable temperatures which coiTespond to the time t, and whose 
initial values are a and i. When the layer © is separated from the 
mass m which becomes m — ©, it has like this mass the tempera¬ 
ture a, and as soon as it touches the second body affected with the 
temperature /3, it assumes at the same time with that body a 

temperature equal to The layer ©, retaining the last 

temperature, returns to the first body whose mass is m — © and 
temperature a. We fiind then for the temperature after the second 
contact 

f . , /m)3 + a6>\ 

^ ' V m-h© / c.m4*p© 

' ' ' or -;-. 

m m + © 

The variable temperatures a and ^ became, after the interval 
dt, —i8)~, and iS + Ca —these values are found by 
suppressing the higher powers of ©. We thus have 

da = -(a-/3)£ and = 

the mass whicli had the initial temperature /8 has received in one 
instant a quantity of heat equal to md0 or {a—jS) a, ■which has 
been lost in the same time by the first mass. We see by this 
that the quantity of heat which passes in one instant from the 
most heated body into that which is less heated, is, all other things 
being equal, proportional to the actual diiference of temperature 
of the two bodies. The time "being divided into equal intervals, 
the infinitely small quantity ca maybe replaced by Mt, k being the 
number of units of mass whose sum contains a> as many times as 

k 1 

the unit of time contains dt, so that we have - = -r • We thus 

© at 

obtain tbe equations 

dx = -{<t-fi)-dt and d^ = (a-^)-dt 
' ' m ^ ' m 



SECT, n.] 


RECIPROCAL CONDUCIBILITY. 


227 


248. If we attributed a greater value to tbe volume cu, which 
serves, it may be said, to draw heat from one of the bodies 
for the purpose of carrying it to the other, the transfer would 
be quicker; in order to express this condition it would be 
necessary to increase in the same ratio the quantity h which 
enters into the equations. We might also retain the value 
of G) and suppose the layer to accomplish in a given time a 
greater number of oscillations, which again would be indicated 
by a greater value of h. Hence this coefficient represents in some 
respects the velocity of transmission, or the facility with which 
heat passes from one of the bodies into the other, that is to say, 
their reciprocal conducibility. 

249. Adding the two preceding equations, we have 

cZa + = 0, 

and if we subtract one of the equations from the other, we have 
h 

da — dJS + 2 (a — jS) ~ di sa 0, and, making a —iS = 

Tth 

h 

dy 4- 2 — ydt « 0* 

Integrating and detertiiining the constant by the condition that 

the initial value is a - 6, we have y = (a —6) e" . The differ¬ 
ence y of the temperatui'es diminishes as the ordinate of a loga- 

• 1 • , ^ 
nthmic curve, or as the successive powers of the fraction a"» • 

As the values of a and we have 

1 1 mi 1 m 

a = -^(a + h)+-^(a-li)e~m, ^ (a+ i) + |(a-6)e" 

250. In the preceding case, we suppose the infinitely small 
mass to, by means of which the transfer is effected, to bo always 
the same part of the unit of raa.ss, or, which is the same thing, 
we suppose the coefficient k which measures the reciprocal con- 
ducibility to bo a constant quantity. To render the investigation 
in question more general, the constant k must be considered 
as a function of the two actual temperatures a and We should 

then have the two equations di = — and 
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in whicli Je would be equal to a function of a and 0, which we 
denote by ^ (a, j8). It is easy to ascertain the law which 
the variable temperatures a and ^ follow, when they approach 
extremely near to their final state. Let y be a new unknown 
equal to the difference between a and the final value Avhich is 


^(a + b) or 0. 


Let as be a second unknown equal to the difference 


c—j8. We substitute in placo of a and their values c — y and 
c —a; and, as the problem is to find the values of y and a, 
when we suppose them very small, we need retain in the results 
of the substitutions only the first power of y and a. We therefore 
find the two equations, 

-dy=>-{z-y)^^{c-y, o-z)dt 


and 


- <l>(p-y,o-z) dt, 


developing the quantities which are under the sign ^ and omit¬ 
ting the higher powers of y and a. We find dy={z — y)^ 

and dz = — {z — y)~ ^dt. The quantity (f> being constant, it 

follows that the preceding equations give for the value of the 
difference z—y,& result similar to that which we found above for 
the value of a —/8. 

From this we conclude that if the coefficient k, which was 
at first supposed constant, were represented by any function 
whatever of the variable temperatures, the final changes whicli 
these temperatures would experience, during an infinite time, 
would still be subject to the same law as if the reciprocal con- 
ducibility were constant. The problem is actually to determine 
the laws of the propagation of heat in an indefinite number of 
equal masses whose actual temperatures are different. 


251. Prismatic masses n in number, each of which is equal 
to m, are supposed to be arranged in the same straight lino, 
nd affected with different temperatures a, h, o, d, &c.; infinitely 
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thin layers, each of which has a mass q>, are supposed to he 
separated from the different bodies except the last, and are 
conveyed in the same time from the first to the second, from 
the second to the third, from the third to the fourth, and so 
on; immediately after contact, those layers return to the masses 
from which they were separated; the double movement taking 
place as many times as there are infinitely small instants dt ; it 
is required to find the law to which the changes of temperature 
are subject. 

Let a, )8, 7, 8,... ©, bo the variable values which correspond to 
the same time ty and which have succeeded to the initial values 
a, 6, c, d, &c. When the layers to have been separated from the 
n — 1 first masses, and put in contact with the neighbouring 
masses, it is easy to see that the temperatures become 

g (m — (o) ^ (m — ft>) + 7 (m — o?) + 

m —0) * m ^ m ’ 

8 (m — 6)) + 76) m(o 4* ^co 

m ' *** m + G) ' 
or, 

a, /3 + (a-/3)^, 7+03-7)^, 8 h-(7-S)^,...(»+(^-o))^. 

■When the layers w have returned to their former places, 
we find now temperatures according to tho same rule, which 
consists in dividing the sum of tho quantities of heat by the sum 
of tho masses, and we have as tho values of a, j8, 7, B, &c., after 
tho instant dt, 

7 + 0S-7-7^),^»— ® + 

Tho coefficient of — is tho difference of two consecutive dif- 
m 

forenccs taken in tho succcssioix a, jS, 7,... yjr, a. As to tho first 
and last coefiicionts of ~, they may ho considered also as dif¬ 
ferences of the second order. It is suliiciont to suppose tho term 
a to be preceded by a term e(pial to a, and the term a to be 
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followed by a term equal to a. We have then, as formerly, on 
substituting kdt for a>, the following equations; 

d/3 = ^d#{(7-)9)-09-«)}, 

..... 

Jloo^^dt {(o) — c«) — (o) — 


252 . To integrate these equations, we assume, according to 
the known method, 

o ( = 13 =*7 = 

a^, a^, a,,... being constant quantities which must he deter¬ 
mined The substitutions being made, we have the following 
equations: 

^ {(a. 

{(«4 - («. - o^}. 


h 

^ {(«»« - «,)- («. - O.U.,)}. 

If we regard a, as a known quantity, we find the expression 
for Oj, in terms of a, and h, then that of a, in a, and h; the same 
is the case with aU the other unknowns, a^, a^, &c. The first and 
last equations may be written under the form 

k 
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Retaining the two conditions o = Oj and a, = the value 
of o, contains the first power of h, the value of a, contains the 
second power of h, and so on up to which contains the 
n"* power of h. This arranged, becoming equal to o,, we 
have, to determine h, an equation of the degree, and re¬ 
mains undetermined. 

It follows from this that we shall find n values for h, and in 
accordance with the nature of linear equations, the general value 
of a is composed of » terms, so that the quantities a, 7,... &c. 
are determined by means of equations such as 

a = + a/e*" + a "e*'" + &c., 

/S = a.e« + a/e*" + a.V" + &c., 

7 = a,e** + a/e*" + a "e*"* + &c.. 


« = a,e** + a/e*" + a/'e*'‘ + &c. 

The values of h, h', A", &a are n in number, and are equal to 
the n roots of the algebraical equation of the w*"* degree in A, 
which has, as we shall see further on, all its roots real. 

The coeflicionts of the first equation Oj, a/, a/', a/", &c., are 
arbitrary; as for the coefficients of the lower lines, they are deter¬ 
mined by a number n of systems of equations similar to the pre¬ 
ceding equations. The problem is now to form those equations. 

253 . Writing the letter q instead of we have the fol¬ 
lowing equations 

ff*=»ai(!2’ + 2)-a„ 

«»“«»(!? +2)-Oj. 


Wo SCO that those quantities belong to a recurrent series 
whose scale of relation consists of two terms (2 + 2) and — 1. We 





282 


THEORY OF HEAT. 


[chap. IV. 


can therefore express the general term by the equation 

sin mu + B sin (7?i — 1) w, 

determining suitably the quantities A, B, and u. First we find 
A and B by supposing m equal to 0 and then equal to 1, which 
gives (Zo = — B sin ti, and A sin u, and consequently 


a- = —sin mu —r-®- sin \m — 1 j «. 
• sinti sinw ^ ' 


Substituting then the values of 

in the general equation 
we find 

sin mu = (j f 2) sin (m — 1) w — sin [m — 2) % 

comparing which equation with the next, 

sin7ww = 2 cosMsin (m—1) w—sin (tti —2 )w, 

which expresses a known property of the sines of arcs increasing 
in arithmetic progression, we conclude that g+2 = 2costt,or 
^ = — 2 versin u ; it remains only to determine the value of the 
arcu. 

The general value of being 

[sin mu — sin im -1) w], 

we must have, in order to satisfy the condition the 

equation 

sin (w 4* 1) w “ sin M = sin nu - sin (n — 1) u, 

whence we deduce sin tzw = 0 , or = i -, ir being the semi- 

n 

circumference and % any integer, such as 0 , 1 , 2 , 3 , 4 ,... (ti —1 ); 

hm 

thence we deduce the n values of j or . Thus all the roots 

of tho equation in A, which give the values of h, 1 i, 

0 real and negative, and are furnislicd by the equations 
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A = — 2 — versin (o , 
m \nj 

h'= — 2 — versin fl , 
m \nj 

A" = — 2 — versin f2 - V 
m \nj 

~ ^ ^ versin |(n — 1) . 

Suppose then that we have divided the semi-circumference ir 
into n equal parts, and that in order to form v, we take i of those 
parts, i being less than n, we shall satisfy the differential equations 
by taking a, to be any quantity whatever, and making 

sinM —sinOa -^nwinu 
a = a--:- e "* , 


^«=Oj 


sin 2a — sin la 
sin a 


- ~ yendn u 

e 


9 


sin3w~sin2tf “ 
7 = -TTT-::-« 


smti 


> 


O) 


sin —siix(n —1) u 

sinu 


-^vonlna 

6 


As there are n different arcs which wo may take for u, 
namely, 


0 - 

n 


1 -. 2^, 
n ^ n 


(n-l)- 
^ ' n 


I 


there are also n systems of particular values for a, 13 , 7, &c., 
and the general values of these variables are the sums of the 
particular values. 


234 . We see first that if the arc u is nothing, the qxiantitics 

which multiply a, in the values of a, l 3 , 7, Sco., become all equal 

, .. . sin — sin Ow ^ ^ . .. 

to unity, since-■:-takes the value 1 when the arc 21 

sm 

vanishes; and the same is the case with the quantities which arc 
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found in the following equations. From this we conclude that 
constant terms must enter into the general values of a, ... a. 


Further, adding all the particular values corresponding to 
«, )8, 7, ... &c., we have 


o+i8 + 7+&c, = 


smnu 

a. - 

sintt 



u 

i 


an equation whose second member is reduced to 0 provided the 
arc u does not vanish; but in that case we should find n to be 

the value of . We have then in general 
sin w 

a + + 7 + = 

now the initial values of the variables being a, h, c, &c., we must 
necessarily have 

fia, = a 4 * i + c + &c.; 

it follows that the constant term which must enter into each of 
the general values of 

a, /8, 7, ... ft) is ^ (a + 6 + c 4 * &c.), 


that is to say, the mean of all the initial temperatures. 

As to the general values of a, A 7> ••• expressed 

by the following equations; 


1 , , . os siuM-sinOt^ _-~v«iinu 

a= — (a4’6’f*c4" &c.) + di 
n ^ 


+ hi 


+ <^i 

+ &c, 


sm u 

sinw' —sinOw' 

-:—?- e 

sin u 

sin w" — sin 

-e 


sin w 


1. SI 

/9=i(a + 6 + c + &c.)+ai - 


sin 2m— sinu -®v«nlnu 


sm u 


, siu2w' —sinw 

4 - 6 i-:—7- e ^ 

^ sm w 

sin 2 u" — sin u” - venin tt" 


4 -Cl 
4- &c., 


smt6 
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I / . , , . » ... sm 8 m — sm 2w - - «isiii» 

(y = -(a-t.5 + fl + <Sbc.) + a,-;- e ”• 

n ' sm M 

, siu 3 m' — sin 2 m' 

-r-;-e “ 

* siriM 

, sin 3 m" — sin 2 m" -“voBtou- 

+ Ci- TT—T, -6 


sin M 


H- &c.. 


1, , , , , o. ^ , /sin MM — sin (»— 1) M\ 

n' \ sm M ) 

^ . / sin wm' — s in ( ra — 1 ) m' *! -“vminu' 
\ sin m' / 


■f &c. 


/• sin nu" — sin (» — 1) m" \ -S^^mninu' 
sin m" / *” 


255. To determine the constants a, h, c, wo must 

consider the initial state of the system. In fact, -when the time 
is nothing, the values of a, /3, y, &c. must bo equal to a, b, o, Sco.; 
we have then n similar equations to determine the n constants. 
The quantities 

sinu-sinOtt, sin2M—sinM, sinSM—sin2M,..., sin «m— sin («—1) m, 

may be indicated in this manner, 

AsinOM, AshiM, Asin2u, Asin3!«,... Asin(M —1) m; 

the equations proper for the determination of the constants are, 
if the initial mean temperature be represented by 0, 

a = 0+ai + bi + c^ + &c. 


j _ A sm M , 7 A sin . A sin m . „ 

b = u + ai—. -ho,—: / -hr,--h&c,, 

sinM sinw ‘ BUiM ' 


^ ri,„ Asin2w , . A sin 2m' , A sin 2m" ^ 


Bin u 


d 


« , A sin 3w . , 

C7-ha, - .-4-6 

smu 


A sm .Jm , A am 3m 

•. ■ , - -h C - 

sm M sm u 


-h &c., 


&c. 
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The quantities Oj, Ji, c,, and C being determined by these 
equjitions, wo know completely the values of the variables 

«) A 7j 

We can in general effect the elimination of the unknowns in 
these equations, and determine the values of the qxiantities 
a, h, c, d, &c., even when the number of equations is infinite; we 
shall employ this process of elimination in the following articles. 


256. On examining the equations which give the general 

values of the variables a, /3, y .o>, we see that as the time 

increases the successive terms in the value of each variable de¬ 
crease very unequally: for the values of u, u', u", u'", &c. being 


n 



4^ 

n 




the exponents versin u, versin u, versin versin u'", &c. 
become greater and greater. If we suppose the time t to be 
infinite^ the first term of each value alone exists, and the tempera¬ 
ture of each of the masses becomes equal to the mean tempera¬ 
ture ^(a + 54-c+...&c). Since the time t continually increases, 

each of the terms of the value of one of the variables diminishes 
propoxtioDally to the successive powers of a fraction which, for the 

_ , — "iranlnti , , - .-^venlni** 

second term, is e " • , for the third term e ” , and so on. 

He greatest of these fractions being that which corresponds to 
the least of the values of u, it follows that to ascertain the law 
which the ultimate changes of temperature follow, we need con¬ 
sider only the two first terms; all the others becoming incom¬ 
parably smaller according as the time t increases. Tho ultimate 
variations of the temperatures a, y3, y, &c. are therefore expressed 
by the following equations: 


a = -(a + 5 + c4- &c.) + Ui 


sin u — sin Om -^moau 
sin« ® ’ 


n 


sin — sin u vonin u 
+ «! -:- e “ , 


sinu 
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257 . If we divide the semi-circumference into n equal parts, 
and, having drawn the sines, take the difference hetween two 
consecutive sines, the n differences are pi-oportional to the co- 

. * _5*fvor8lnM 

emcients of e , or to the second terms of the values of 

For this reason the later values of a> ^8, 7...0) are 
such that the differences between the final temperatures and the 

... 1 

mean initial temperature -(a + & + c + &c.) are always propor- 

7h 

tional to the differences of consecutive sines. In whatever 
manner the masses have first been heated, the distribution of 
heat is effected finally according to a constant law. If we 
measured the temperatures in the last stage, when they differ 
little from the mean temperature, we should observe that the 
difference between the temperature of any mass whatever and the 
mean temperature decreases continually according to the succes¬ 
sive powers of the same fraction; and comparing amongst them¬ 
selves the temperatures of the different masses taken at the same 
instant, we should see that the differences between the actual 
temperatures and the mean temperature are proportional to the 
differences of consecutive sines, the semi-circumference having 
been divided into n equal parts. 

258 . If we suppose the masses which communicate heat to each 
other to be infinite in number, we find for the arc u an infinitely 
small value; hence the differences of consecutive sines, taken on 
the circle, are proportional to the cosines of the corresponding 

- sin — sin (w — 1) w . , . -u xi 

arcs: for --—^- — is equal to cosmz^, when the 

arc u is infinitely small. In this case, the quantities whose tem¬ 
peratures taken at the same instant differ from the mean tempera¬ 
ture to which they all must tend, are proportional to the cosines 
which correspond to different points of the circumference divided 
into an infinite number of equal parts. If the masses which 
transmit heat are situated at equal distances from each other on 
the perimeter of the semi-circumference tt, the cosine of the arc at 
the end of which any one mass is placed is the measure of the 
quantity by which the temperature of that mass differs yet from 
the mean tomperaturo. Thus the body placed in the middle of 
all the others is that which arrives most quickly at that mean 
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temperature; those which are situated on one side of the middle, 
all have an excessive temperature, which surpasses the mean 
temperature the more, according as they are more distant from 
the middle; the bodies which are placed on the other side, all 
have a temperature lower than the mean temperature, and they 
differ from it as much as those on the opposite side, but in con¬ 
trary sense. Lastly, these differences, whether positive or negative, 
all decrease at the satne time, proportionally to the successive 
powers of the same fraction; so that they do not cease to be repre¬ 
sented at the same instant by the values of the cosines of the 
same semi-circumference. Such in general, singular cases ex¬ 
cepted, is the law to which the ultimate temperatures are subject. 
The initial state of the system does not change these results. We 
proceed now to deal with a third problem of the same kind as the 
preceding, the solution of which will furnish us with many useful 
renaarks. 

259. Suppose n equal prismatic masses to be placed at equal 
distances on the circumference of a circle. All these bodies, 
enjoying perfect conducibility, have known actual tempemtures, 
different for each of them; they do not permit any part of the 
heat which they contain to escape at their surface; an infinitely 
thin layer is separated from the first mass to be united to the 
second, which is situated towards the right; at the same time a 
parallel layer is separated from the second mass, carried from left 
to right, and joined to the third; the same is the case with all the 
other masses, from each of which an infinitely thin layer is sepa¬ 
rated at the same instant, and joined to the following mass. 
Lastly, the same layers return immediately afterwards, and are 
united to the bodies from which they had been detached. 

Heat is supposed to be propagated between the masses by 
means of these alternate movements, which are accomplished 
twice during each instant of equal duration; the problem is to 
find according to what law the temperatures vary: that is to say, 
the initial values of the temperatures being given, it is required to 
ascertain after any given time the new temperature of each of the 
masses. 

We shall denote by a^, ag,,..a<...a^ the initial temperatures 
hose values are arbitrary, and by o^, a,, ctj...the values of 
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the same temperatures after the time t has elapsed. Each of the 
quantities a is evidently a function of the time t and of all the 
initial values it is required to determine the 

functions a. 

260. We shall represent the infinitely small mass of the layer 
which is carried from one body to the other by ca. We may 
remark, in the first place, that when the layers have been separated 
from the masses of which they have formed part, and placed re¬ 
spectively in contact with the masses situated towards the right, 
the quantities of heat contained in the ditferent bodies become 
(m - 0)) {m - m) a^, + {m - ©) (^n — ©) 

+ ( 0 %^^; dividing each of these quantities of heat by the mass m, 
we have for the now values of the temperatures 

. 

(«t.i - «i),- oe, + ^ (a^, - o„); 

that is to say, to find tho new state of the temperature after the 
first contact, we must add to the value which it had formerly the 

product of ^ hy the excess of the temperature of the body 

from which tho layer has been separated over that of the body to 
which it has been joined. By the same rule it is found that the 
temperatures, after the second contact, are 

Cl) / * G> , X 

«»(«.-»- 

The time being divided into equal instants, denote by dt the 
duration of tho instant, and suppose ® to bo contained in k 
^luits of masjs as many times as dt is contained in the units of 
time, wo thus have a-kdt. Calling da^, da^, daj...da„...da„ tho 
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infinitely small increments which the temperatures a,, .of„ 

receive during the instant dt, we have the following differential 
equations: 

le 

h 

h 

h 

1c 

*i)* 

261. To solve these equation^ we suppose in the first place^ 
according to the known method. 

The quantities 6^, 6g,... are undetermined constants, as 

also is the exponent A. It is easy to see that the values of 
a^, of,,...a^ satisfy the differential equations if they are subject to 
the following conditions: 

5.^ = ^(6«-25.+ 6^, 

hm 

Let q = -^, we have, beginning at the last equation, 

6 .= 5»(3 + 2 )- 6 ..,. 

^«=&*(3 + 2)-Ji, 

^<= (3 + 2 ) — h^, 

5»=^-i(2 + 2)-5„^. 



SECT. IX.] 


PAETXCTrLAE SOLimOK. 


241 


It follows from this that we may talre, instead of 6,,... 
5„...6,,the n consecutire sines which are obtained by dividing the 
whole circumference 27r into n equal parts. In fact, denoting the 

arc 2- hj u, the quantities 

sin Ow, sin 1m, sin 2m, sin 3m, , sin (m - 1) m, 

whose number is n, belong, as it is said, to a recurring series 
whose scale of relation has two terms, 2 cos u and — 1: so that 
we always have the condition 

sin ia = 2 cos u sin (i — 1) m — sin (i — 2) m. 

Take then, instead of 6^ quantities 

sin Om, sin 1m, sin 2m, .. , sin (n — 1) m, 

and we have 

2*7X* 

g + 2 = 2 cos M, g = — 2 versin m, or g = — 2 versin — . 


We have previously written g instead of so that the value 

w . 2k .2' 
h 18 -versin - 

m Ti 

of and h we have 


of h is — ^ versing; substituting in the equations these values 


flj s= sin One 


Oj = sin 1 m6 


a, — sin 2ue 


. . _ —— roniu “ 

«,—sm(n—l)«e "* " 

262. The last equations furnish only a very particular solu¬ 
tion of the problem proposed; for if we suppose t = 0 we have, as 
the initial values of a^, Oj, ot,,... a,,, the quantities 
sin Om, sin 1m, sin 2m, ... sin (n-1)«, 

which in general differ from the given values m,, a,, a,, ...a,: 
but the foregoing solution deserves to be noticed because it ex¬ 
presses, as we shall see presently, a circumstance which belongs to 
all possible cases, and represents the ultimate variations of the 
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temperatures. "We see by this solution that, if the initial tem¬ 
peratures o,, a,, Wg,... a„, were proportional to the sines 


. . 27r . , 2Tr • oStt . . Stt 

smO —, sml —, sm2 —, ... smfn —1)—, 
n » n ' 'n 


they would remaiii continually proportional to the same sines, and 
we should have the equations 


, = Oge'", 

= ft. 


V , . 27r 

where A = — versin — . 

m n 


For this reason, if the masses which are situated at equal dis¬ 
tances on the circumference of a circle had initial temperatures 
proportional to the perpendiculars let fall on the diameter 
which passes through the first point, the temperatures would 
vary with the time, hut remain always proportional to those per¬ 
pendiculars, and the temperatures would diminish simultaneously 
as the terms of a geometrical progression whose ratio is the 

—— wtrin — 

fraction s’" ** 


263. To form the general solution, we may remark in the 
first place that we could take, instead of A,, ... the n 
cosines corresponding to the points of division of the circumference 
di'dded into % equal parts. The quantities cos Ow, cos lu, cos 2w,... 

27r 

cos (n — 1) w, in which u denotes the arc —, form also a recurring 

series whose scale of relation consists of two terms, 2 cos u and — 1, 
for which reason we could satisfy the differential equations, by 
means of the following equations. 
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Independently of the two preceding solutions we could select 
for the values of &a> ••• Kf quantities 

8in0.2t«, sinl.2t£, sin 2 . 22 /^ sin 3.2!^,Bin(n-l)2t£; 
or else 

cos 0 . 22 f, cosl.2te> cos2.2t4, cos3.2u^«.., cos(9i —l)2u. 

In fact, each of these series is recurrent and composed of n 
terms; in the scale of relation are two terms, 2 cos 2 u and — 1; 
and if we continued the series hoyond n terms, we should find n 
others respectively equal to the n preceding. 

In general, if we denote the arcs 

^ 27r - 27r ^ 27r . ^ v 27r « 

0 ***' (^4—1) , &c,, 

nun n 

by Mj,we can take for the values of b^, 6,,... b, 

the n quantities, 

sin OUt, sin sin 2u«, sin Su„sin (n — 1) u,; 

or else 

cos Ott,, cos lu„ cos 2 k„ cos 3«„.cos (n — 1) 

The value of h corresponding to each of these series is given by the 
equation 

, 2fe 

A =-versin %. 

m 

We can give n different values to i, from i = 1 to i = n. 

Substituting these values of b, . ■. b«i in the equations 
of Art. 261, we have the differential equations of Art. 260 satisfied 
by the following results: 


cq — sin Ou^e 
Oj = sin 
0 , = sin 2u,e 


ora, = cosOM,e 

•mSz- voniiitii 

a, = co3l«,e "* , 

veninwi 

5= COS zu^e , 


a. = sin (n — 1) 


a^== cos {n•-l)u^e 


—^ VMllO III 
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264. The equations of Art. 260 could equally he satisfied by 
constmctiug the values of each one of the variables eq, a,, a,,... 
out of the sum of the several particular values which have been 
found for that variable; and each one of the terms which enter 
into the general value of one of the variables may also be mul¬ 
tiplied by any constant coefficient. It follows from this that, 
denoting by A,, J5„ J5„ A,, J?,,... any coefficients 

whatever, we may take to express the general value of one of the 
variables, for example, the equation 

nl 

*» 4 -l (-^1 + A ® ** ” "** 

, . . _ . ~ voran ua 

+ (Aj Sin m«g + cos muj e 


+ (A, sin mw, -f B, cos inuj e 


-verBinu^ 


The quantities A^, A ^,... A^, B^, B ^,... B^, which 

enter into this equation, are arbitrary, and the arcs u^, u ^,... 
are given by the equations: 


, 27r 


27r 


27r 


0—, = , ^3 = 2—, (w-l) 


n 


n 


27r 

n ' 


The general values of the variables a^, a,, Oj,... are then 
expressed by the following equations: 


ttj 5* (aIj sin OWj + jBj cos e 

+ (J., sin OWj -I- cos e 


-^verslnwi 


-?5.^vo»InKa 


+ (ulj sin 0^3 + jBg cos e 

+ &C.; 

ttg = {A^ sin + B^ cos e 

+ (ilj sin + B^ cos Iwj) e 


versin Wj 


versin wi 


-?5^vor8in«a 


+ {A^ sin Iwg + J?8 ® ** 

+ &C.; 


~ versin Wa 
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Og — (- 4 ^ sin cos 2w,) e ” 

vorsintt, 

+ sin 2 mj + jBg cos 2wJ e *” 

venln «! 

+ (A^ sin 2wj + jBg cos 2^3) e ” 

+ &c. \ 


= [A^ sin (n — 1) + JS^ cos {n - 1) wj e 

+ [A^ sin (n-1) + B^cos (w-1) u^} e 

+ {-43sin(7i-l)w3 +j5aCOs(n-l)z43}e 

+ &c. 


verulii «i 
n 


—2 versin w» 


vorsin 


m 


«i 


266. If we suppose the time nothing, the values a^, a^, ofj,... 
must become the same as the initial values csg, ^ 3 ,... a^. We 
derive from this n equations, which serve to determine the coeffi¬ 
cients B^, A^, jSj, J 3 , i? 3 .... . It will readily be perceived that 
the number of unknowns is always equal to the number of equa¬ 
tions. In fact, the number of terms which enter into the value 
of one of these variables depends on the number of different 
quantities versin versin versin W 3 , &c., which we find on 

dividing the circumference 27r into n equal parts. Now the 

, .... . /vStt . - 27r • o Stt 

number of quantities versin 0— , versm 1 —, versin 2 —, &c., 

* n Tl 1h 

is very much less than n, if we count only those that are 
different. Denoting the number n by 2» +1 if it is odd, 
and by 2 i if it is oven, i 4-1 always denotes the number 
t>f different versed sines. On the other hand, when in the 

. . - A _ 27r . _ 2 rr _ 

senes of quantities versin 0—, versm 1 —, versin 2 — , &c., 

* n 71' u 




wo come to a versed sine, versin X—, equal to one of the former 

1% 


S'TT 

versin V — , the two terms of the equations which contain this 

71 

versed sine form only one term; the two different arcs uy and 
«*,, which have the same versed sine, have also the same cosine, 
and the sines differ only in sign. It is easy to see that the 
arcs «A and wv, which have the same versed sine, are such that 



246 


THEOST OF HEAT. 


[CHAP. IV. 


the cosine of any multiple whatever of is equal to the cosine 
of the same multiple of and that the sine of any multiple 
of Mx differs only in sign from the sine of the same multiple 
of Ux'. It follows from this that when we unite into one the 
two corresponding terms of each of the equations, the two un¬ 
knowns .dx and d-x', which enter into these equations, axe replaced 
by a single unknown, namely dx-dx-. As to the two unknown 
JSx and 5x' they also are replaced by a single one, namely J5x + -Bx ;: 
it follows from this that the number of unknowns is equal in all 
cases to the number of equations; for the number of terms is 
always i +1. We must add that the unknown d disappears of 
itself from the first terms, since it is multiplied by the sine of 
a nul arc. Further, when the number n is even, there is found 
at the end of each equation a term in which one of the unknowms 
disappears of itself, since it multiplies a nul sine; thus the 
number of unknowns which enter into the equations is equal 
to 2 (i +1) — 2, when the number n is even; consequently the 
number of unknowns is the same in all these cases as the number 
of equations. 


266. To express the general values of the temperatures 
«i> «8 foregoing analysis furnishes us with tho equa¬ 

tions 

Oj= fdjSinO.O—+5j0os0.0—'je "" « 

H-fd. Bin 0.1 + S. cos 0.1 a" ^ ‘ 

fd, sin 0 .2 — -I-5, cos 0 .2 — ) 

\ n ® nj 

4“ &G., 

^ I venJnO- 

a 2 =M.iSml.O-H-o-COsl.O —]e « « 

“V n ^ n J 

4ML3sml.l-|-jD«cosl,l —\e » 

-I- sin2.2 — -I- jBj cos2.2 —\ e~ * » 
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a^= sin 2.0 — + cos 2.0 

+ sin 2.1 ^ cos 2.1 

( 9_ 

-dg sin 2.2 — + ^3 COS 2.2 


27r^ versta 0 ^ 

nj 

27r\ vorsln 1 ?? 

—) a *» « 

n J 

2Tr\ verain 2 ?? 

— a «• « 

n ) 


+ &c., 

sin (n — 1) 0 ^ cos (n — 1) 0 e «* ^ “ 

+ julg sin (w — 1) 1 ^ + 5gC0s (n —1)1 ^ » 

f. .. -.^27r „ , -.Q 2'7r') versin 2 ^ 

+ -jJ.jSin (n—1)2—+i?gCOs(7i —1)2 —« " 

+ &o...(/t). 


To form these equations, we must continue in each equation 

the succession of terms which contain versin 0 — , versin 1 — , 

« » 

2‘ir 

versin 2 — , &c. until we have included every different versed 
n 

sine; and we must omit all the subsequent terms, commencing 
with that in which a versed sine appears equal to one of the 
preceding. 


The number of these equations is n. If n is an even number 
equal to ii, the number of terms of each equation is i +1; if » 
the number of equations is an odd number represented by 2i+1, 
the number of terms is still equal to i +1. Lastly, among the 
quantities A^,B^,A^,B^, &c., which enter into those equations, 
there are some which must be omitted because they disappear of 
themselves, being multiplied by nul sines. 


267. To determine the quantities A^, B^, A^, jB,, J.,, jB,, &o., 
which enter into the preceding equations, wo must consider the 
initial state which is known: suppose t = 0, and instead of 
“i. «s. «B> given quantities ttj, a,, &o., which are 

the initial values of the temperatures. Wo have then to determine 
A^, J5j, A^, jB,, A^, jB„ &c., the following equations: 
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a,=^,sm0.0-+ J,sm0.1— +^8in0.2—+ &C. 
n ^ » ® n 

+ B, cos 0.0 ^ + 5, cos 0.1 — + 5. cos 0. 2 — + &C. 

n ^ n * n 

«s = A 1 *0 -4, sin 1.1 — + J.g sin 1.2 — + &c. 

+ BjCos1.0^ + B,cos 1.1 —+BgCosl.2—+ & 0 . 

«j = sin 2.0 ^ sin 2 • 1 — + J. Etin 2.2 — + &c. 

n ^ n ® n 

+ B,cos2.0^+Bgcos2.1 ^+B,cos2.2^ + &c. 

o, * ^,sin(n -1)0 ^ +A, dn (n -1) 1 ^ sin(» -1)2 ^ + &c. 

+ Bjcos (n -1)0 ^+B,cos (»-l)l ^ +B, cos («-l)2 ^+&c. 


.(m). 


268. In these equations, whose number is w, the unknown 
quantities are A^, A^, A^, 5^, &c., and it is required to 

effect the eliminations and to find the values of these unknowns. 
We may remark, first, that the same unknown has a different 
multiplier in each equation, and that the succession of multipliers 
composes a recurring series. In fact this succession is iiiat of the 
sines of arcs increasing in arithmetic progression, or of the cosines 
of the same arcs; it may be represented by 

sin Ou, sin sin 2», sin 3w, sin [n - 1) w, 
or by cos Ow, cos Iw, cos 2 u, cos 3 m, ... cos (n — 1) u. 

The arc Mis equal to if the unknown in question is A^^^ 

or B^^. This arranged, to determine the unknown A^^^ by means 
of the preceding equations, we must combine the succession of 
equations with the series of multipliers, sin Om, sin 1m, sin 2m, 
sinSM,... sin(M —1 )m, and multiply each equation by the cor- 
sponding term of the series. If we take the sum of the equa- 
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tions tlms multiplied, we eliminate all the unknowns, except 
that which is required to be determined. The same is the case 
if we wish to find the value of we must multiply each 
equation by the multiplier of in that equation, and then take 
the sum of all the equation s. It is requisite to prove that by 
operating in this manner we do in fact make all the unknowns 
disappear except one only. For this purpose it is sufficient to shew, 
firstly, that if we multiply term by term the two following series 

sin Ou, sin lu, sin 2u, sin 3w,,sin (n — 1) u, 
sin (h;, sin Iv, sin 2v, sin Sv, ... sin (?i — 1) v, 
the sum of the products 

sin Om sin Ov + sin lu sin 1?; + sin 2 u sin 2 v + &c. 

is nothing, except when the arcs u and v are the same, each 
of these arcs being otherwise supposed to be a multiple of a part 

2‘7r • 

of the circumference equal to — ; secondly, that if we multiply 
term by term the two series 

cos cos lu, cos 2 u ,... cos (ti — 1) u, 
cos Ov, cos Iv, cos 2v, ... cos [n — 1) v, 

the sum of the products is nothing, except in the case when 
li is equal to v \ thirdly, that if we multiply term by term the two 
scries 

sin Ow, sin lu, sin 2u, sin 3w,... sin — 1) u, 
cos Ov, cos Iv, cos 2v, cos 3v, ... cos (n — 1) v, 
the sum of the products is always nothing. 

27r 

269. Let us denote by j the arc ^ , by iiq the arc u, and by 

vq the arc V; /A and v being positive integers less than w. The 
product of two terms corresponding to the two first series will 
be represented by 

or | cos -|cos jO + 

the letter j denoting any term whatever of the scries 0, 1, 2, 3... 
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(» — 1); now it is easy to prove that if we give toj its n successive 
values, from 0 to (» — 1), the sum 

1 cos0(/t — cos 1 (/i—v)q+ | cos2 (/a—v) j 

+ |cos3 (jj, — v)q+ ... + |coa(n —v)gr 
has a nul value, and that the same is the case with the series 

2 cos 0 (/i + r) g + i cos 1 (/* + j>) j +1 cos 2 (/i + v) j 

+ 1 cos 3 (ji4 +v)g+ ... + |cos(ra —1) (/i + v)g. 


In fact, representing the arc (/* — v) g by a, which is consequently 
• Stt 

a multiple of —, we have the recuxring series 

cos Oa, cos la, cos 2a,... cos (n — 1) a, 
whose sum is nothing. 


To shew this, we represent the sum by s, and the two terms of 
the scale of relation being 2 cos a and — 1, we multiply successively 
the two members of the equation 

8 = cos 0a + cos 2a + cos 3a +... +cos (w — 1) a 

by — 2 cos a and by +1; then on adding the three equations we 
find that the intermediate tei’ms cancel after the manner of re¬ 
curring series. 


If we no^r remark that n% being a multiple of the whole cir¬ 
cumference, the quantities cos (w -1) a, cos (n ~ 2) a, cos (n - 3) a, 
&c. are respectively the same as those- which have been denoted 
by cos (— a), cos (— 2a), cos (— 3a),... &c. we conclude that 

2fi — 2s cos a = 0; 

thus the sum sought must in general be nothing. In the same 
way we find that the sum of the terms due to the development of 
i cos j q is nothing. The case in which the arc represented 

by a is 0 must be excepted; we then have 1 - cos a = 0; that is 
to say, the arcs u and v are the same. In this case the term 
^ cosj (/A -f v) y still gives a development whose sum is nothing; 
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but the quantity ^ cosy furnishes equal terms, each of 

which has the value ; hence the sum of the products term by 
term of the two first series is 

In the same manner we can find the value of the sum of the 
products term by term of the two second series, or 

S (cos cosjVg’); 

in fact, we can substitute for cos jfMq cos jvq the quantity 
J cosy (/X- z/) q + icosy (/jl+v) q, 

and we then conclude, as in the preceding case, that S Jcosy Ql6+v) q 
is nothing, and that S-J cosy (yt — v) j is nothing, except in the case 
where fi — v. It follows from this that the sum of the products 
term by term of the two second series, or 2 (cosy/^g^ cosyi/jy), is 
always 0 when the arcs u and v are different, and equal to 

when = V. It only remains to notice the case in which the arcs 

fjLq and vq are both nothing, when we have 0 as the value of 

S (sin j/tj sin> 2 ), 

which denotes the sum of the products term by term of the two 
first series. 

The same is not the case with the sum % {cos jfjuq cos jvq) taken 
when fiq and vq are both nothing; the sum of the products term 
by term of the two second series is evidently equal to n. 

As to the sum of the products term by term of the two series 
sin Ouy sin Iti, sin 2 u, sin 3w, ,sin {n -1) u, 

cos Ou, cos lu, cos 2 u, cos 3w, ... cos (n — 1) w, 

it is nothing in all ctises, as may easily bo ascertained by the fore¬ 
going analysis. 

270. Tlio comparison then of these scries furnishes the follow¬ 
ing results. If we divide the circumference 27r nito n equal 
parts, and take an arc u composed of an integral number /a of 
those parts, and mark the ends of the arcs u, 3?/,... (ti— 1 )% it 
follows from the known properties of trigonometrical quantities 
that the quantities 

sin Ow, sin sin 2?^, sin 3u,... sin — 1) u, 
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or indeed 

cos Ou, cos \u, cos 2u» cos 8u,... cos (« — 1) 
form a recurring periodic series composed of n terms: if we com¬ 
pare one of the two series corresponding to an arc « or 

Stt 

with a series corresponding to another arc v ot v and 

multiply term by term the two compared series, the sum of the 
products will be nothing when the arcs u and v are different. If 
the arcs u and v are equal, the sum of the products is equal to Jn, 
when we combine two series of sines, or when we combine two 
series of cosines; but the sum is nothing if we combine a series of 
sines with a series of cosines. If we suppose the arcs u and v to 
be nul, it is evident that the sum of the products term by term is 
nothing whenever one of the two .series is formed of sines, or when 
both are so formed, but the sum of the products is if the com¬ 
bined Series both consist of cosines. In general, the sum of the 
products term by term is equal to 0, or Jn or w; known formulae 
would, moreover, lead directly to the same results. They are pro¬ 
duced here as evident consequences of elementary theorems in 
trigonometry. 


271. By means of these remarks it is easy to effect the elimi¬ 
nation of the unknowns in the preceding equations. The unknown 
disappears of itself through having nul coefidcients; to find 
we must multiply the two members of each equation by the co¬ 
efficient of in that equation, and on adding all the equations 
thus multiplied, we find 


+ C&0 + ... + = JSj. 

To determine we must multiply the two members of each 
equation by the coefficient of -4, in that equation, and denoting 
27r 

the arc — by we have, after adding the equations together, 

sin Og + a, sin Ijf + Oj sin 2g +... + a., sin (ji — 1) g = i « ri,. 
Similarly to determine we have 
cosOg + a, cos Ig + o, cos2g -I-... 4-a„cos (w- l)g = ^ nB^. 
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la general we coaid find eacli unknown by multiplying the 
two members of each equation by the coefficient of the unknown 
in that equation, and adding the products. Thus we arrive at the 
following results: 

n5j = Oj +a, H-ttg +&c.= Sao 

gd.j=asinO— +aaSinl— 4a,sin2— +&c.=2aiSin(i—1)1—, 

n T, „2w 1 2ir , o ^tt . » - -._27r 

55,= a,co80— +a,cosl— +o,cos2— +&c.=Sa 4 Cos(t—l)l—, 
2*‘ n * n * n 

g.dg=a,8in0.2— + a.sinl.2 —+ o-sin 2.2 —+&c.=2oiSin(f — I) 2 —, 
2®^ n* n® n '^'n 

5 J5j= a, cos 0.2 a. cosl. 2 —+ a,cos 2.2 —+ &&=!Sa, cos (i—I) 2 —, 

2®‘ »* »® n 

5 J S3 a. sin 0.3 —+ a,sinl, 3 — + a. sin 2.3 —+&c.=2aj sin (i — I) 3 — , 
2®‘ n* «® n ^'n 

5 .B.=a, cos 0.3 —+agC08l. 3 —+ a. cos 2.3 —+&c.=Sa< cos (i—I) 3 ^, 
2** »® n* n 

&c .(M). 

To find the development indicated by the symbol X, we must 
^ve to f its successive values 1, 2, 3, 4, &c., and take the sum, 
in which case wo have in general 

gil,=Xa<sin(f-l)(j—1)^ and =Xa,cos(i-l)(y-l)^. 

If we give to the integer y* all the successive values 1, 2, 3, 4, 
&a which it can take, the two formulm give our equations, and if 
we develope the term under the sign X, by giving to i its n values 
1, 2, 3, ... n, we have the values of tho unknowns J.,, A^, 

A^, &c., and the equations (m), Art. 267, are completely solved. 

272, Wo now substitute tho known values of the coefficients 
Ag, Sg, Ag, J5g, &«., in equations (ju). Art. 266, and obtain 
the following values: 
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a, = iV, + (Ml sin ji+cos jj) e* 

+ (Mg sin j, + Mg cos g,) e + &c, 

a, = Mg + (Mj sin 2^1 + Mj cos 22’i) e *** 

+ (Mg sin 22, + Mg cos 22,) e ‘ ™"‘" *• + &c. 


a, = Mg + {Ml sin (j -1) 2 i + cos (j -1) 2i} e ‘ ™"‘“ ®‘ 

+ {Mg sin (j — 1) 2 j + -^a cos (j -1) 2,} e * + &c. 


ag = Mg+ {MjSin (w — 1) 2i + MiCos (m — 1) 2i} 

+ {Mg sin (n — 1) 2a + ■^a c®® (™ “ 2a} e*“ + &o. 

In these equations 


_li _ 27r j, 27r o ^ 

e = e «, j =1 —, gi ==2 —, 2a“3 —,&c., 
-*•* n * n n 


Mg=-;sa., 

•^i = ^Sa,cos (i-1) 2i, 

Mg=|2o(cos(i-l)2j, 

M, = ?2a.cos (1-1)28. 

7h 

&c. 


Mi = -2o,sin(i-l) 2 ,, 
2 

Mg = -2a,sin(t-l)2s, 

Mg = ? Seisin (1-1)28, 
&c. 


273. The equations which we have just set down contain the 
complete solution of the proposed problem; it is represented by 
the general equation 


a, = ^2a,+[^|sin(j- 1) ^ 2a<sin (»-1)^ 

+ ?cos(j —1) ^2o»cos(i—1)^J 

+ [|sin (i-1) 2 ^ 20 , sin (i-1) 2^ 

+^cos {j — 1) 2^2(14 cos (i — 1) 2 » 

+ &<3.(e), 
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in 'Rrhich only kno^vn quantities enter, namely, a^, Og, o, ... a„, 
which are the initial temperatures, h the measure of the con- 
ducibility, m the value of the mass, n the number of masses 
heated, and t the time elapsed. 

From the foregoing analysis it follows, that if several equal 
bodies n in number are arranged in a circle, and, having received 
any initial temperatures, begin to communicate heat to each other 
in the manner we have supposed; the mass, of each body being 
denoted by m, the time by t, and a certain constant coefficient by 
Jc, the variable temperature of each mass, which must be a function 
of the quantities t, m, and k, and of all the initial temperatures, 
is given by the general equation (e). We first substitute instead 
oi j the number which indicates the place of the body whose 
temperature wo wish to ascertain, that is to say, 1 for the first 
body, 2 for the second, &c.; then with respect to the letter t which 
enters under the sign S, we give to it the n successive values 
1, 2, 3, ... ra, and take the sum of all the terms. As to the 
number of terms which enter into this equation, there must be 
as many of them as there are different versed sines belonging to 
the successive axes 


0?:, 

n 


1 ^, 2 ?=;, 

n n 


3^,&c., 


that is to say, whether the number n be equal to (2\+1) or 2\ 
according as it is odd or oven, the number of terms which enter 
into the general equation is always X +1. 


274. To give an example of the application of this formula, 
let us suppose that the first mass is the only one which at first 
was heated, so that the initial temperatures ... are all 

nul, except the first. It is evident that the quantity of heat 
contained in the first mass is distributed gradually among all the 
others. Hence the law of the communication of heat is expressed 
by the equation 




-gw n 

n 



cos {j - 1) 


3 


2ir —I^TOnlnS—. J 
— 6 • »+&C, 

n 
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If the second mass alone had been heated and the tempera¬ 
tures Uj, Ug, a^, ... were nul, we should have 

1 , 2 f . . . 27r . 27r 

' n n 

-v27r 27r] -“^vorsiui — 

+ cos(?-l)—cos —ye »» ” 

' 71 n) 

2 f . / . f \ ft Stt . ft 27r 

+ - aJ am (j - 1 ) 2 — sm 2 — 
n * n n 

, . -. ft 27r ft 27r] — ^ vereln 2 ^ 

+ cos( 7 — 1)2— COS 2— \e ** 

' 71 71 j 

+ &c., 

and if all the initial temperatures were supposed nul, except 
Uj and ttg, we should find for the value of U; the sum of the values 
found in each of the two preceding hypotheses. In general it is 
easy to conclude from the general equation (e), Art. 273, that in 
order to find the law according to which the initial quantities of 
iheat are distributed between the masses, we may consider sepa¬ 
rately the cases in which the initial temperatures are nul, one only 
tacepted. The quantity of heat contained in one of the masses 
may be supposed to communicate itself to all the others, regarding 
the latter as affected with nul temperatures; and having made 
this hypothesis for each particular mass with respect to the initial 
heat which it has received, we can ascertain the temperature of 
any one of the bodies, after a given time, by adding all the 
temperatures which the same body ought to have received on 
each of the foregoing hypotheses. 

276. If in the general equation (s) which gives the value of 

ttj, we suppose the time to be infinite, we find % = ^2 a<, so that 

each of the masses has acquired the mean temperature; a result 
which is self-evident. 

As the value of the time increases, the first term - 2 a* 

becomes greater and greater relatively to the following terms, or 
to their sum. The same is the case with the second with respect 
to the terms which follow it; and, when the time has become 
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considerable, the value of aj is represented without sensible error 
by the equation, 

^ 2a. + ? |sin (j -1) ^ ta, sin (i -1) 

+ cos (j — 1)So. cos (i — 1) e~'” 

277 

Denoting by a and b the coeflSlcients of sin (j — 1) — and of 
cos {j — 1) ^, and the fraction by co, we have 


1 ^ . f • / • T \ ^TT 

«i==-Sci< + jasm — 


+ 6cos(j-l)^|®‘. 


The quantities a and b are constant, that is to say, independent 
of the time and of the letter j which indicates the order of the 
mass whose variable temperature is aj. These quantities are the 
same for all the masses. The difference of the variable tempera¬ 


ture OLj from the final temperature ^ decreases therefore for 

each of the masses, in proportion to the successive powers of the 
fraction o). Each of the bodies tends more and more to acquire 


1 

the final temperature ~ % at, and the difference between that 

final limit and the variable temperature of the same body ends 
always by decreasing 'according to the successive powers of a 
fraction. This fraction is the same, whatever be the body whose 
changes of temperature are considered; the coefdcient of or 


(a sin Uj + b cos Uj), denoting by Vj the arc {j — 1) —, may be put 

Vb 

under tlio form J. sin (w^-f i?), taking A and J? so as to have 
a = cos jS, and & = sin B. If we wish to determine the 
coefficient of of with regard to the successive bodies whose 
temperature is q,^, &c., we must add to Uj the arc 

27r 27r 

-- or 2 —, and so on; so that we have the equations 


aj — ^Sai = .4 sin (B +«/) ®* + &c. 

^U\~\ 2^ = sin ^jB + w/ +1 o* + &c. 
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0 ,^^ — ” = il sin 4* % + 2 G)^ + &c. 

o^— ^2a< = -4.sin ^B + %+3^^a)* + &o, 

&c. 


276 . We see, by these equations, that the later differences 
between the actual temperatures and the final temperatures are 
represented by the preceding equations, preserving only the first 
term of the second member of each equation. These later differ¬ 
ences vary then according to the following law: if we consider 
only one body, the variable difference in question, that is to say^ 
the excess of the actual temperature of the body over the final 
and common temperature, diminishes according to the successive 
powers of a fraction, as the time increases by equal parts; and, if 
we compare at the same instant the temperatures of all the 
bodies,, the difference in question varies proportionally to the suc¬ 
cessive sines of the circumference divided into equal parts. The 
temperature of the same body, taken at different successive equal 
instants, is represented by the ordinates of a logarithmic curve, 
whose axis is divided into equal parts, and the temperature of 
each of these bodies, taken at the same instant for all, is repre¬ 
sented by the ordinates of a circle whose circumference is divided 
into equal parts. It is easy to see, as we have remarked before, 
that if the initial temperatures are such, that the differences of 
these temperatures from the mean or final temperature are pro¬ 
portional to the successive sines of multiple arcs, these differences 
will all diminish at the same time without ceasing to be propor¬ 
tional to the same sines. This law, which governs also the initial 
temperatures, will not be disturbed by the reciprocal action of the 
bodies, and will be maintained until they have all acquired a 
common temperature. The difference will diminish for each body 
according to the successive powers of the same fraction. Such is 
the simplest law to which the communication of heat between a 
succession of equal masses can bo submitted. When this law has 
once been established between the initial temperatures, it is main¬ 
tained of itself; and when it does not govern the initial tempera¬ 
tures, that is to say, when the differences of these temperatures 
^om the mean temperature are not proportional to successive 
'es of multiple arcs, the law in question tends always to be set 
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up, and the system of variable temperatures ends soon by coin¬ 
ciding sensibly with that which depends on the ordinates of a 
circle and those of a logarithmic curve. 

Since the later diflferences between the excess of the tempera¬ 
ture of a body over the mean temperature are proportional to 
the sine of the arc at the end of which the body is placed, it 
follows that if we regard two bodies situated at the ends of the 
same diameter, the temperature of the first will surpass the mean 
and constant temperature as much as that constant temperature 
surpasses the temperature of the second body. For this reason, if 
we take at each instant the sum of the temperatures of two 
masses whose situation is opposite, wo find a constant sum, and 
this sum has the same value for any two masses situated at the 
ends of the same diameter. 

277. The formulae which represent the variable temperatures 
of separate masses are easily applied to the propagation of heat 
in continuous bodies. To give a remarkable example, we will 
determine the movement of heat in a ring, by means of the 
general equation which has been already set down. 

Let it be supposed that n the number of masses increases suc¬ 
cessively, and that at the same time the length of each mass 
decreases in the same ratio, so that the length of the system has 
a constant value equal to 27r. Thus if n the number of masses 
be successively 2 , 4, 8 , 1C, to infinity, each of the masses will 

be TT, g, &c. It must also bo assumed that the 

facility with which heat is transmitted increases in the same 
ratio as the number of masses thus the quantity which k 
represents when there are only two masses becomes double when 
there are four, quadruple when there are eight, and so on. 
Denoting this quantity by 5 ^, we see that the number/c must be 
successively replaced by g, 2 y, 4^, &c. If wo pass now to the 
hypothesis of a continuous body, wo mxist write instead of ?n, the 
value of each infinitely small mass, the element ; instead of w, 

27r 

the number of masses, we must write ^ ; instead of k write 
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As to the initial temperatures a^, o,, they depend on 

the value of the arc a, and regarding these temperatures as the 
successive states of the same variable, the general value a| repre* 
sents an arbitrary function of x. The index i must then be 

replaced by^. With respect to the quantities Oj, a,, a„ ..., 

these are variable temperatiires depending on two quantities 
a and <. Denoting the variable by v, we have v = <j> {x, t). The 
index j, which marks the place occupied by one of the bodies, 

should be replaced by Thus, to apply the previous analysis to 

the case of an infinite number of layers, forming a continuous 
body in the form of a ring, we must substitute for the quanti¬ 
ties n, m, Je, Of, i, a^, j, their corresponding quantities, namely, 

^ substitutions be 

made in equation (e) Art. 273, and let ^ da? be written instead 


of versin dm, and i and j instead of % — 1 and J— 1 . The first 
term i Sof becomes the value of the integral ^ J/(®) ^ taken from 

fl. = 0 to a! = 2 w; the quantity sin(j-l)^ becomes sinjda! or 


sin a?; the value of cos (/—I) cos® 5 thatof^Sajsin(i— 1 )^ 


is sin aidx, the integral being taken firom ® = 0 to ®=27r; 

2 iir 1 f 

and the value of - Soj cos (i — 1 ) — is — J / (®) cos x dx, the 

integral being taken between the same limits. Thus we obtain 
the equation 


ij>(x,t)^v=-^jf(x)dx 


^ sin a J/ (®) sin xdx +cos ® J/ (x) cos xdx 


+ ^sin 2® Jf(x) sin2®d®-(-cos2®J f (®) cos 2® (Z®^ 

+ &c. (E) 
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TTV 


= I//(»)«*»+( sin® sin xdx+cosxjf(x) cos xda^ e~^ 

^sin2xj/(x)siD2xdai+coa2xjy(x) cos 2xda^ 


+ 

+ &C. 


278. This solution is the same as that which was given in the 
preceding section, Art. 241; it gives rise to several remarks. 1st. 
It is not necessary to resort to the analysis of partial differential 
equations in order to obtain the general equation which expresses 
the movement of heat in a ring. The problem may be solved for 
a definite number of bodies, and that number may then be sup¬ 
posed infinite. This method has a clearness peculiar to itself, and 
guides our first researches. It is easy afterwards to pass to a 
more concise method by a process indicated naturally. We see 
that the discrimination of the particular values, which, satisfying 
the partial differential equation, compose the general value, is 
derived from the known rule for the integration of linear differ¬ 
ential equations whose coefficients are constant. The discrimina¬ 
tion is moreover founded, os we have seen above, on the physical 
conditions of the problem. 2nd. To pass from the case of separate 
masses to that of a continuous body, wo supposed the coefficient k 
to be increased in proportion to n, the number of masses. This 
continual change of the number k follows from what wo have 
formerly proved, namely, that the quantity of heat which flows 
between two layers of the same prism is proportional to the value 

of ^, ® denoting the abscissa which corresponds to the section, 

and V the temperature. If, indeed, wo did not suppose the co¬ 
efficient k to incroaso in proportion to the number of masses, but 
wore to retain a constant value for that coefficient, we should 
find, on making n infinite, a result contrary to that which is 
observed in continuous bodies. The diffusion of heat would be 
infinitely slow, and in whatever manner the mass was heated, the 
temperature at a point would suffer no sensible change during 
a finite time, which is contmry to fact. Whenever we resort to 
the consideration of an infinite number of sepaiato mossos which 
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transmit heat, and wish to pass to the case of continuous bodies, 
we must attribute to the coefficient A?, which measures the velocity 
of transmission, a value proportional to the number of infinitely 
small masses which compose the given body. 


3rd. If in the last equation which we obtained to express the 
value of or ^ (ru, t), we suppose ^ = 0, the equation necessarily 
represents the initial state, we have therefore in this way the 
equation (p), which we obtained formerly in Art. 233, namely, 




j . + sin^rj /(x)sinxdx+Bin2aJf(x)sin2a!diX! + &c. 

+ cos a? I /(ai) coaxda}+coB2x /(x) coB2xdx + &c. 


Thus the theorem which gives, between assigned limits, the 
development of an arbitrary function in a series of sines or cosines 
of multiple arcs is deduced from elementary rules of analysis. 
Here we find the origin of the process which we employed to 
make all the coefficients except one disappear by successive in¬ 
tegrations from the equation 


0 (a?) = a 




sin 03 •+• Uj, sin 2o;4*a8sin 3o? + &c. 
cos x^\ cos 2x -f- S 3 cos Sx + &c. 


These integrations correspond to the elimination of the different 
unknowns in equations (m), Arts. 267 and 271, and we see clearly 
by the comparison of the two methods, that equation (B), Art. 279, 
holds for aU values of 03 included between 0 and 27r, without its 
being established so as to apply to values of 05 which exceed those 
limits. 


279. The function ^ {x, t) which satisfies the conditions of 
the problem, and whose value is determined by equation (E), 
Art. 277 , may be expressed as follows: 

27r^(x,t) = jda/(a) + {2 8mxjchcf(a)3ma+ 2co8xjda/(a)coBa}e“^^ 

- 1 - { 2 sin 2 oJ Jdaf(a)Biji2a+2co82xJda/(a)coB2a}e'‘^^^ 

-H { 2 sin 3 o 5 jdaef(a)8m8x+2co33xJdct/(a)cos3a}e'^^^-h &c. 
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or 27r^ (oj, t)-J da/(a) {1 + (2 sin a? sin a 4- 2 cos a cos a) 

+ (2 sin 2a; sin 2a + 2 cos 2aj cos 2a) 6“^^ 

+ (2 sin 3a? sin 3a + 2 cos 3a; cos 3a) 6"^*^ + &c.} 

= J ^a/(a) [1 4- 22 cos i (a — a?) 6""^^. 

The sign 2 affects the number i, and indicates that the sum 
must be taken from z = 1 to i = oo. We can also include the 
first term under the sign 2, and we have 

27r<^(a?,i^) = Jc2a/(a)2t«cosz (a-a?) 

We must then give to i all integral values from — co to + oo; 
which is indicated by'writing the limits — oo and + oo next to the 
sign 2, one of these values of i being 0. This is the most concise 
expression of the solution. To develope the second member of the 
equation, we suppose z = 0, and then z = l, 2, 3, &c., and double 
each result except the first, which corresponds to ^=*0. When 
t is nothing, the function <f> (os, necessarily represents the initial 
state in which the temperatures are equal to / (a?), we have there¬ 
fore the identical equation, 

/ (®) = ^/o i (“ - ®).(®)' 

We Lave attached to the signs j and t the limits between 

which the integral sum must bo taken. This theorem holds 
generally whatever ho the form of tho function/(») in the in¬ 
terval from aj = 0 to a; =» 27r; the same is the case with that which 
is expressed by tho equations which give the development of F (a), 
Art 235; and we shall see in tho sequel that we can prove directly 
tho truth of ceiuation (B) independently of tho foregoing con¬ 
siderations. 


280. It is easy to see that tho problem admits of no solution 
different from that given by equation (E), Art 277. Tho function 
<j> («, t) in fact completely satisfied tho conditions of tho problem, 

and from the nature of the differential equation ^ ^ ^ 




264 


THEOSY OF HEAT. 


[chap. IV. 


other function can enjoy the same property. To convince our¬ 
selves of this we must consider that when the first state of the 

Sa) 

solid is represented by a given equation =/(®), the fluxion 


is known, since it is equivalent to k . Thus denoting by 

dv 

or Vj *’‘Ti dt, the temperature at the commencement of the 


second instant, we can deduce the value of from the initial 
state and from the differential equation. We could ascertain in 
the same manner the values v^, of the temperature at 

any point whatever of the solid at the beginning of each instant. 
Now the function (f) (x, t) satisfies the initial state, since we have 
ij> (a, 0) = f{x). Further, it satisfies also the differential equation; 
consequently if it were differentiated, it would give the same 

, - dv. dv^ dv^ n 1 -t v /. 

values for &c., as would result from successive 


applications of the differential equation (a). Hence, if in the 
function <f) (a?, t) we give to t successively the values 0, q>, 20 , 
3a>, &c., o denoting an element of time, we shall find the same 
values &c. as we could have derived from the initial 


state by continued application of the equation ^ ^ • 


Hence 


every function {x, t) which satisfies the differential equation and 
the initial state necessarily coincides with the function ^ (a?, t): 
for such functions each give the same function of x, when in them 
we suppose t successively equal to 0, o, 2®, 3© ... ia>, &c. 


We see by this that there can be only one solution of the 
problem, and that if we discover in any manner a function {x, t) 
which satisfies the differential equation and the initial state, we 
are certain that it is the same as the former function given by 
equation (E). 


281. The same remark applies to all investigations whose 
object is the varied movement of heat; it follows evidently from 
the very form of the general equation. 

For the same reason the integral of the equation 
can contain only one arbitrary function of x. In fact, when a 
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value of V as a function of x is assigned for a certain value of 
the time t, it is evident that all the other values of v which 
correspond to any time whatever are determinate. We may 
therefore select arbitrarily the function of ®, which corresponds 
to a certain state, and the general function of the two variables 
« and t then becomes determined. The same is not the case 

with the equation 'which was employed in the 

preceding chapter, and which belongs to the constant movement 
of heat; its integral contains two arbitrary functions of x and y : 
but we may reduce, this investigation to that of the varied move¬ 
ment, by regarding the final and permanent state as derived from 
the states which precede it, and consequently from the irtitinl 
state, which is given. 

The integral which wo have given 

^ J ixf (a) cos * (a — a) 

contains one arbitrary function /(as), and has the same extent as 
the general integral, which ako contains only one arbitrary func¬ 
tion of a;; or rather, it is this integral itself arranged in a form 
suitable to the problem. In fact, the equation v^=f{x) represent¬ 
ing the initial state, and v = tj>{x, t) representing the variable 
state which succeeds it, wo see from the very form of the heated 
solid that the value of v docs not change when x ± 12^ is written 
instead of «, i being any positive integer. The function 

2 " Sc"*'** cos i (a—x) 

satisfies this condition; it represents also the initial state when 
wo suppose t = 0, since wo then havo 

/ (w) = A Jax/ (a) S cos i (a - as). 


an equation which was proved above. Arts. 235 and 279, and is 
also easily verified. Lastly, tho same function satisfies the difier- 


cutial equation 


■Wliatcver ho the value of t, the 


temperature v is given by a very convctg(mt scries, and tho different 
terms represent all the partial movements which combine to form 
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the total movement. As the time increases, the partial states of 
higher orders alter rapidly, but their influence becomes inappre¬ 
ciable; so that the number of values which ought to be given to 
the exponent i diminishes continually. After a certain time the 
system of temperatures is represented sensibly by the terms which 
are found on giving to i the values 0, ± 1 and ± 2, or only 0 

and + 1, or lastly, by the first of those terms, namely, ^ jcZa/(a); 

there is therefore a manifest relation between the form of the 
solution and the progress of the physical phenomenon which has 
been submitted to analysis. 

282. To arrive at the solution we considered first the simple 
values of the function v which satisfy the differential equation: 
we then formed a value which agrees with the initial state, and 
has consequently all the generality which belongs to the problem. 
We might follow a different course, and derive the same solution 
from another expression of the integral; when once the solution 
is known, the results are easily transformed. If we suppose the 
diameter of the mean section of the ring to increase infinitely, the 
function <f> (a?, t), as we shall see in the sequel, receives a different 
form, and coincides with an integral which contains a single 
arbitrary function under the sign of the definite integral. The 
latter integral might also be applied to the actual problem; but, 
if we were limited to this application, we should have but a very 
imperfect knowledge of the phenomenon; for the values of the 
temperatures would not be expressed by convergent series, and 
we could not discriminate between the states which succeed each 
other as the time increases. The periodic form which the problem 
supposes must therefore be attributed to the function which re¬ 
presents the initial state; but on modifying that integral in this 
manner, wo should obtain no other result than 

(x, 0 = cos i (a—a?). 

From the last equation we pass easily to the integral in 
question, as was proved in the memoir which preceded this work. 
It is not less easy to obtain the equation from the integral itself. 
These transformations make the agreement of the analytical 
results more clearly evident; but tliey add nothing to the theory, 
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and constitute no different analysis. In one of the following 
chapters we shall examine the different forms which may ho 

d*o 

assumed by the integral of the equation ^ ^ j relations 

which they have to each other, and the cases in which they ought 
to be employed. 

To form the integral which expresses the movement of heat in 
a ring, it was necessary to resolve an arbitrary function into a 
series of sines and cosines of multiple arcs; the numbers which 
affect the variable under the symbols sme and cosme are tho 
natural numbers 1, 2, 3, 4, &c. In the following problem the 
arbitrary function is again reduced to a scries of sines; but tho 
coefficients of the variable under the symbol dne are no longer 
the numbers 1, 2, 3, 4, &c.: these coefficients satisfy a definite 
equation whose roots are all incommensurable and infinite in 
number. 


Note on Sect, I, Chap, TV, Guglielmo Libri of IFlorence •was tho first to 
investigato the problem of the movomont of hoat in a ring on tho hypothoBis of 
the law of cooling established by Dnlong and Petit. Soo his MCnwirc mr la 
thSorie de la chaleur, Orollo’s Journal, Band VII., pp. 110—131, Berlin, 1831. 
(Bead before tho Frunoh Aoadomy of Scioncos, 1825.) M. Libri made the solution 
depend upon a series of partial dilloroutial ciiuations, treating thorn as if they 
were linear. The equations have boon disoussod in a difloront manner by 
Mr Kelland, in his Theory of Heat, pp. 69—^76, Cauibridgo, 1837. Tho principal 
result obtained is that the mean of tho temperatures at opposite ends of any 
diameter of the ring is tho same at tho samo instant. [A. F.] 



CHAPTER V. 

OJT THE FROPAaA.T10N OF HEAT IN A SOLID SPHEfiE. 


SECTION I. 
General sohxtian.. 


283. The problem of the propagation of heat in a sphere has 
been explained in Chapter II., Section 2, Article 117; it consists 
in integrating the equation 

dt~ ’ ^ a dx) ’ 

so that when x=X the integral may satisfy the condition 


dx 


+ hv = 0, 


k denoting the ratio ^, and h the ratio ^ of ^he two con- 
ducibilities; v is the temperature which is observed after 


the time t has elapsed in a spherical layer whose radius is x\ 
X is the radius of the sphere; v is a function of x and t, which is 


equal to F{x) when we suppose i = 0. The function F{x) is 
given, and represents the initial and arbitrary state of the solid 


If we make y = vx, y being a new unknown, we have, 
after the substitutions, = thus we must integrate the 


last equation, and then take v = ^. We shall examine, in the 

X 

first place, what are the simplest values wliich can bo attributed 
to y, and then form a general value which will satisfy at the same 
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time the differential equation, the condition relative to the 
surface, and the initial state. It is easily seen that when these 
three conditions are fulfilled, the solution is complete, and no 
other can be found. 


284. Let y = u being a function of a?, we have 

, d^u 
mu =5 k ^ . 

First, we notice that when the value of i becomes infiinite, the 
value of V must be nothing at all points, since the body is com¬ 
pletely cooled. Negative values only can therefore be taken for 
m. Now k has a positive numerical value, hence we conclude 
that the value of is a circular function, which follows from the 
known nature of the equation 

'I 

mu = k^. 


Let u^Acoanx + Bsmtuo; we have the condition m — — 
Thus we can express a particular value of v by the equation 


V 


g-UH 

SB 


(A cos nx+B sin nx), 


where n is any positive number, and A and B are constants. We 
may remark, first, that the constant A ought to be nothing; for 
the value of v which expresses the temporaturo at the centre, 
when we make x = 0, cannot bo infinite; honco the term A cosnx 
should be omitted. 


Further, the number n cannot bo taken arbitrarily. In fact, 
if in the definite equation ^ ^ “ 0 substitute the value 

of V, we find 

tue cos nx-t- (hx—1) sin»ia5=s0. 

As the equation ought to hold at the surface, we shall suppose 
in it a;=Z the radius of the sphere, which gives 


nX 

tan nX 


= l~fcX 


Let X be the number 1 — hX, and nX = e, we have r—^ *= \. 

' tan e 

We must therefore find an arc e, which divided by its tangent 
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gives a known quotient \ and afterwards take It is 

evident that there arc an infinity of such arcs, which have a given 
ratio to their tangent; so that the equation of condition 


nX 

tojinX 




has an infinite number of real roots. 


285. Graphical constructions are very suitable for cxhi])iting 
the nature of this equation. Let u = tan e (fig. 12), be the etpxatiou 


Fig. 12. 



to a curve, of which the arc e is the abscissa, and u the ordinate; 

and let be the equation to a straight line, whoso co-ordinates 

are also denoted by e and u. If wo eliminate u from those two 

equations, we have the proposed equation - = tan e. The un- 

known e is therefore the abscissa of the point of intersection of 
the curve and the straight line. This curved line is composed of 
an infinity of arcs; all the ordinates corresponding to abscissa: 

^ 3 5 7 „ 

2’^’ 2 ^^’ 2"^’ 

are infinite, and all those which correspond to the points o, w, 
27r, 377, &c. are nothing. To trace the straight lino wlioso 

equation is w = l = we form the square olwl, and 

measuring the quantity hX from a to h, join tho point h with 
e ongiu 0 . The curve non whose equation is « = tan e has for 
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tangent at the origin a line which divides the right angle into two 
equal parts, since the ultimate ratio of the arc to the tangent is 1. 
We conclude from this that if X or 1— hX is a quantity less than 
unity, the straight line mom passes from the origin above the 
curve non, and there is a point of intersection of the straight line 
with the first branch. It is equally clear that the same straight 
line cuts all the further branches mtn, n2im, &c. Hence the 

equation r-= X has an infinite number of real roots. The 

^ tan 6 

97 * 

first is included between 0 and the second between v and 

the third between and and so on. These roots 

approach very near to their upper limits when they aro of a very 
advanced order. 

286. If wc wish to calculate the value of one of the roots, 
for example, of the first, we may employ tlie following rule: write 

£ 

down the two equations e = arc tan u and » s-rc tan xt, de¬ 
noting the length of the arc whose tangent is u. Tlicn taking 
any number for u, deduce from the first equation the value of e; 
substitute this value in the second equation, and deduce another 
value of u ; substitute the second value of u in the first equation; 
thence we deduce a value of e, which, by means of the second 
equation, gives a third valuo of «. Substituting it in the first 
equation we have a now valuo of e. Continue thus to determine 
tt by the second equation, and e by the first. The operation gives 
values more and more nearly approaching to the unknown e, as is 
evident from the following construction. 

In fact, if the point u correspond (see fig. 13) to the ai’bitraiy 
value which is a.ssigned to the ordinate u ; and if we substitute 
this valuo in the firet equation e = arc tan «, the point e will 
correspond to the abscissa which wc have calculated by means 
of this equation. If this abscissa e be substituted in the second 

equation u = *■, wo shall find an ordinate v! which corresponds 

to the point u'. Substituting «' in the first equation, wo find an 
abscissa e' which corresponds to the point e'; this abscissa being 
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then substituted in the second equation gives rise to an ordinate 
w', which when substituted in the first, gives rise to a third 
abscissa e", and so on to infinity. That is to say, in order to 
represent the continued alternate employment of the two pre- 


Fig. 13. Fig. 14. 



ceding equations, we must draw through the point u a horizontal 
line up to the curve, and through e the point of intersection draw 
a vertical as far as the straight line, through the point of inter¬ 
section u draw a horizontal up to the curve, through the point of 
intersection € draw a vertical as far as the straight line, and so on 
to in fin ity, descending more and more towards the point sought. 

287. The foregoing figure (13) represents the case in which 
the ordinate arbitrarily chosen for u is greater than that which 
corresponds to the point of intersection. If, on the other hand, we 
chose for the initial value of a smaller quantity, and employed 

in the same manner the two equations e = arc tan u, w = -, we 

X. 

should again arrive at values successively closer to the unknown 
value. Figure 14 shews that in this case we rise continually 
tow^(k &e point of intersection by passing through the points 
U€U e u e , &c, which terminate the horizontal and vertical lines. 
String from a value of u which is too small, we obtain quantities 
€€ € € , &c. which converge towards the unknown value, and are 
smaller than it; and starting from a value of u which is too great, 
-e obtain quantities which also converge to the unknown value! 
d each of which is greater than it. We therefore ascertain 
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successively closer limits between the which magnitude sought is 
always included. Either approximation is represented by the 
formula 


e ss... arc tan - arc tan -I- arc tan (- arc tan 


i)}]- 


When several of the operations indicated have been effected, 
the successive results differ less and less, and we have arrived at 
an approximate value of e. 

288. We might attempt to apply the two equations 

€ = arctant^ and w = r 


in a different order, giving them the form tt = tane and € = 

We should then take an arbitrary value of e, and, substituting it 
in the first equation, we should find a value of u, which being 
substituted in the second equation would give a second value of 
€; this new value of e could then be employed in the same 
manner as the first. But it is easy to see, by the constructions 
of the figures, that in following this course of operations we 
depart more and more from the point of intersection instead of 
approaching it, as in the former case. The successive values of e 
which we should obtain would diminish continually to zero, or 
would increase without limit. We should pass successively from 
€" to v!\ from w" to e, from e' to from to e, and so on to 
infinity. 

The rule which we have just explained being applicable to the 
calculation of each of the roots of the equation 


tane 


which moreover have given limits, we must regard all these roots 
as known numbers. Otherwise, it was only necessary to be as¬ 
sured that the equation has an infinite number of real roots. 
We have explained this process of approximation because it is 
founded on a remarkable construction, which may be usefully 
employed in several cases, and which exhibits immediately the 
nature and limits of the roots; hut the actual application of the 
process to the equation in question would be tedious; it would be 
easy to resort in practice to some other mode of approximation. 
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289. We now know a particular form which may be given to 
the function v so as to satisfy the two conditions of the problem. 
This solution is represented by the equation 

gin gin yix 

V =- or t? = ®-. 

X nx 


The coefficient a is any number whatever, and the number n is 
such that — 1 — AX It follows from this that if the 
initial temperatures of the different layers were proportional to 


the quotient 


sin Tia; 
nx ' 


they would all diminish together, retaining 


between themselves throughout the whole duration of the cooling 
the ratios which had been set up; and the temperature at each 
point would decrease as the ordinate of a logarithmic curve whose 
abscissa would denote the time passed. Suppose, then, the arc e 
being divided into equal parts and taken as abscissa, we raise at 
each point of division an ordinate equal to the ratio of the sine to 
the arc. The system of ordinates will indicate the initial tem¬ 
peratures, which must be assigned to the different layers, from the 
centre to the surface, the whole radius X being divided into equal 
parts. The arc e which, on this construction, represents the 
radius X, cannot be taken arbitrarily; it is necessary that tlie 
arc and its tangent should be in a given ratio. As there are 
an infinite number of arcs which satisfy this condition, we might 
thus form an infinite number of systems of initial temperatures, 
which could exist of themselves in the sphere, without the ratios 
of the temperatures changing during the cooling. 


290. It remains only to form any initial state by moans of 
a certain number, or of an infinite number of partial states, each 
of which represents one of the systems of temperatures which we 
have recently considered, in which the ordinate varies with the 
distance x, and is proportional to the quotient of the sine by the 
arc. The general movement of heat in tlae interior of a sphere 
will then be decomposed into so many particular movements, each 
of which is accomplished freely, as if it alone existed. 

Denoting by &a, the quantities which satisfy the 

nJSl 

•'quation ^ X~ ^ supposing them to be arranged in 
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order, beginning mth the least, we form the general equa* 
tion 

vx = sin n^a? + sin 4 - sin + &c. 

If t be made equal to 0, we have as the expression of the 
initial state of temperatures 

= Oj sin + a* sin + % sin n^x 4- &c. 

The problem consists in determining the coefficients o,, a^, a, 
&c., whatever be the initial state. Suppose then that we know 
the values of v from ® = 0 to ® = X, and represent this system of 
values by F{x); we have 

^(a) = - (Oi sin 4-sin n,® 4 - <*3 sin m,® 4- sin n^x 4- &a)^ .. (e). 

(27 

291. To determine the coefficient o,, multiply both members 
of the equation by ® sin »® <2®, and integrate hrom ® = 0 to ® = X 

The integral Jsinm® sin n® d!® taken between these limits is 

(— msin nX cos »?iX 4 -» sin mXcos nX). 

If m and n are numbers chosen from the roots n^, n^, 

TlJC 

See., which satisfy the equation 

mX nX 
tan mX tan nX’ 

or m cos mXsin nX— n sin mX cos »X = 0. 

We see by this that the whole value of the integral is nothing; 
but a single case exists in which tho integral does not vanish, 

namely, when m = n. It then becomes ^; and, by application of 

known rules, is reduced to 

3 X-sin 2 »X. 

2 4i7i 

1 Of the possibility of roprosonting an arbitraxy funotion by a sories of this 
form a demonstraftion has boon given by Sir W. Thomson, Camb^ Math. Jounuilt 
VoL ni. pp, 26—27. [A. 3?.] 
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It follows from this that in order to obtain the value of the 
coefficient a^, in equation (e), we must write 


2 J^sinwjo; , 

the integral being taken from aj == 0 to a? = Similarly we have 


2 Ja?sin F(x)dx^a^(^X — ^sin . 


In the same manner all the following coefficients may be deter¬ 


mined. It is easy to see that the definite integral 2 jx sin nxF(x)dx 


always has a determinate value, whatever the arbitrary function 
F (a;) may be. If the function F (x) be represented by the 
variable ordinate of a line traced in any manner, the function 
a!F(x) sianx corresponds to the ordinate of a second line which 
can easily be constructed by means of the first. The area bounded 
by the latter line between the abscissse ir = 0 and x = X determines 
the coefficient a^, i being the index of the order of the root n. 


The arbitrary function F(pi) enters each coefficient under the 
sign of integration, and gives to the value of v all the generality 
which the problem requires; thus we arrive at the following 
equation 


2 


sin n^xjx sin n^x F (x) dx 

X-^«m2n,jr 




sin, n£B I® sin n,® F (®) doa 

+ ’■ ■ ' g-*".** + 

sin 2 71,Z 


This is the form which must he given to the general integral 
of the equation 

^_-u(d'‘v 2dv\ 
dt X dx) ’ 

in order that it may represent the movement of heat in a solid 
here. In fact, all the conditions of the problem arc obeyed. 
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1 st, The partial differential equation is satisfied; 2nd, the quantity 
of heat which escapes at the surface accords at the same time with 
the mutual action of the last layers and with the action of the air 

on the surface; that is to say, the equation ^+Aa5 = 0, which 


each part of the value of v satisfies when x = X, holds also when 
we take for v the sum of all these parts; 3rd, the given solution 
agrees with the initial state when we suppose the time nothing. 


292. The roots n*, Bj, &c. of the equation 

are very unequal; whence we conclude that if the value of the 
time is considerable, each term of the value of « is very small, 
relatively to that which precedes it. As the time of cooling 
increases, the latter parts of the value of v cease to have any 
sensible influence; and those partial and elementary states, which 
at first compose the general movement, in order that the initial 
state may be represented by them, disappear almost entirely, one 
only excepted. In the ultimate state the temperatures of the 
different layers decrease from the centre to the surface in the 
same manner as in a circle the ratios of the sine to the arc 
decrease as the arc increases. This law governs nattually the 
distribution of heat in a solid sphere. When it begins to exist, 
it exists through the whole duration of the cooling. Whatever 
the function F{x) may bo which represents the initial state, the 
law in question tends continually to bo established; and when the 
cooling has lasted some time, we may without sensible error 
suppose it to exist. 

293. We shall apply the general solution to the case in 
which the sphere, having been for a long time immersed in a 
fluid, has acquired at all its points the same temperature. In 
this case the function F{x) is 1, and tho determination of the 
coefficients is reduced to integrating cosmKxdx, from « = 0 to 
as=X: the integral is 

sin nX—nX cos nX 
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Hence the value of each coefficient is expressed thus : 

_ 2 si n nX—nX c os nX 
~ n «X—sinwXcosnX’ 

the order of the coefficient is determined hy that of the root n, 
the equation which gives the values of n being 

mX cos nX , , _ 

sin nX 

We therefore find 

^^2_ %X 

n raXcosec mX—cos nX' 

It is ea^ now to form the general value which is given by the 
equation 

•Pa! __ e~***'**sinw,a! _ g-AmS _^ 

2Xh ni(niXcosec»ijX—oosnjX)^nj(«jXcosecrajX—cosWgX) 

Denoting by e,, e,, e„ &c. the roots of the equation 


and supposing them arranged in order beginning with the least j 
replacing WjX, n,X, «,X, &c. hy e„ e,, e,, &o., and writing instead 
K h 

of h and A their values and we have for the expression of 

the variations of temperature during the cooling of a solid sphere, 
which was once uniformly heated, the equation 


2A ^ 


SjO! Sj cosec — cos 
X 


. e,a! 

®“x 


- ^ si# 


Sjcosece,-cose, 
X 


Nott. The prohlem of the sphere has been very completely disctiBSod by 
Riemann, ParHeUe D^erentialgleiehungen, §| 61-69. [A. F.] 
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Different remarks on this solution. 

294. We will now explain some of the results which may be 
derived from the foregoing solution. If we suppose the coeflScient 
A, which measures the facility with which heat passes into the air, 
to have a very small value, or that the radius X of the sphere is 
very small, the least value of e becomes very small; so that the 


equation 


tan e K 


is reduced to 


hX 

TT" 


2 . 

3AX 


or, omitting tlie higher powers of e, e* = . On the other 

hand, the quantity — cos e becomes, on the same hypothesis. 


2AX 

K • 


And the term 


sm ^ 

_ U 

ex 

X 


ex 


is reduced to 1. On making these 


substitutions in the general equation we have v^e + &c. 
We may remark that the succeeding terms decrease very rapidly 
in comparison with the first, since the second root n^ is very much 
greater than 0; so that if either of the quantities h ox X has 
a small value, we may take, as the expression of the variations 


m 

~(JJi)X 


of temperature, the equation v^e , Thus the different 
spheric^ envelopes of which the solid is composed retain a 
common temperature during the whole of the cooling. The 
temperature diminishes as the ordinate of a logarithmic curve, the 
time being taken for abscissa; the initial temperature 1 is re¬ 


duced after the time t to e 


’CJ)X 


In order that the initial 


temperature may bo reduced to the fraction —, the value of t 


X 

must be CD log m. 


Thus in spheres of the same material but 
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of diflFerent diameters, the times occupied in losing half or the 
same defined part of their actual heat, when the exterior con- 
ducibility is very small, are proportional to their diameters. The 
same is the case with solid spheres whose radius is very small; 
and we should also find the same result on attributing to the 
interior conducibility K a very great value. The statement holds 

JiX. 

generally when the quantity is very small We may regard 

the quantity ^ as very small when the body which is being 

cooled is formed of a liquid continually agitated, and enclosed in 
a spherical vessel of small thickness. The hypothesis is in some 
measure the same as that of perfect conducibility; the tem¬ 
perature decreases then according to the law expressed by the 

equation v^e 


295. By the preceding remarks we see that in a solid sphere 
which has been cooling for a long time, the temperature de¬ 
creases from the centre to the surface as the quotient of the sine 
by the arc decreases from the origin where it is 1 to the end 
of a given arc e, the radius of each layer being represented 
by the variable length of that arc. If the sphere has a small 
diameter, or if its interior conducibility is very much greater 
than the exterior conducibility, the temperatures of the successive 
layers differ very little from each other, since tho whole arc € 
which represents the radius X of the sphere is of small length. 
The variation of the temperature t? common to all its points 

^ SM 

is then given by the equation v — Thus, on comparing the 

respective times which two small spheres occupy in losing half 
or any aliquot part of their actual heat, we find those times 
to be proportional to the diameters. 


_JW 

296. The result expressed by the equation v = e"®'* belongs 
only to masses of similar form and small dimension. It has been 
known for a long time by physicists, and it offers itself as it were 
spontaneously. In fact, if any body is sufficiently small for the 
temperatures at its different points to be regarded as equal, it 
’8 easy to ascertain the law of cooling. Let 1 bo the initial 
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temperature common to all points; it is evident that the quantity 
of heat which flows during the instant dt into the medium 
supposed to be maintained at temperature 0 is hSvdt, denoting 
by 8 the external surface of the body. On the other hand, 
if C is the heat required to raise unit of weight from the tem¬ 
perature 0 to the temperature 1, we shall have CBV for the 
expression of the quantity of heat which the volume F of the 
body whose density is D would take from temperature 0 to 

temperature 1. Hence jjjyy is the quantity by which the 

temperature v is diminished when the body loses a quantity of 
heat equal to hSvdt We ought therefore to have the equation 




hSodt 


or = 


If the form of the body Ls a sphere whose radius is X, we shall 
have the equation v = . 


297. Assuming that we observe during the cooling of the 
body in question two temperatures and corresponding to 
the times and we have 

h8 _logt;^ —logv^ 

We can then easily ascertain by experiment the exponent 

If the same observation be made on different bodies, and if 
we know in advance the ratio of their specific heats 0 and (7', 
we can find that of their exterior conducibilities h and h\ 
Eeciprocally, if we have reason to regard as equal the values 
h and h' of the exterior conducibilities of two different bodies, 
we can ascertain the ratio of their specific heats. We see by 
this that, by observing the times of cooling for different liquids 
and other substances enclosed successively in the same vessel 
whose thickness is small, we can determine exactly the specific 
heats of those substances. 

We may further remark that the coefficient K which measures 
the interior conducibility docs not enter into the equation 
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Thus the time of cooling in bodies of small dimension does not 
depend on the interior conducibility; and the observation of these 
times can teach us nothing about the latter property; but it 
could be determined by measuring the times of cooling in vessels 
of different thicknesses. 

298. What we have said above on the cooling of a sphere 
of small dimension, applies to the movement of heat in a thermo¬ 
meter surrounded by air or fluid. We shall add the following 
remarks on the use of these instruments. 

Suppose a mercurial thermometer to be dipped into a vessel 
filled with hot water, and that the vessel is being cooled freely 
in air at constant temperature. It is required to find the law 
of the successive falls of temperature of the thermometer. 

If the temperature of the fluid were constant, and the thermo¬ 
meter dipped in it, its temperature would change, approaching 
very quickly that of the fluid. Let v be the variable temperature 
indicated by the thermometer, that is to say, its elevation above 
the temperature of the air; let u be the elevation of temperature 
of the fluid above that of the air, and t the time corresponding 
to these two values v and u. At the beginning of the instant 
dt which is about to elapse, the difference of the temperature 
of the thermometer from that of the fluid being the variable 
V tends to diminish and will lose in the instant dt a quantity 
proportional to v — u] so that we have the equation 

dv==^^h{v’^u) dt 

During the same instant dt the variable u tends to diminish, 
and it loses a quantity proportional to u, so that wo have the 
equation 

dll = — Ekidt 

The coefficient H expresses the velocity of the cooling of the 
liquid in air, a quantity which may easily be discovered by ex¬ 
periment, and the coefficient h expresses the velocity with which 
the thermometer cools in the liquid. The latter velocity is very 
much greater than H, Similarly we may from experiment 
find the coefficient h by making the thermometer cool in fluid 
maintained at a constant temperature. The two equations 

dll = — Hudt and dw = — A (v — dt. 
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or and ^ 

lead to the equation 

i; — <1^ = 4. alle’~^\ 

a and b being arbitrary constants. Suppose now the initial value 
of V — w to be A, that is, that the height of the thermometer 
exceeds by A the true temperature of the fluid at the beginning 
of the immersion; and that the initial value of is jB". We can 
determine a and J, and we shall have 

TTW 

« —« = Ae"®‘ 


The quantity v — u is the error of the thermometer, that is 
to say, the difference which is found between the temperature 
indicated hy the thermometer and the real temperature of the 
fluid at the same instant This difference is variable, and the 
preceding equation informs us according to what law it tends 
to decrease. We see by the expression for the difference v—u 
that two of its terms containing e-^ diminish very rapidly, with 
the velocity which would he observed in the thermometer if it 
were dipped into fluid at constant temperature. With respect 
to the term which contains e~^‘, its decrease is much slower, 
and is efi'ected with the velocity of cooling of the vessel in air. 
It follows from this, that after a time of no groat length the 
error of the thermometer is represented by the single term 


EE 

h-H 




or 


E 

h-E 


u. 


299. Consider now what experiment teaches as to the values 
of E and h. Into water at 8'5® (octogesimal scale) we dipped 
a thermometer which had first been heated, and it descended 
in the water from 40 to 20 degrees in six seconds. This ex¬ 
periment was repeated carefully several times. From this we 
find that, the value of e~^ is 0-000042’; if the time is reckoned 
in minutes, that is to say, if the height of the thermometer bo 
E at the beginning of a minute, it will be E (0-000042) at the 
end of the minute. Thus we find 

h log,„e = 4-37(51271. 

1 0-00001206, strictly. [A. F.] 



284 


THEOItY OP HEAT. 


[chap. V. 


At the same time a vessel of porcelain filled with water heated 
to 60® was allowed to cool in air at 12®. The value of in 
this case was found to be 0*98514, hence that of H log^^ e is 
0*006502. We see by this how small the value of the fraction 
is, and that after a single minute each term multiplied by 
is not half the ten-thousandth part of what it was at the 
beginning of the minute. We need not therefore take account 
of those terms in the value of t; — w. The equation becomes 


Eu Hu , JT Hu 

""-“-X+SZi X' 


From the values found for H and A, we see that the latter 
quantity h is more than 673 times greater than H, that is to 
say, the theimometer cools in air more than 600 times faster 
• • E[u 

than the vessel cools in air. Thus the term -j- is certainly less 


than the 600th part of the elevation of temperature of the water 

S Eu 

above that of the air, and as the term is less than 


the 600th part of the preceding term, which is already very small, 
it follows that the equation which we may employ to represent 
very exactly the error of the thermometer is 



In general if jff is a quantity very great relatively to h, wo 
have always the equation 





300. The investigation which we have just made furnishes 
very useful results for the comparison of thermometers. 

The temperature marked by a thermometer dipped into a 
fluid which is cooling is always a little greater than that of the 
fluid. This excess or error of the thermometer differs with the 
height of the thermometer. The amount of the correction will 
be found by multiplying u the actual height of the thermometer 
by the ratio of E, the velocity of cooling of the vessel in air, 
■» h the velocity of cooling of the thermometer in the fluid. Wo 
ght suppose that the thermometer, when it was dipped into 



SECT. II.] 


COMPAEISON OP THEBMOMETERS. 


285 


the fluid, marked a lower temperature. This is what almost 
always happens, but this state cannot last, the thermometer 
begins to approach to the temperature of the fluid; at the same 
time the fluid cools, so that the thermometer passes first to the 
same temperature as the fluid, and it then indicates a tempera¬ 
ture very slightly different but always higher. 

300*. We see by these results that if we dip different tbei-mo- 
meters into the same vessel filled with fluid which is cooling 
slowly, they must all indicate very nearly the same temperature 
at the same instant. Calling A, K, the velocities of cooling 
of the thermometers in the fluid, wo shall have 

Hu Hu Hu 

T ^ IT ^ IT ^ 

as their respective errors. If two thermometers are equally 
sensitive, that is to say if the quantities h and h' are the same, 
their temperatures will differ equally from those of the fluid. 
The values of the coefficients h, h\ A" are very groat, so that the 
errors of the thermometers are extremely small and often in¬ 
appreciable quantities. Wo conclude from this that if a thermo¬ 
meter is constructed with care and can be regarded as exact, it 
will be easy to construct several other thermometers of equal 
exactness. It will be sufficient to place all the thermometers 
which we wish to graduate in a vessel filled with a fluid which 
cools slowly, and to place in it at the same time the thermometer 
which ought to serve as a model; we shall only have to observe 
all from degree to degree, or at greater intervals, and we must 
mark the points where the mercury is found at the same time 
in the different thermometers. These points will be at the 
divisions required. We have applied this process to the con¬ 
struction of the thermometers employed in our experiments, 
so that these instruments coincide always in similar circum¬ 
stances. 

This comparison of thermometers during the time of cooling 
not only establishes a perfect coincidence among them, and renders 
them all similar to a single model; but from it we derive also tho 
means of exactly dividing the tube of the principal thermometer, 
by which all the others ought to bo regulated. In this way \ye 
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satisfy the fundamental condition of the instrument, which is, that 
any two intervals on the scale which include the same number of 
degrees should contain the same quantity of mercury. For the 
rest we omit here several details which do not directly belong to 
the object of our work. 


301. We have determined in the preceding articles the tem¬ 
perature V received after the lapse of a time < by an interior 
spherical layer at a distance x from the centre. It is required 
now to calculate the value of the mean temperature of the sphere, 
or that which the solid would have if the whole quantity of heat 
which it contains were equally distributed throughout the whole 

mass. The volume of a sphere whose radius is x being , 

the quantity of heat contained in a spherical envelope whose 

temperature is v, and radius x, wiU he.Hence the 

mean temperature is 


j /47raA 

j 


i ja^vdx, 


the integral being taken from x^O to x = X. Substitute for v 
its value 

~ sin njc -h ^ ^ ^ sin -|- etc. 


and we shall have the equation 


I I vuhK} — - 


•n. X cos«,X ^.^., 


sin n,X— nJH cos n.X 


Q-ku,H ^ ^ 


We found formerly (Art. 293) 


— 

n. 


2 sin UjX — WjZ cos «,X 
»,X-5sin2n^ ‘ 
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We have, therefore, if we denote the mean temperature by z, 


z 

37i 


(sinf,-e,cos. (sine^-e^cose/ - 
e^’ (26 j - sin BeJ e» (2e. - sin 2eJ 


&a, 


an equation in which the coefficients of the exponentials are all 
positive. 


302. Lot us consider the case in which, all other conditions 
remaining the same, the value X of the radius of the sphere 
becomes in&iitely great*. Taking up the construction described 

Jt ^ 

in Art. 285, we see that since the quantity becomes infinite. 


the straight line drawn through the origin cutting the dijfFerent 
branches of the curve coincides with the axis of We find then 
for the different values of e the quantities tt, 27 r, Stt, etc. 

Since the term in the value of z which contains e 
becomes, as the time increases, very much greater than the 
following terms, the value of z after a certain time is expressed 

without sensible error by the first term only. The index 

/iTtt® 

being equal to , we see that the final cooling is very slow 

in spheres of great diameter, and that the index of e which 
measures the velocity of cooling is inversely as the square of the 
diameter. 


303. From the foregoing remarks wo can form an exact idea 
of the variations to which the temperatures are subject during the 
cooling of a solid sphere. The initial values of the temperatures 
change successively as the heat is dissipated through the surface. 
If the temperatures of the different layers are at first equal, or 
if they diminish from the surface to the centre, they do not 
maintain their first ratios, and in all cases the system tends more 
and more towards a lasting state, which after no long dohxy is 
sensibly attained. In this final state the temperatures decrease 


X Bioxuann has shewn, Part. Dt/T- § 69, that in the case of a very larpf© 

sphere, uniformly hoatod initially, the surface tomperature varies ultimately as the 
Bciuare root of the time invorsoly. [A. F.] 
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from the centre to the surface. If we represent the whole radius 
of the sphere hy a certain arc € less than a quarter of the 
circumference, and, after dividing this arc into equal parts, take 
for each point the quotient of the sine by the arc, this system of 
ratios will represent that which is of itself set up among the 
temperatures of layers of equal thickness. From the time when 
these ultimate ratios occur they continue to exist throughout the 
whole of the cooling. Each of the temperatures then diminishes 
as the ordinate of a logarithmic curve, the time being taken for 
abscissa. We can ascertain that this law is established by ob¬ 
serving several successive values z, z\ etc., which denote 

the mean temperature for the times t, ^ t + 20, t + 30, etc.; 

the series of these values converges always towards a geometrical 

z ^ z* 

progression, and when the successive quotients ^^, etc. 

no longer change, we conclude that the relations in question are 
established between the temperatures. When the diameter of the 
sphere is small, these quotients become sensibly equal as soon as 
the body begins to cool; The duration of the cooling for a given 
interval, that is to say the time required for the mean tem¬ 


perature « to be reduced to a defimte part of itself ~ , increases 
as the diameter of the sphere is enlarged. 


304 If two spheres of the same material and different 
dimensions have arrived at the final state in which whilst the 
temperatures are lowered their ratios are preserved, and if we 
wish to compare the durations of the same degree of cooling in 
both, that is to say, the time 0 which the mean temperature 

of the first occupies in being reduced to ~, and the time 0 in 

which the temperature si of the second becomes we must 

consider three different cases. If the diameter of each sphere is 
small, the durations 0 and 0' are in the same ratio as the 
diameters. If the diameter of each sphere is very great, the 
durations 0 and 0' are in the ratio of the squares of the 
diameters; and if the diameters of the spheres are included 
between these tivo limits, the ratios of the times will be greater 
m that of the diameters, and less than that of their squares. 
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The exact value of the ratio has been already determined ^ 
The problem of the movement of heat in a sphere includes that 
of the terrestrial temperatures. In order to treat of this problem 
at greater length, we have mado it the object of a separate 
chapter*. 


305. The use which has been mado above of the equation 


-= \is founded on a geometrical construction which is very 

tan € 

well adapted to explain the nature of these equations. The con¬ 
struction indeed shows clearly that all the roots are real; at the 
same time it ascertains their limits, and indicates methods for 
determining the numerical value of each root. The analytical 
investigation of equations of this kind would give the same results. 
First, we might ascertain that the equation e —Xtan6 = 0, in 
which \ is a known number less than unity, has no imaginary 
root of the form m + 92*7^. It is sufficient to substitute this 
quantity for €; and we see after the transformations that the first 
member cannot vanish when we give to m and n real values, 
unless n is nothing. It may bo proved moreover that there can 
be no imaginary root of any form whatever in the equation 


€—X tan€ = 0, or 


e cos e — X sin 6 
cose 


= 0 . 


In fact, 1st, the imaginary roots of the factor —= 0 do not 

cos € 


belong to the equation e — X tan e == 0, since these roots are all of 


the form m + TiV— 1; 2nd, the equation sine—^cose = 0 has 

necessarily all its roots real when X is less than unity. To prove 
this proposition wo must consider sine as the product of the 
infinite number of factors 


^ It is e : as may be inforrod from tlio exponent ol the first 

term in the expression for Art. 301. [A. F.] 

s The chapter referred to is not in this work. It forms part of the SxiiU du 
m&morie sur la tHorie du mouvenimt dtt la clialeur dam les oorjis soUdes, Soo note, 
page 10. 

The first memoir, entitled TMorU du mouvamnt de la chalcur daxis les corps 
soUdes, is that which formed the basis of the Th^orie amlytique du viouoemint de 
la chalcur published in 1822, but was considerably altered and enlarged in that 
work now translated. [A. F.] 



290 


THEOEY OE HEAT. 


[CHAP. V. 


w^)(^ 2v)(^ 3v)(^ 4v)‘^®” 

and consider cos e as derived from sin e by differentiation. 

Suppose that instead of forming sin e from the product of an 
infinite number of factors, we employ only the m first, and denote 
the product by To find the corresponding value of cose, 

we take 

or (f>^ (e). 

This done, we have the equation 

Now, giving to the number m its successive values 1, 2, 3, 4, &a 
from 1 to infinity, we ascertain by the ordinary principles of 
Algebra, the nature of the functions of e which correspond to 
these different values of m. We see that, whatever m the number 
of factors may be, the equations in e which proceed from them 
have the distinctive character of equations all of whose roots 
are real. Sence we conclude rigorously that the equation 

tan e 

in which X is less than unity, cannot have an imaginary root'. 
The same proposition could also be deduced by a different analysis 
which we shall employ in one of the following chapters. 

Moreover the solution we have given is not founded on the 
property which the equation possesses of having all its roots 
real. It would not therefore have been necessary to prove 
this proposition by the principles of algebraical analysis. It 
is sufficient for the accuracy of the solution that the integral 
can be made to coincide with any initial state whatever; for 
it follows rigorously that it must then also represent all the 
subsequent states. 

1 The proof given by Biemann, Part, Diff, GlHch, § 67, is more simple. The 
melhod of proof is in part claimed by Poisson, BulUUn de la SociiU PhiloTnatique, 
1826, p. 147. [A. P.]. 



CHAPTER VI. 


OF THE HOVEUENT OF HEAT IH A SOLID CTLIHDEB. 


306. The movement of heat in a solid cylinder of infinite 
length, is represented by the equations 


h 


K fd*v , 1 dv\ j A ir . _ 

OD yds? X 2£/ ^ K ~dx~ * 


•which we have stated in Articles 118, 119, and 120. To inte¬ 
grate these equations we give to « the simple particular value 
expressed by the equation » = m being any number, and 


u a function of x. 


"We denote by ft the coefficient 


K 

W 


which 


enters the first equation, and by h the coefficient ^ which enters 

the second equation. Substituting the value assigned to v, we 
find the following condition 


m d*u du 


0 . 


Next we choose for u a function of x which satisfies this 
differential equation. It is easy to see that the function may 
be expressed by the following series 


u 


= 1 - 


jrV A* 

2ir + 2>.4» 2».4*.6* 


+ &c.. 


g denoting the eonstant We shall examine more particularly 
in the sequel the differential equation from which this series 
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is derived; here we consider the function u to be known, and 
we have Me"'** as the particular value of v. 


The state of the convex surface of the cylinder is subject 
to a condition expressed by the definite equation 




which must be satisfied when the radius x has its total value X; 
whence we obtain the definite equation 




2 *. 4 * 


, 

2 *. 4 *. 6 * ^ 



igX 6/X* 

2* ’“2‘.4*'^2*'. 4*. 6* 


— &C.: 


thus the number g which enters into the particular value aer'** 
is not arbitrary. The number must necessarily satisfy the 
preceding equation, which contains g and X. 

We shall prove that this equation in g in which h and X 
are given quantities has an infinite number of roots, and that 
all these roots are real. It follows that we can give to the 
variable v an infinity of particular values of the form 
which difiTer only by the exponent g. We can then compose 
a more general value, by adding all those particular values 
multiplied by arbitrary coefiScients. This integral which serves 
to resolve the proposed equation in all its extent is given by 
the following equation 

V = + &c., 

ffit ff»> 9i> deiiot® a>ll values of g which satisfy the definite 
equation*; m,, &c. denote the values of u which correspond 

to these different roots; a^, o,, a,, &c. are arbitrary coefi£- 
cients which can only be determined by the initial state of the 
solid. 


307. We must now examine the nature of the definite 
equation which gives the values of g, and prove that all the roots 
f this equation are real, an investigation which requires attentive 
amination. 
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In the series 


2 * 2 ’. 




^ 9 4>a "i" t)« 4,a 2* 4* 6* 


“I" &C.) 


which expresses the value which u receives when x — X, we shall 
aX^ 

replace by the quantity 6, and denoting this function of d 

At 

by f {ff) or y, we have 

y — 1 — 5 + ^ — £3 ga d" 2 > g> 4 a "b &C*» 

the definite equation becomes 

hX 2* ® 2*. 3* “* 2*. 3*. 4* 

T 


-gjj 

1 - 0 + 35 - 




or 


2 * 2 *. 3 *^ 2 ‘. 3 *. 4 * 

^ + 0^) = O 
2 /(^) ’ 


&c. 


f\6) denoting the function • 

Each value of 6 furnishes a value for y, by moans of the 
equation 

and wo thus obtain the quantities y^, y^, y^, &c. Avhich enter in 
infinite number into the solution required. 

The problem is then to prove that the equation 

2 + 

must have all its roots real. We shall prove in fact that the 
equation f{6) — 0 has all its roots real, that the same is the 
case consequently with the equation f'{0) = 0, and that it follows 
that the equation 

_1 em 
fw 

has also all its roots real, A representing tho known number 

hX 
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308. Tlie equation 






““ &c.. 


y-1 5 + 2 , 2». 3»'^2*.3‘. 4* 

on being differentiated twice, gives tbe following relation 




We ■write, as follows, this equation and all those which may 
be derived from it by differentiation, 

&c., 


and in general 


(»+i) d&*' 


= 0 . 


Now if we write in the following order the algebraic equation 
X=0, and all those which may be derived from it by differentiation, 
^ ^ dX ^ d^X . d^X ^ . 

d7~^’ * 

and if we suppose that every real root of any one of these equa¬ 
tions on being substituted in that which precedes and in that which 
follows it gives two results of opposite sign; it is certain that the 
proposed equation -Z = 0 has all its roots real, and that conse¬ 
quently the same is the case in all the subordinate equations 
dX ^ dX . dX . . 


— = 0 
dx 


These propositions are founded on the theory of algebraic equa¬ 
tions, and have been proved long since. It is sufficient to prove 
that the equations 

y-o. 1=0. S-o.*«. 




fulfil the preceding condition. Now this follows from the general 
\uation 
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d'y 

'dJd^ 


+ 


(»* + l) 




= 0 : 


d**^V 

for if we ^ve to 0 a positive value which makes the fluxion 


vanish, the other two terms receive values of opposite 


sign. With respect to the negative values of it is evident, from 
the nature of the function/(5), that no negative value substituted 
for B can reduce to nothing, cither that function, or any of the 
others which are derived from it by differentiation: for the sub¬ 
stitution of any negative quantity gives the same sign to all the 
terma Hence we are assured that the equation y = 0 has aU its 
roots real and positive. 


309. It follows from this that the equation /'(^ = 0 or y’ = 0 
also has all its roots real; which is a known consequence from the 
principles of algebra. Lot us examine now what are the suc¬ 
cessive values which the term ^ y receives when we give 

to Q values which continually increase from 0 = Oto^ = flo. Ifa 

/ 

value of B makes y' nothing, the quantity 6 ^ becomes nothing 


also; it becomes infinite when 6 makes y nothing. Now it 
follows from the theory of equations that in the case in question, 
every root of y' = 0 lies between two consecutive roots of y = 0, 
and reciprocally. Hence denoting by 0, and two consecu¬ 
tive roots of the equation y' = 0, and by B^ that root of the 
equation y = 0 which lies between B^ and 6^, every value of 6 in¬ 
cluded between B^ and 6^ gives to y a sign diftbrent from that 
which the function y would receive if 6 had a value included bo- 



is infinite when 6 = 6^, and nothing when 6= B,. The quantity 6 


must therefore necessarily take all possible values, from 9 to in¬ 
finity, in the interval from 5 to 0,, and must also take all possible 
values of the opposite sign, from infinity to zero, in the interval 

from fi, to 5,. Hence the equation -4 = ^ necessarily Iras one 

if 
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real root between 6^ and 6^ and since the eqiiation jr' = 0 has all its 

roots real in infinite number, it follows tliat the equation A = 6^ 

has the same property. In this manner wo have achieved the 
proof that the definite equation 


hX 

2 


2 * 


-2 


43 +^ 2 “. 4*. 6' 


— &c. 


1 


2* ■^2“.4* 


2’. 4*. 6“ 


4" &c. 


in which the unknown is has all its roots real and positive. We 
proceed to continue the investigation of the function u and of the 
differential equation which it satisfies. 


310. From the equation 2/+ ^ ^ derive the general 

equation ^ + (f +1) + 6 = 0, and if we suppose 0 = 0 we 

have the equation 


which serves to determine the coefficients of the different terms of 
the development of the function f (^), since these coefficients depend 
on the values which the differential coefficients receive when the 
variable in them is made to vanish. Supposing the first term to 
be known and to be equal to 1, we have the series 


02 02 "I" 02 na 7 q “ 


2 * 2 *. 3 “ ^ 2 ^ 3 *. 4 ® 

If now in the equation proposed 

, d^u Idu ^ 
^^das‘'^adx~^ 


cb^ 

wo make = 6, and seek for the new equation in u and 6, re¬ 
garding « as a function of 6, we find 
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Whence wc conclude 


^3 Ql 

tt = l - ^ ^ 3* + 2“. 3“. 


tt = 1 


^ 4. Sf!^ , p-r 

2“ ■^2*. 4“ 2^4“.ti‘'^ 


It is easy to express the sum of this scries. To obtain the 
result, dovelope as follows the function cos (a sin co) in cosines of 
multiple arcs. We have by known transformations 

2 cos (a sin x) = ^ 

and denoting by o, 


_ __ ^ auT^ 

2 COS (a sin ijj) = 6 ** e" “ + ^ a * 

Developing the second member according to powers of <o, we 
find the term which does not contain a> in the development of 
2 cos (a sin x) to be 

2 - ^ + 2\4’““^4*70*' 

The coeflSicients of 6)', <»*, &c* are nothing, the same is the case 

with the coefficients of the terms which contain cd“^ a>"®, cd"®, &c. ; 
the coefficient of G)“®is the same as that of co®; the cocfficiout of co* is 

^(2':4'.'(r.8 “2“.4.G.«.10' 

the coefficient of is the same as that of 6>‘. It is easy to express 
the law according to which the coefficients succeed; but without 
stating it, let us write 2 cos 2^5 instead of (©“ + o"*), or 2 cos 4» in¬ 
stead of (<»‘ + a~*), and so on: hence the quantity 2 cos (« sin x) is 
easily developed in a scries of the form 

4 l+J3cos2aj+ C7cos4a!-l-I?cosCa5 + &c., 
and the first coefficient A is equal to 

o /- a® a* a" „ \ 

" V 2* 2®. 4* 2*. ¥7W ’ 

if we now compare the general equation which wo gave formerly 
= I Jtf>(x)dx + COSX j<f>{x) cosxdx + &c. 
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with the equation 

2 cos (a sin aj) = + J5 cos 2® + C?cos 4a! + &c., 

we shall find the values of the coefficients A, B, 0 expressed by 
definite integrals. It is sufficient here to find that of the first 
coefficient A. We have then 

^ A —^ jcos (a sin a) dx, 

the integral should be taken from a! = 0 to ai =“7r. Hence the 

+ 55 ^. - ss- />. + &c. is that of the 


value of the series 1 - ^ -r - g, g. 


2“ 


definite integral f dx cos (a sin (d). We should find in the same 

i 0 

manner by comparison of two equations the values of the successive 
coeflSicients J?, 0, &c.; we have indicated these results because they 
are useful in other researches which depend on the same theory. 
It follows from this that the particular value of w which satisfies 
the equation 

+s s ® “ y 

the integral being taken from r = 0 to r = w. Denoting by g this 
value of «,and making « = gjS, we find 3=a + b s, and we have 

J 

as the complete integral of the equation 

« = ra + 6f TT ^ p fcos (»is/^ sin r) dir. 

h «-jJcos (a;<ygsinr)c?rf 

a and h are arbitrary constants. If we suppose 5 = 0, we have, 
as formerly, 

w = J cos (a Jg sin r) dr. 

With respect to this expression we add the following remarks. 

311. The equation 


V •* 
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verifies itself. We have in fact 
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f //I • \ 7 f j ^ sin®* u , ^ sin^ te tr sin^w , « \ 

Jcos {0 sm u) au=Jau ^1--1- ^ --h &c.j ; 

and integrating from w = 0 to w=‘7r, denoting by &c. 

the definite integrals 


vre have 


J sin® u du, Jsin* u du, J sin® u dii^ &c., 
jcos (0 sin «) iZit = IT — g + -p ^ + &c., 


it remains to determine 5,, 8^, 8^ &c. The term sin" u, n being 
an even number, may be developed thus 

sin" u = A^ + JS„ cos 2u + cos 4tt + &c. 

Multiplying by du and integrating between the limits a = 0 and 
M = TT, we have simply J sin“ udu = ^„-7r, the other terms vanish. 

From the known fonnula for the development of the integral 
powers of sines, we have 

. _1 2 . _1 3.4 . _1 4.5.6 „ 

2 *’1 .2’ 2 *‘1 .2.3’“^“ 

Substituting those values in 8^, 8^ 8^ &c., we find 

If . 0^. e* ff' ... 


1 r 0 * 

- cos (6* sin m) c?M = 1 — v ,2 
TT J 2 


2® 4? 2®, 4“. C® ^ 


Wo can make tlii.s result more general by taking, instead of 
cos sint^), any function whatever ^ of ^ sin ?«. 

Suppose then that wo have a function ^(s) which may bo 
developed thus 


^ (js) = ^ + ^ 


we shall have 


0 , i? . 

^ {t sin u) =<}> + sin u + (j>' sin® + “jg 


and Jdu<f>(6 ain u) = tt (p + t (f>'+ ^ <f>' + g <t>' + &c.. (e). 



300 


THEOBT or HEAT. 


[chap. yi. 


Now, it is easy to see that the values of 8^, 8^ &c. are 

nothing. With respect to 8^ 8^, &c. their values are the 

quantities which we previously denoted 'hyirA^,wA^irAg, &c. For 
this reason, substituting these values in the equation (e) we have 
generally, whatever the function <f> may he, 

ll4> (t sin u)du = <f> + t^"+ + &c., 

in the case in question, the function ^ (z) represents cos 0 , and we 
have = 1, ^ 1 , ^ ^ 


312. To ascertain completely the nature of the function/(5), 
and of the equation which gives the values of g, it would be 
necessary to consider the form of the line whose equation is 

y=i-^+^-^,+&c.. 


which forms with the axis of abscissse areas alternately positive 
and negative which cancel each other; the preceding remarks, also, 
on the expression of the values of series by means of definite 
integrals, might be made more general. When a function of the 
variable so is developed according to powers of a:, it is easy to 
deduce the function which would represent the same series, if the 
powers X, a?, &c. were replaced by cos x, cos 2x, cos 3x, &c. By 

making use of this reduction and of the process employed in the 
second paragraph of Article 235, we obtain the definite integrals 
wHch are equivalent to given series; but we could not enter upon 
this investigation, without departing too far from our main object. 

It is sufficient to have indicated the methods which have 
enabled us to express the values of series by definite integrals. 


We will add only the development of the quantity in a 
continued fraction. 


313. 


The undetermined y orf{ff) satisfies the equation 
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■whence ■we derive, denoting the functions 


d}f 

te' d&- 


, &c. 


by y\ y", y"\ &c., 


-y'=2y" + ey"', , 

y 

-7=3y"+«y, 

y'" 

&&; 

whence wo conclude 

^ = _f_ ^ 

y 1—2— 3—4—5 — &c. ’ 

Thus the value of the function — which enters into the 

/ W 

definite equation, when expressed as an infinite continued 
fraction, is 

J_ d e 0 0 

1_2-3-4 - 5-&C.' 


314. Wo shall now state the results at which wo have up to 
this point axrivod. 

If the variable radius of tho cylindrical layer bo denoted by x, 
nnil the temperature of the layer by v, a function of x and tho 
time t ; the required function v must satisfy tho partial difibrontial 
equation 

dv _ , 1 , 

Hi ~ ^ \flW* ^ X dx) ’ 


for V we may assume tho following value 

V = ; 

u is a function of x, which satisfies the equation 
m iVii , 1 du 
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If we make ^ = x consider w as a function of x, we have 

iC a 


, du , „ 

The following value 

tt = 1 - ^+|i - g.-g, + 2> 3* 

satisfies the equation in u and 6. We therefore assume the value 
of w in terms of x to he 

_ m a? ^ 7ri^ a? m* 

A 2“ ■’"F 2*71* jfc“2^4^6*'^ 

the sum of this series is 


^/cos(a!/y/^Bi]ir)dr; 


the integral Being taken from r = 0 to r = ir. This value of « in 
terms of x and m satisfies the differential equation, and retains a 

finite value when x is nothing. Further, the equation Aw -f ^ =0 

ax 

must he satisfied when = X the radius of the cylinder. This 
condition would not hold if we assigned to the quantity m any 
value whatever; we must necessarily have the equation 

hX_ 0 0 $ 6 0 

2 1-2-3-4-5-&C.’ 

in which 0 denotes ^ ^. 

h 2 ’ 


This definite equation, which is equivalent to the following, 

hXr^ . , 0* ^ ^ „ 2^ 3^ 

2 ^"^ 2 * 2 *. 3*'^*®7 ^ 2 *. 3 * 


gives to d an infinity of real values denoted by 0^, 0^ 0^ &c,; the 
corresponding values of m are 

2*&0, 2?h0, 2^k0, 

'x‘~’ “jt’ 

thus a particular value of v is expressed by 


(• / flj I- \ 

> = e x* j cos ^2 sin g’J dq. 
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We can write, instead of dj, one of the roots 6^, 6^, 6^ &c., and 
compose by means of them a more general value expressed by 
the equation 


iro — a^e 


■ X't 


j cos ^2 ^ s/^i sin dg 


+ a,e 


tate, 
~~T» 




2^j6^&XD.q 


')d2 


\ f X r" \ 

+ ctg6 ^ jeos f 2 ^V^8 sin sj dg[ + &c. 

a^, aj, fltj, &c. are arbitrary coefficients: the variable q dis¬ 
appears after the integrations, which should be taken from j =* 0 
to = TT. 


315. To prove that this value of v satisfies all the conditions 
of the problem and contains the general solution, it remains only 
to determine the coefficients a^, &c. from the initial state. 

Take the equation 


V = + age”^»^ + &c., 


in which 
function u, or 


Wg, &c. are the different values assumed by the 


1 ^ 


— &c. 


when, instead of the values g^, &c. are successively sub¬ 
stituted. Making in it t = 0, we have the equation 
V = «!«! + UaMj + OjM, + &c., 

in which y is a given function of x. Let <f> (x) bo this function; 
if wo represent the function whose index is i by (®we 
have 

^ (») = {x Jg^ + (xjg^ + {x Jg^ + &c. 

To determine the fust coefficient, multiply each member of 
the equation by o-j dx, o-j being a function of as, and integrate from 
X = 0 to SB = X We then determine the function a ■^, so that after 
the integrations the second member may reduce to the first toim 
only, and the coefficient a^ may be found, all the other integrals 



304 THEORY or HEAT. [CHAP. VI. 

having nul values. Similarly to determine the second coefficient 
we multiply both terms of the equation 

(j) (x) = + cigWg + + &c. 

by another factor cr^ dx, and integrate from x — 0 to x^X. The 
factor o-j must be such that all the integrals of the second member 
vanish, except one, namely that which is affected by the coefficient 
ctj. In general, we employ a series of functions of x denoted by 
(Ti, cTg, o-j, &c. which coixespond to the functions Wg, &c.; 

each of the factors <r has the property of making all the terms 
which contain definite integrals disappear in integration except 
one; in this manner we obtain the value of each of the coefficients 

examine what functions enjoy the 

property in question. 

S16. Each of the terms of the second member of the equation 
is a definite integral of the form ajtmdx; u being a function of x 
which satisfies the equation 

dx^"^ X dx^ * 

we have therefore a—a— 

J mj\xdx darj 

Developing, by the method of integration by parts, the terms 
/V duj n f d^u j 

we have f-^dx = C-i-tc- fud(-) 

Jxdx X j \x/ 

1 f cPii J du da C d?a , 

The integrals must he taken between the limits ai = 0 an<l 
aj = X, by this condition we determine the quantities which enter 
into the development, and are not under the integral signs. To in¬ 
dicate that we suppose a? = 0 in any expression in x, we shall affoct 
that expression with the suffix a; and wo shall give it the suffix 
0 ) to indicate the value which the function of x takes, when wo 
give to the variable x its last value X. 
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Supposing a; = 0 in the two preceding equations we have 

" - °I). +(i ^ “ s).’ 

thus we determine the constants G and 2). Making then a: = X in 
the same equations, and supposing the integral to be taken from 
05 = 0 to a? = X, we have 



thus we obtain the equation 



<P<r 




317. If the quantity ^ which multiplies u under the 

sign of integration in the second member were equal to the pro¬ 
duct of o- by a constant coefficient, the terms 




/fS— 

would be collected into one, and we should obtain for the required 
integral Jatida? a value which would contain only determined quan¬ 
tities, with no sign of integration. It remains only to equate that 
value to zero. 

Suppose then the factor a to satisfy the differential equation of 


the second = 0 in the same manner as the 

function u satisfies the equation 




m 


6 ^x 1 1 du 
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m and n being constant coefficients, we have 

n—mf j fdu d<T . er\ fd/a da a\ 

—i — fama!= [j-a — u-j-+U-) —l-j-a — u-j- + u-] . 
k J \dx das a/, \dx dx xJa. 

Between u and a a veiy simple relation exists, which is dis¬ 


covered when in the equation ^ ^ ^ " = 0 we suppose 

a St 018 \m the result of this substitution we have the equation 


(?<r 


d^ 


d^^xdx~^> 


which shews that the function s depends on the function tt given 
by the equation 


m , d^u Idu 
k^ dad^adx~ ' 


To find s it is sufficient to change m into n in the value of u ; 
the value of « has been denoted by o’ 'will 

therefore be ae^ 


(Vf)- 


We have then 

du da ^ c 
— 4- 

da dx X 


- « \/f {« \/f) t (» a/I) - ® yJ f' (» If- 

the two last terms destroy each other, it follows that on making 
a = 0, which corresponds to the suffix a, the second member 
vanishes completely. We conclude from this the following equa- 
tion 

. in 
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It is easy to see that the second member of this equation is 
always nothing when the quantities m and n are selected from 
those which we formerly denoted by m,, &c. 

We have in fact 




comparing the values of hX we see that the second member of the 
equation (/) vanishes. 

It follows from this that after we have multiplied by adM the 
two terms of the equation 

^ («) = ajMj + j + &c., 

and integrated each side from « = 0 to as = JST, in order that each of 
the terms of the second member may vanish, it suffices to take 

for <T the quantity xu or 

We must except only the case in which n = m, when the value 
of j<rudx derived from the equation (/) is reduced to the form 
and is determined by known rules. 



318. 


If the numerator and denominator of the second member are 
separately differentiated with respect to the factor becomes, on 
making f^ — v, 


We have on the other hand the equation 
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and also 


A® + fi3r<y = 0, 


or, 

hence we have 


hyjr H- fiifr = 0; 


we can therefore eliminate the quantities yjr and yjr" from the 
integral which is required to be evaluated, and wo shall find as the 
value of the integral sought 


putting for /j. its value, and denoting by U, the value wliich the 
function u or takes when we suppose ® = Jr. The 

index % denotes the order of the root fn of the definite equa¬ 
tion which gives an infinity of values of m. If we substitute 
^ 2**^,. ZV*/, . AA*\ 


319. It follows from the foregoing analysis that wc have the 
two equations 

the first holds whenever the number i andy are different, and the 
second when these numbers are equal. 

Taking then the equation «#>(«) =a,Mi + + a,«, + (fee., in 

which the coefiBcients a„ a„ &c. are to be determined, we shall 
find the coefficient denoted by o, by multiplying the two members 
of the equation by xu/An, and integrating from a!s=0 to 
the second member is reduced by this integration to one term 
only, and we have the equation 

2 (®) |l + j . 
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;yhich gives the value of a,. The coeflBlcients ag,... being 
thus determined, the condition relative to the initial state expressed 
by the equation <j> {x) = 4* + &c., is fulfilled. 

We can now give the complete solution of the proposed problem; 
it is expressed by the following equation: 



+ &c. 


The function of x denoted by u in the preceding equation is 
expressed by 

i jeos ^Y>/^sin ^ dq\ 

all the integrals with respect to x must be taken from a? = 0 to 
a? s= X, and to find the function u we must integrate from j = 0 to 
j = 7r; ^ (a?) is the initial value of the temperature, taken in the 
interior of the cylinder at a distance x from the axis, which 
function is arbitrary, and 6 ^, 6^^ ^g, &c. are the real and positive 
roots of the equation 

2’“l-2-.3-4 - 5-&c.‘ 


320. If we suppose the cylinder to havo been immersed for 
an infinite time in a liquid maintained at a constant temperature, 
the whole mass becomes equally heated, and the function <f> (x) 
which represents the initial state is represented by unity. After 
this substitution, the general equation represents exactly the 
gradual progress of tho cooling. 

If t the time elapsed is infinite, the second member contains 
only one term, namely, that which involves the least of all the 
roots 5g, &c.; for this reason, supposing the roots to be 
arranged according to their magnitude, and 0 to be the least, the 
final state of the solid is expressed by tho equation 



(.r) Ujdx 
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From the general solution we might deduce consequences 
similar to those offered by the movement of heat in a spherical 
mass. We notice first that there are an infinite number of 
particular states, in each of which the ratios established between 
the initial temperatures are preserved up to the end of the cooling. 
When the initial state does not coincide with one of these simple 
states, it is always composed of several of them, and the ratios of 
the temperatures change continually, according as the time increases. 
In general the solid arrives very soon at the state in which the 
temperatures of the different layers decrease continually preserving 
the same ratios. When the radius X is very small^, we find that 

the temperatures decrease in proportion to the fraction e” ojdx. 

If on the contrary the radius X is very large*, the exponent of 
a in the term which represents the final system of temperatures 
contains the square of the whole radius. We see by this what 
influence the dimension of the solid has upon the final velocity of 
cooling. If the temperature* of the cylinder whose radius is X, 
passes from the value A to the lesser value in the time jT, the 
temperature of a second cylinder of radius equal to X^ will pass 
from .d. to ^ in a different time T . If the two sides are thin, the 
ratio of the times T and T will be that of the diameters. If, on 
the contrary, the diameters of the cylinders are very great, the 
ratio of the times T and T* will be that of the squares of the 
diameters. 

^ When X is veiy small, , from the equation in Art. 314. Hence 

t ^ becomes e ^. 

In the text, "h is the surface condnoibility. 

» When X is veiy large, a value of B nearly equal to one of the roots of the 
quadratic equation ^= 2 ^ 37 ^ g will make the continued fraction in Art. 814 
assume its proper magnitude. Hence 5*1'446 nearly, and 

« ^ becomes e . 

The least root of /( 6 )s =0 is 1*4467, neglecting terms after 

* The temperature intended is the mean temperature, which is equal to 

wx> [A- F-] 



CHAPTER YII. 


PEOPAQATION OP HEAT IN A RECTANGULAR PRISM. 


321. The equation ^ ^ ^ wHch we have stated 

in Chapter II., Section iv., Article 125, expresses the uniform move¬ 
ment of heat in the interior of a prism of infinite length, sub¬ 
mitted at one end to a constant temperature, its initial tempera¬ 
tures being supposed nuL To integrate this equation we shall, 
in the first place, investigate a particular value of v, remarking 
that this function v must remain the same, when y changes sign 
or when z changes sign; and that its value must become infinitely 
small, when the distance x is infinitely great. From this it is 
easy to see that we can select as a particular value of v the 
function cos ny cos and making the substitution we find 
971* — 71* — p® 0. Substituting for n and p any quantities what¬ 
ever, wo have The value of v must also satisfy the 

definite equation ^ ^ ~ when y = Z or — and the equation 

h d/V ^ 

V + 0 when ^ — Z or — Z (Chapter II., Section iv., Article 126). 

If we give to v the foregoing value, we have 

— wsinwy+ ^cosny = 0 and —p sinp^f+ ~cosp.ar = 0, 


or 


^ = wZ tan nlf ^ =pZ tanpZ. 


Wo sec by this that if we find an arc e, such that ctane is equal 
to the whole known quantity Z, we can take for n or p the quan- 
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tity j. Now, it is easy to see that there are an infinite number 
of arcs which, multiplied respectively by their tangents, give the 
same defimte product whence it follows that we can find 
for w or p an infinite number of diflerent values. 

322. If we denote by €,, € 3 , &c. the infinite number of 

arcs which satisfy the definite equation €tane = ^, we can take 

for n any one of these arcs divided by Z. The same would be the 
case with the quantity p; we must then take tw.* = + p\ If we 

gave to n and p other values, we could satisfy the differential 
equation, but not the condition relative to the surface. We c gn 
then find in this manner an infinite number of particular values 
of V, and as the sum of any collection of these values still satisfies 
the equation, we can form a more general value of v. 

Take successively for n and p all the possible values, namely, 
&c. Denoting by a,, 053 , ^ 3 , &c., 6 ., 63 , &c., con¬ 

stant coefficients, the value of v may be expressed by the following 
equation; 

V = cos njf + + &c.)cos 

+ (a,e-a ''»»*+».• cos cos +&c.) i, cos 

+ cos + o.^-* 'TO? cos nj/ + &c.) J, cos 

+ &C. 

323. ^ If we now suppose the distance a nothing, every point of 

the section A must preserve a constant temperature. It is there¬ 
fore necessary that, on making a? = 0 , the value of v should be 
always the same, whatever value we may give to y or to a; pro¬ 
vided these values are included between 0 and 1. Now, on makinrr 
SB = 0, we find ° 

V * (uj cos n.,y + cos cos nj/ -f &c.) 

X (7>j cos KjS + 3, cos + h, cos + &c.). 
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Denoting by 1 tbe constant temperature of tbe end A, assume 
the two equations 

1 = cos njf + ^2 cos cos + &c, 

1 s= cos n^y 4- \ cos cos + &c. 

It is sufficient then to determine the coefficients ctg, c&j, &c., 
whose number is infinite, so that the second member of the equa¬ 
tion may be always equal to unity. This problem has already 
been solved in the case where the numbers &c. form the 

series of odd numbers (Chap. III., Sec. ii., Art. 177). Here 

Wj, Wg, &c. are incommensurable quantities given by an equa¬ 
tion of infinitely high degree. 


324!. Writing down the equation 

1 = cos n^y + % cos cos n^y + &c., 

multiply the two members of the equation by cos n^y dy, and take 
the integral from ^“0 to We thus determine the first 

coefficient The remaining coefficients may be determined in a 
similar manner. 

In general, if we multiply the two members of the equation by 
cos vy, and integrate it, we have corresponding to a single term 
of the second member, represented by aco^ny, the integral 

ajeosny cos vydy or jeos (n — p)ydy'j-^a jeos (n + v)ydyf 

I (n-p)y+ sin («. + 1 ;) , 

and making y=i I, 

a ((n -t- v) sin (n — y) i 4- ( ?^ -• y) sin (n + y ) f 
21 w® — i/® J ’ 

Now, every value of n s*atisfies the equation 7itannZ = ^; the 
same is the case with v, we have therefore 
ntannZ= vtanvZ; 
n sin nl cos vl~~v sin vl cos nl = 0. 


or 
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Thus the foregoing integral, which reduces to 

(w sin nl cos vl--v cos wZ sin v% 

is nothing, except only in the case where w = i/. Taking then the 
integral 

a r sin (n — y) Z sin {n + p) Z ) 
sj 71 — V n + p J* 

we see that if we have n=p, it is equal to the quantity 



It follows from this that if in the equation 

1 = c&jL cos7^J^ + cos cos + &c. 

we wish to determine the coefficient of a term of the second 
member denoted by a cos ny, we must multiply the two members 
by cosTiycZy, and integrate from 2 / = 0 to y = Z. We have the 
resulting equation 



sisi TzZ 1 

whence we deduce 5 - 7 -— . ^ , *= 7 In this manner the cocffi- 

Int + sm znZ 4 

cients a^, &c. may be determined; the same is the case 

with bj,, 63 , & 3 , &c., which are respectively the same as the former 
coefficients. 


325. It is easy now to form the general value of v. 1 st, it 
satisfies the equation = 0 ; 2 nd, it satisfies the two 

conditions + At; = 0 , and H- Av = 0 ; 3 rd, it gives a constant 

value to V when we make cc = 0 , whatever else the values of y and 
z may be, included between 0 and Z; hence it is the complete 
solution of the proposed problem. 


We have thus arrived at the equation 


1 sin nj cos n.v sin nj cos ?i^y , sin nj cos 7 ? 
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or denoting by e^, €g, &c. the arcs n^f, &c. 

- sin €- cos -y^ sin e. cos sin e, cos 

1 ^ , i , I 0 

- =' M. ,. -j- . 4 * "A ■■"', ". H- &c., 

4 2€j -f sin €i z€jj + sin Zeg -h sin Cg ’ 

an equation which holds for all values of y included between 
0 and I, and consequently for all those which are included between 
0 and — Z, when a; = 0. 

Substituting the known values of a^, 5^, a^, 5 ^, c&g, 63 , &c. in 
the general value of v, we have the following equation, which 
contains the solution of the proposed problem, 

V __ sin 71J cos n^z 
4.4"’ 271J + sin 27iJ 

^ sin 71J cos n^z 
^ 2 ?igZ+sin 2 nJ 

sin nji cos 
2 n 3 Z + sin 2 wgZ 

+ &c...(E). 

The quantities denoted by &c. are infinite in 

number, and respectively equal to the quantities ^, &c.; 

the arcs, e,, &c., are the roots of the definite equation 

^ hi 

€ tan € ~ • 



32G. The solution expressed by the foregoing equation E is 
the only solution which belongs to tho problem; it represents the 

general integral of tho equation ^ ^ ^ which the 

arbitrary functions have been determined from the given condi¬ 
tions. It is easy to see that there can be no diflferent solution. 
In fact, let us denote by y, z) the value of v derived from the 
equation [E), it is evident that if we gave to the solid initial tem¬ 
peratures expressed by y, z), no change could happen in the 
system of temperatures, provided that tho section at the origin 
were retained at the constant temperature 1: for the equation 

?^ = 0 being satisfied, the instantaneous variation of 

rwtr dff as 
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the temperature is necessarily nothing. The same would not be 
the case, if after having given to each point within the solid whose 
co-ordinates are a?, y, z the initial temperature ylr(x, y, z), we gave 
to all points of the section at the origin the temperature 0. We 
see clearly, and without calculation, that in the latter case the 
state of the solid would change continually, and that the original 
heat which it contains would be dissipated little by little into the 
air, and into the cold mass which maintains the end at the tem¬ 
perature 0. This result depends on the form of the function 
•\jr{x, y, z), which becomes nothing when x has an infinite value as 
the problem supposes. 

A similar efifect would exist if the initial temperatures instead 
of being +yjr{x, y, z) were — y, z) at all the internal points 
of the prism; provided the section at the origin be maintained 
always at the temperature 0. In each case, the initial tempera¬ 
tures would continually approach the constant temperature of the 
medium, which is 0; and the final temperatures would all be nuL 

327. These preliminaries arranged, consider the movement of 
heat in two prisms exactly equal to that which was the subject of 
the problem. For the first solid suppose the initial temperatures 
to be 4- ir(x, y, z), and that the section at origin A is maintained 
at the fixed temperature 1. For the second solid suppose the 
initial temperatures to be y, «), and that at the origin A 

all points of the section are maintained at the temperature 0. It 
is evident that in the first prism the system^of temperatures can¬ 
not change, and that in the second this system varies continually 
up to that at which all the temperatures become nul. 

If now we make the two different states coincide in the same 
solid, the movement of heat is effected freely, as if each system 
alone existed. In the initial state formed of the two united 
systems, each point of the solid has zero temperature, except the 
points of the section A, in accordance with the hypothesis. Now 
the temperatures of the second system change more and more, 
and vanish entirely, whilst those of the first remain unchanged. 
Hence after an infinite time, the permanent system of tempera¬ 
tures becomes that represented by equation H, or y, z). 

It must be remarked that this result depends on the condition 
relative to tho initial state; it occurs whenever the initial heat 
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contained in the prism is so distributed, that it would vanish 
entirely, if the end A were maintained at the temperature 0. 

328, We may add several remarks to the preceding solution. 

1st, it is easy to see the nature of the equation e tan ^ ^ 5 

need only suppose (see fig. 15) that we have constructed the curve 
u = € tan €, the arc e being taken for abscissa, and u for ordinate. 
The curve consists of asymptotic branches. 


Fig. 16. 



The abscissae which correspond to the asymptotes are ^tt, 
3 5 7 

2 ^, those which correspond to points of intersec¬ 

tion are tt, 27r, Stt, &c. If now we raise at the origin an ordinate 
equal to the known quantity ^, and through its extremity draw 
a parallel to the axis of abscissm, the points of intersection will 
give the roots of the proposed equation € tan ^ • The con¬ 

struction indicates the limits between which each root lies. We 
shall not stop to indicate the process of calculation which must be 
employed to determine the, values of the roots. Eesearches of 
this kind present no difficulty. 

329. 2nd. We easily conclude from the general equation (H) 
that the greater the value of x becomes, the greater that term of 

the value of v becomes, in which we find the fraction ^ , 

with respect to each of the following terms. In fact, Wg, w,, 
&c. being increasing positive quantities, the fraction is 



THEORY OF HEAT. 


318 


[CHAP, VII. 


greater than any of the analogous fractions which enter into the 
subsequent terms. 

Suppose now that we can observe the temperature of a point 
on the axis of the prism situated at a very great distance x, and 
the temperature of a point on this axis situated at the distance 
x + 1, 1 being the unit of measure; we have then y “ 0, « = 0, 
and the ratio of the second temperature to the first is sensibly 

equal to the fraction e’ This value of the ratio of the tem¬ 

peratures at the two points on the axis becomes more exact as the 
distance x increases. 

It follows from this that if we mark on the axis points each of 
which is at a distance equal to the unit of measure from the pre¬ 
ceding, the ratio of the temperature of a point to that of the point 

which precedes it, converges continually to the fraction 
thus the temperatures of points situated at equal distances end 
by decreasing in geometrical progression. This law always holds, 
whatever be the thickness of the bar, provided we consider points 
situated at a great distance from the source of heat. 

It is easy to see, by means of the construction, that if the 
quantity called I, which is half the thickness of the prism, is very 
small, has a value very much smaller than n^, or Wj, &c.; it 

follows from this that the first fraction is very much 

greater than any of the analogous fractions. Thus, in the case in 
which the thickness of the bar is very small, it is unnecessaiy to 
be very far distant from the source of heat, in order that the tem¬ 
peratures of points equally distant may decrease in geometrical 
progression. The law holds through the whole extent of the bar. 


830. If the half thickness Z is a very small quantity, the 
general value of v is reduced to the first term which contains 


Thus the function v which expresses the temperature of 
a point whose co-ordinates are x, y, and z, is given in this case by 
the equation 


/ 4sinnZ V 




the arc 6 or nl becomes very small, as we see by the construction. 

The equation e tan e = y reduces then to e* = y; the first value of 
ic k ' 
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e, or Cj, is 



by inspection of the figure we know the values of 


the other roots, so that the quantities Cj, e^, e,, e^, &c. are the 

following, TT, 27r, Stt, 47r, &c. The values of 7i^, Wg, &c. 

are, therefore, 


TL jh IT 27r Stt ^ 


whence we conclude, as was said above, that if Z is a very small 
quantity, the first value n is incomparably greater than all the 
others, and that we must omit from the general value of v all the 
terms which follow the first. If now we substitute in the first 
term the value found for n, remarking that the arcs nl and 2nl arc 
equal to their sines, we have 



the factor ^ which enters under the symbol cosine being very 

small, it follows that the temperature varies very little, for 
different points of the same section, when the half thickness I is 
very small. This result is so to speak self-evident, but it is useful 
to remark how it is explained by analysis. The general solution 
reduces in fact to a single tenn, by reason of the thinness of the 
bar, and we have on replacing by unity the cosines of very small 

axes = an equation which expresses the stationary tempe¬ 

ratures in the case in question. 

We found the same equation formerly in Article 76; it is 
obtained here by an entirely different analysis. 


331. The foregoing solution indicates the character of the 
movement of heat in the interior of the solid. It is easy to see 
that when the prism has acquired at all its points the stationary 
temperatures which we arc considering, a constant flow of heat 
passes through each section perpendicular to the axis towards the 
end which was not heated. To determine the quantity of flow 
which corresponds to an abscissa a?, we must consider that the 
quantity which flows during unit of time, across one element of 
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the section, is equal to the product of the coefficient k, of the area 
dydz, of the element du and of the ratio ^ taken with the nega¬ 
tive sign. We must therefore take the integral 9 

from ^ = 0 to £ 1=1 the half thickness of the bar, and then from 
y = Q to y=^l. We thus have the fourth part of the whole flow. 

The result *of this calculation discloses the law according to 
which the quantity of heat which crosses a section of the bar 
decreases; and we see that the distant parts receive very little 
heat from the source, since that which emanates directly from it 
is directed partly towards the surface to be dissipated into the air. 
That which crosses any section whatever of the prism forms, if we 
may so say, a sheet of heat whose density varies from one point 
of the section to another. It is continually employed to replace 
the heat which escapes at the surface, through the whole end of 
the prism situated to the right of the section; it follows therefore 
that the whole heat wkich escapes during a certain time from this 
part of the prism is exactly compensated by that which penetrates 
it by virtue of the interior conducibility of the solid. 

To verify this result, we must calculate the produce of the flow 
established at the surface. The element of surface is dxdy^ and v 
being its temperature, livdxdy is the quantity of heat which 
escapes from this element during the unit of time. Hence the 

integral A Jdxjdyv expresses the whole heat which has escaped 

from a finite portion of the surface. We must now employ the 
known value of v in y, supposing z = l, then integrate once from 
y = 0 to y=l, and a second time from cc = x up to £c = oo. We 
thus find half the heat which escapes from the upper surface of 
the prism; and taking four times the result, we have the heat lost 
through the upper and lower surfaces. 

If we now make use of the expression h jdxjdzv, and give to 

y in its value I, and integrate once from z = 0 to z = l, and a 
second time from a? = 0 to cc = 00 ; we have one quarter of the heat 
which escapes at the lateral surfaces. 


The integral h jdx Jdy u,taken betweenthelimits indicated g; 


ivcs 
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ha 




sin ml cos nl 


and the integral h jdas h vgi 


gives 


— cos mZ sin nl 

njm^ + n* 

Hence the quantity of heat which the prism loses at its surface, 
throughout the part situated to the right of the section whoso 
abscissa is x, is composed of terms all analogous to 

—— g-asVm'+M* fi. gin nilcos »iZ + - cos ml sin nl\ . 

On the other hand the quantity of heat which during the same 
time penetrates the section whose abscissa is a; is composed of 
terms analogous to 

mlsinnl; 

mn 

the following equation must therefore necessarily hold 

sin ml sin nl = —^ sin ml cos nl 
mn m Jm + n 

-f. —cos ml sin nl, 
njui^^rvi? 

or h (in^ + 7 f) sin ml sin nl = hm cos ml sin nl + hn sin ml cos 7 il j 

now we have separately, 

Jc 77 }^ sin ml cos nl = hm cos 7 fil sin nl^ 

m sin ml _ h 
cos?Mi ~’k’ 

we have also 

in® sin 7 d sin ml == hn cos nl sin ml, 

n s in nl _ h 
cos 7 ll k * 

Hence the equation is satisfied. This compensation which is in¬ 
cessantly established hctwcou the heat dissipated and the heat 
transmitted, is a manifest consequence of the hypothesis; and 
analysis reproduces hero the condition which has already boon ex- 
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pressed; but it was useful to notice this conformity in a new 
problem, which had not yet been submitted to analysis. 


332. Suppose the half side I of the square which serves as the 
base of the prism to be very long, and that we wish to ascertain tlic 
law according to which the temperatures at the different points of 
the axis decrease; we must give to y and z nul values in the 
general equation, and to Z a very great value. Now the construc¬ 


tion shews in this case that the first value of e is ^, the second 
^, the third &c. Let us make these substitutions in the general 

equation, and replace nj,, nj., n}, nj, &c. by their values 

5<7r Ttt -i— — 

"Y, and also substitute the fraction a for e"' ®; wo then find 


» = 1 -1 +1 - &c.) 


-i(« 


,vp+j? 

1 

1 , 


-3« + 

6® 

ys+i? 


1 


“3® + 

5® 


— &c. 



“ — &c.^ 


We see by this result that the temperature at different points 
of the axis decreases rapidly according as their distance from the 
origin increases. If then we placed on a support heated and 
maintained at a permanent temperature, a prism of infinite height, 
haying as base a square whose half side I is very great; heat would 
be propagated through the interior of the prism, and would bo dis¬ 
sipated at the surface into the surrounding air which is supposed 
to be at temperature 0. When the solid had arrived at a fixed 
state, the points of the axis would have very unequal tempera¬ 
tures, and at a height equal to half the side of the base the 
temperature of the hottest point would be less than one fifth part 
of the temperature of the base. 
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333. 


It still remains for us to make use of the equation 


^ j. ^ j. 

dt~ CD \d3i?'^ dy'*'^ d?) 




wliicli represents the movement of heat in a solid cube exposed 
to the action of the air (Chapter II., Section v.). Assuming, in 
the first place, for v the very simple value cos nx cospy cos < 72 ?, 
if we substitute it in the proposed equation, we have the equa¬ 
tion of condition = + the letter k denoting the 


K 

coefficient 


It follows from this that if we substitute for 


n, p, 2 any quantities whatever, and take for m the quantity 
&(n*+p*4-2*), the preceding value of v will always satisfy the 
partial differential equation. We have therefore the equation 
= cos wa; cospy cos The nature of the problem 

rofiuires also that if x changes sign, and if y and z remain the 
same, the function should not change; and that this should also 
hold with respect to y or 2 ?: now the value of v evidently satisfies 
those conditions. 


334. To express the state of the surface, we must employ the 
following equations: 

± K + hv = 0 I 

fhn 


+ A'7 + 7itf = () 

- dy 

± + 7(0 = 0 

da 


(&). 





S24 


THEORY OF HEAT 


[chap. Via. 


These ought to be satisfied when » = + a, or ^ = J: a, or a = + a. 
The centre of the cube is taken to be the origin of co-ordinates : 
and the side is denoted by a. 


The first of the equations (6) gives 


T n sin w® cos cos + cos m cosj)^ cos qz — 0, 


or 


h 


+ «tann® + ^=0, 


an equation which must hold when x = ±a. 


It follows from this that we cannot take any value what¬ 
ever for n, but that this quantity must satisfy the condition 

watan«a=^o. We must therefore solve the definite equation 


n • 6 

€ tan e = -^a, which gives the value of e, and take « = - • Now the 


equation in e has an infinity of real roots; hence we can find for 
n an infinity of different values. We can ascertain in the same 
manner the values which may be given to p and to q ; they aro 
all represented by the construction which was employed in the 
preceding problem (Art. 321). Denoting these roots by 
we can then give to v the particular value expressed by tho 
equation 

V = cos nx cospy cos qz, 


provided we substitute for n one of the roots n^, &c., and 

select y and q in the same manner. 


335. We can thus form an infinity of particular values of v, 
and it evident that the sum of several of these values will also 
satisfy the differential equation (a), and the definite equations Qi) 
In order to give to ® the general form which the problem requires, 
we may unite an indefinite number of terms similar to the tenn 

Qg-W(»*+j)»+a») (jQg cosjjy cos qz. 

The value of o may bo expressed by the following equation: 

V = (Oj cos npi e “*“*** + a, cos np> erWi ^ g- ka,H j 

\ cos cos g-Wt + cos + &c.) 

(Cj cos n^z q- Cj cos e-***“' + c, cos + &c.). 
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The second member is formed of the product of the three 
factors written in the three horizontal lines, and the quantities 
unknown coefficients. Now, according to the 
hypothesis, if i be made = 0, the temperature must be the same at 
all points of the cube. Wo must therefore determine a^, &c,, 

so that the value of v may be constant, whatever be the values of 
X, y, and provided that each of these values is included between 
a and — a. Denoting by 1 the initial temperature at all points of 
the solid, we shall write down the equations (Art. 323) 

1 = cos n^x + cos n^x + cos n^x + &c., 

1 = cos nj/ + cos + h *+ 

1 = CjL cos n^z + Cj cos n^z + cos n^z + &c., 

in which it is required to determine a^, a^, &c. After multi¬ 

plying each member of the first equation by cosnXy integrate 
from a? = 0 to x — a: it follows then from the analysis formerly 
employed (Art. 324) that we have the equation 


^ smn,acosn,a ? 


sinWgOcos?^ 


sin njz cos njx 


1 /, siu2;i.,a\ 1 . 8m2?l^a^ 1 A ,sin2/2ga\ 

r‘-“(l + -2v ) + 


+ &C. 


Denoting by /*, the quantity | (l + 

- sin»?,a , sin n,a , sinn-a r 

1 =-!- cos n,x H-cos nje ^-*-cos n,x + otc. 

This equation holds always when wo give to cb a value included 
between a and — a. 


From it wo conclude the general value of v, which is given by 
the following etiuation 


V 


'sin J!.ja 


cos n^x 6“*’“’* + 


sinw,rt , e J 

® cos»i,a! e *’*«' +&c. 
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336. The expression for v is therefore formed of three similar 
functions, one of x, the other of y, and the third of z, which is 
easily verified directly. 

In fact, if in the equation 

dt ~ \<a!£c* ^ dy^ dzy ’ 

we suppose v^XYZ\ denoting by X a function of x and t, 
by Y a function of y apd and by X a function of z and t, we have 

1 ^j.1 ^ i./i ^ . 1 . 1 

X dt ^ Y dt Z dt~ \X dj?^ Y dif Z dzV ’ 

■which implies the three separate equations 

dZ_,^ 

dt~‘‘d!d‘’ dt~^df* dt~'‘d^’ 

Wo must also have as conditions relative to the suifaco, 






^r+-*r.o 

dz^X*^ 


wlicnco we deduce 


1 V"—0 I ^ Y" _ 0 ^*'•7 _ A 

+ d^+K^-^’ dz^K^-^- 


dai 


dy^K 


It follows from this, that, to solve the problem completely, it is 
enough to take the equation = k , and to add to it the 

equation of condition ^ = 0, which must hold when x = a. 

Wo must then put in the place of x, cither y or z, and wo shall 
have the three functions X, Y, Z, whose product is the general 
value of V. 

Thus the problem proposed is solved as follows: 
v = ^{x,t)<f> (y, t) <i> {z, t) ; 

^ (®, *>== 


^ 1 ? cos nx e~ cos n,® e~ 


su^ja ^ + &c.; 
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«!. «s> feeing given by the following equation 

ha 


etone s 


K' 


in which e represents na and the value of /*, is 

1 / sm2Mja\ 

2\ 2n.a )‘ 

In tho same manner the functions (f> (y, t), <f> (g, t) are found. 


337. We may be assured that this value of v solves tho pro¬ 
blem in all its extent, and that the complete integral of the partial 
differential equation (a) must necessarily take this form in order 
to express tho variable temperatures of the solid. 

In fact, tho expression for v satisfies the equation (a) and the 
conditions relative to the surface. Hence the variations of tempe¬ 
rature which result in one instant from the action of the molecules 
and from the action of the air on tho surface, are those which we 
shoirld find by differentiating the value of v with respect to tho 
time t It follows that if, at the beginning of any instant, tho 
function v represents the system of temperatures, it will still 
represent those which hold at the commencement of the following 
instant, and it may bo proved in the same manner that the vari¬ 
able state of tho solid is always expressed by tho function v, in 
which tho value of < continually increases. Now this function 
agrees with tho initial state: hence it represents all the later 
states of the solid. Thus it is certain that any solution which 
gives for v a function different from tho preceding must bo wrong. 

338. If wo suppose the time t, which has elapsed, to have 
become very great, wo no longer have to consider any but tho 
first term of tho expression for v ; for tho values jq, %, iig, &c. aro 
an-anged in order beginning with tho least. This term is given 
by tho equation 

y _ j Q(jg ^ flj Qog fi y (jog n.a e-ston’fj 

this then is tho principal state towanls which tho system of tom- 
poraturoR continually tends, and with which it coincides without 
sensible error after a certain value of t. In this state tho tempo- 
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rature at every point decreases proportionally to the powers of 
the fraction the successive states are then all similar, or 

rather they differ only in the magnitudes of the temperatures 
which all diminish as the terms of a geometrical progression, pre¬ 
serving their ratios. We may easily find, by means of the pre¬ 
ceding equation, the law by which the temperatures decrease from 
one point to another in direction of the diagonals or the edges of 
the cube, or lastly of a line given in position. We might ascer¬ 
tain also what is the nature of the surfaces which determine the 
layers of the same temperature. We see that in the final and 
regular state which we are here considering, points of the same 
layer preserve always equal temperatures, which would not hold 
in the initial state and in those which immediately follow it. 
During the infinite continuance of the ultimate state the mass is 
divided into an infinity of layers all of whose points have a com¬ 
mon temperature, 


339. It is easy to determine for a given instant the mean 
temperature of the mass, that is to say, that which is obtained by 
taking the sum of the products of the volume of each molecule 
by its temperature, and dividing this sum by the whole volume. 

We thus form the expression jj > which is that of the 

moan temperature F. The integral must be taken successively 
with respect to y, and z, between the limits a and — ai v being 
equal to the product we have 

F =jxdso I Ydy J^de; 


thus the mean temperatute is > since the three complete 

integrals have a common value, hence 


/^sin 

i* 1 

1 — j- I 

/sinWgaV 


\ — fS ^ 1 

' 

nf, ) 


The quantity 7 ia is equal to e, a root of the equation e tan s = ^ 


anti II is equal to | ^1 + —denoting the 
different roots of this equation by e^, 6„e„ &c., 
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; ,_^sin2e,+ l e, J, . sm2ej 
^ + 2e. 


&C. 


e, is between. 0 and J tt, is between ir and between Stt and 


I ir, the roots e^, &c. approach more and more nearly to the 

inferior limits 7r> Stt, Stt, &c., and end by coinciding \ntli them 
when the index i is very great. The double arcs 2e^, 2^2, 2eg, &c,, 
are included between 0 and tt, between 27r and Stt, between 47r 
and Stt 5 for which reason the sines of these arcs are all positive i 

the quantities 1 + , 1 + , &c., are positive and included 

between 1 and 2. It follows from this that all the terms which 
enter into the value of are positive. 


340. We propose now to compare the velocity of cooling in 
the cube, with that which we have found for a spherical mass. 
We have seen that for cither of these bodies, the system of tem¬ 
peratures converges to a permanent state which is sensibly attained 
after a certain time; the temperatures at the different points of 
the cube then diminish all together preserving the same ratios, 
and the temperatures of one of these points decrease as the terms 
of a geometric progression whose ratio is not the same in the two 
bodies. It follows from the two solutions that the ratio for the 

sphere is e"*”’ and for the cube The quantity n is given by 

the equation 


cos na 

na - - 

sinm 


= 1 - 


h 

K 


<h 


a being the semi-diameter of the sphere, and the quantity e is given 
by the equation etan e = ^a, a being the half side of the cube. 

This arranged, let us consider two diflferent cases; that in 
which the radius of the sphere and the half side of the cube are 
each equal to a, a very small quantity; and that in which the 
value of a is very great. Suppose then that the two bodies arc of 
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smallcUmeDsions; ^having a very small value, the same is the 

case with e, we have therefore ^ = e®, hence the fraction 

JiL 

e a* is equal to e cjja . 

Thus the ultimate temperatures which we observe are expressed in 

- . na cos na - h 

the form If now in the equation—:-= 1 —we 

^ sin na Jo. 

suppose the second member to differ very little from unity, we find 
hence the fraction e"*”” is e^cDa^ 

We conclude from this that if the radius of the sphere is very 
small, the final velocities of cooling are the same in that solid and 
in the circumscribed cube, and that each is in inverse ratio of the 
radius; that is to say, if the temperature of a cube whose half side 
is a passes from the value A to the value B in the time t, a w«^phero 
w^hose semi-diameter is a will also pass from the temperature A 
to the temperature B in the same time. If the quantity a were 
changed for each body so as to become a', the time required for 
the passage from A to JB would have another value and the 
ratio of the times t and t' would be that of the half sides a and a'. 
The same would not be the case when the radius a is very groat: 
for e is then equal to ^tt, and the values of na are the quantities 
TT, 27r, 37r, 47r, &c. 

We may then easily find, in this case, the values of the frac- 

tions 6 y’6 ; they are e and e »*. 

From this we may derive two remarkable consequences: 1st, when 
two cubes are of great dimensions, and a and a' are their half¬ 
sides; if the first occupies a time t in passing from the temperature 
A to the temperature 5, and the second the time t' for the same 
interval; the times t and t' will be proportional to the squai'os a® 
and a'* of the half-sides. We found a similar result for spheres of 
great dimensions. 2nd, If the length a of the half-side of a cube 
is considerable, and a sphere has the same magnitude a for radius, 
and during the time t the temperature of the cube falls from A to 
By a different time i will elapse whilst the temperature of the 
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sphere is falling from A to and the times t and i are in the 
ratio of 4 to 3. 

Thus the cube and the inscribed sphere cool equally quickly 
when their dimension is small; and in this case the duration of 
the cooling is for each body proportional to its thickness. If the 
dimension of the cube and the inscribed sphere is great, the final 
duration of the cooling is not the same for the two solids. This 
duration is greater for the cube than for the sphere, in the ratio of 
4 to 3, and for each of the two bodies severally the duration of the 
cooling increases as the square of the diameter. 

341. We have supposed the body to be cooling slowly in at¬ 
mospheric air whose temperature is constant. We might submit 
tho surface to any other condition, and imagine, for example, that 
all its points preserve, by virtue of some external cause, the fixed 
temperature 0. Tho quantities n, p, q, which enter into the value 
of *0 under the symbol cosine, must in this case be such that cos rm 
becomes nothing when x has its complete value a, and that the 
same is the caso with cospy and cosj^. If 2(x the side of the 
cube is represented by tt, 27r being the length of the circumference 
whose radius is 1; wo can express a particular value of v by the 
following equation, which satisfies at the same time the general 
equation of movement of heat, and the state of the surface, 

cos x.cosy. cos z. 

This function is nothing, whatever he the time t, when xoryorz 

receive thoir extreme values 4* ^ or i hut tho expression for the 

temperature cannot have this simple form until after a consider¬ 
able time has elapsed, unless tho given initial state is itself 
represented hy cos x cos?/ cus This is what we have supposed 
in Art. 100, Sect. vitr. Chap. I. Tho foregoing analysis proves tho 
tiiith of tho ecpiatioii employed in the Article we have just cited. 

Up to this point wo have discussed hho fundamental problems 
in tho theory of heat, and have considered the action of that 
clement in the principal bodies. Problems of such kind and order 
have been chosen, that oacli prosouts a now difliciilty of a higher 
degree. Wc have dcsiguoilly omitted a numerous vai'icty of 
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intermediate problems, such as the problem of the linear movement 
of heat in a prism whose ends are maintained at fixed temperatures, 
or exposed to the atmospheric air. The expression for the varied 
movement of heat in a cube or rectangular prism which is cooling 
in an aeriform medium might be generalised, and any initial 
state whatever supposed. These investigations require no other 
principles than those which have been explained in this work. 

A memoir was publisliod by M. Fourier in tbe MSmoiTeB de VAcadimie des 
Sciences, Tome yii. Paris, 1827, pp. 605—624, entitled, MSmoire surla distinction des 
racines imaginaires, et sur Vap^lication des tMorhTties d^analyse algdbriqtie aux 
Equations tramcendantes qui dependent de la tMorie de la cJialeur. It contains a 
proof of two propositions in the theory of heat. If there be two solid bodies of 
flirailnr oonvex forms, such that corresponding elements haye tho same density, 
speciflo capacity for heat, and conductlyity, and the same initial distribution of 
temperature, the condition of the two bodies will always be the same after times 
which are as the squares of the dimensions, when, let, corresponding elements 
of the surfaces are maintained at constant temperatures, or 2nd, when tho tem¬ 
peratures of the exterior medium at corresponding points of the surface remain 
constant. 

For the yelocities of flow along lines of flow across the terminal areas s, sf of 
corresponding prismatic elements are as w-v.it'-v', whore (u, v), (vf, i/) are tem¬ 
peratures at pairs of points at the same distance ^ A on opposito sides of s and s'; 
and if 71 : is the ratio of the dimensions, v: v'—n': n. If then, dt, dt^ bo 

corresponding times, the quantities of heat receiyed by the prismatic olemouts aro 
as sh(a-v)dt : s'Jfc (w'- v') tZt', or as vhVdt ; n^'ndif. But the yolumes being as 
r? in'^, if the corresponding changes of temperature are always equal wo must hayo 

n^ndf 
»» - n'» 

In the second case we must suppose JJ ; JT'=7i'; n. [A. F.-] 
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OF THE DIFFUSION OF HEAT. 

FIEST SECTION. 

Of the free mcnmimit of heat in an infinite line, 

342. Here wo consider the movement of heat in a solid 
homogeneous mass, all of whoso dimensions are infinite. The 
solid is divided by planes infinitely near and perpendicular to a 
common axis; and it is first supposed that one part only of the 
solid has been heated, that, namely, -which is enclosed between 
two parallel planes A and B, whoso distance is ijr; all other parts 
have the initial temperature 0; hut any plane included between 
A and B has a given initial temperature, regarded as arbitrary, 
and common to every point of the plane; the temperature is dif¬ 
ferent for different pianos. The initial state of the mass being 
thus defined, it is required to determine by analysis all the suc¬ 
ceeding states. The movement in question is simply linear, and 
in diroetion of the axis of tho plane; for it is evident that there 
can be no trjuisfer of heat in any plane perpendicular to the axis, 
since tho initial temporaturo at every point in the plane is tho 
same. 

Instead of tho infinite solid we may suppose a prism of very 
small thickness, who.se lateral surface is wholly impenetrable to 
heat. Tho movement is thou considered only in the infinite line 
which, is the common axis of all tho sectional planes of the prism. 

Tho problem is more general, when wo attribute temperatures 
entirely arbitrary to all points of tho part of the solid which has 
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been heated, all other points of the solid having the initial tem¬ 
perature 0. The laws of the distribution of heat in an infinite 
solid mass ought to have a simple and remarkable character; 
since the movement is not disturbed by the obstacle of surfaces, 
or by the action of a medium. 

843. The position of each point being referred to three rect¬ 
angular axes, on which we measure the co-ordinates x, t/, z, the 
temperature sought is a function of the variables x, y, z, and of 
the time t This function v or y, z, t) satisfies the general 
equation 

^ j. a. ( \ 

dt ” CL . 

Further, it must necessarily represent the initial state which is 
arbitrary; thus, denoting by F{x, y, z) the given value of the 
temperature at any point, taken when the time is nothing, that is 
to say, at the moment when the diffusion begins, we must have 

^(oj, y, z, 0) = F{x, y, z) .(&). 

Hence we must find a function v of the four variables a?, y, z^ 
which satisfies the differential equation (a) and the definite equa¬ 
tion (J) 

In the problems which we previously discussed, the integral is 
subject to a third condition which depends on tho state of the 
surface: for which reason the analysis is more complex, and tho 
solution requires the employment of exponential terms. Tho 
foim of the integral is very much more simple, when it need only 
satisfy the initial state; and it would be easy to determine at 
once the movement of heat in three dimensions. But in order to 
explain this part of the theory, and to ascertain according to what 
law the diffusion is effected, it is preferable to consider first tho 
linear movement, resolving it into the two following problems: wo 
shall see in the sequel how they are applied to tho case of three 
dimensions. 

344. First problem: a part ah of an infinite line is raised at 
all points to the temperature 1; the other points of the lino are at 
the actual temperature 0; it is assumed that tho heat cannot l)e 
dispersed into the surrounding medium; wc have to determine 
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what is the state of the line after a given time. This problem 
may be made more general, by supposing, 1st, that the initial 
temperatures of the points included between a and b are unequal 
and represented by the ordinates of any line whatever, which we 
shall regard first as composed of two symmetrical parts (see fig. 16); 

Pig. ifi. 



2nd, that part of the heat is dispersed through the surface of the 
solid, which is a prism of very small thickness, and of infinite 
length. 

The second problem consists in determining the successive 
states of a prismatic bar, infinite in length, one extremity of 
which is submitted to a constant temperature. The solution of 
these two problems depends on the integration of the equation 

dv_ K _HL 
di~ C3di? 038 • 

(Article 105), which expresses the linear movement of heat, v is 
the temperature which the point at distance x from the origin 
must have after the lapse of the time t ; K, H, 0, D, L, 8, denote 
the internal and surface conducibilities, the specific capacity for 
heat, the density, the contour of tho perpendicular section, and 
the area of this section. 

345. Consider in tho first instance the case in which heat is 
propagated freely in an infinite lino, one part of which ah has 
received any initial temperatures; all other points having the 
initial temperature 0. If at each point of the bar we raise tho 
ordinate of a plane curve so as to represent tho actual tempera¬ 
ture at that point, wo sec tlrnt at a certain value of the time t, 
the state of tlio solid is expressed by tho form of the curve. 
Denote by v = F{x) tho equation which corresponds to the given 
initial state, and first; for the sake of making tho investigation 
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more simple, suppose the initial fom of the curve to be composed 
of two symmetrical parts, so that we have the condition 

F(a!)=F(-x). 


Let 


GDS~^' 


in the equation ^ 


, ePu , 


make and we have 


d\i 

dt ”” 3 ^' 


Assume a particular value of % namely, a cos qx ; a and q 
being arbitrary constants. Letaj, a^, a^,&c. be a series of any 
values whatever, and Jii Js* ^ series of corresponding 
values of the coefficient Q, we have 

cos (q^x) + a, cos (q^) cos (q^x) + &c. 

Suppose first that the values q^, q^, q^, &c. increase by infinitely 
small degrees, as the abscissae g of a certain curve; so that they 
become equal to dq, Sdq, Sdq, &a; dq being the constant differen¬ 
tial of the abscissa; next that the values a^, a^, a^, &c. are pro-^ 
portional to the ordinates Q of the same curve, and that they 
become equal to Q^dq, Q^dq, Qjiq, &c., Q being a certain function 
of j. It follows from this that the value of u may be expressed 
thus: 

u = Jdq Q cos qx 

Q is an arbitrary function f{q), and the integral may be taken 
from 2 = 0 to j = x. The difficulty is reduced to determining 
suitably the function Q. 

346. To determine Q, we must suppose ^ = 0 in the expression 
for u, and equate uto F {a). We have therefore the equation of 
condition 

F{x) = Q cos qx. 

If we substituted for Q any function of q, and conducted the 
integration from 2 = 0 to g = x, we should find a function of x: 
it is required to solve the inverse problem, that is to say, to 
ascertain what function of 2> after being substituted for Q, gives 
as the result the function F{x), a remaatable problem whose 
solution demands attentive examination. 



AX INVERSE PROBLEM. 
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Developing tlie sign of the integral, we write as follows, the 
equation from which the value of Q must be derived: 

F{x) = dq cos q^x + dqQ^ cos q^x + dqQ^ cos q^x + &c. 


In order to make all the terms of the second member dis¬ 
appear, except one, multiply each side by dxco^rx, and then 
integrate with respect to x from a? = 0 to a? = mr, where n is an 
infinite number, and r represents a magnitude equal to any one 
of ^ 3 , jj, &c., or which is the same thing dq, 2dq, Zdq, &c. Let 
q^ be any value whatever of the variable q, and q^ another value, 
namely, that which we have taken for r\ we shall have r —jdq, 
and q-tdq. Consider then the infinite number n to express how 
many times unit of length contains the element dq^ so that we 

have w = i. Proceeding to the integration we find that the 
dq 

value of the integral jdx co^qx cos rx is nothing, whenever r and 

q have different magnitudes; but its value is ^WTr, when q-r. 

This follows from the fact that integration eliminates from the 
second member all the terms, except one; namely, that wliicli 
contains q^ or r. The function which affects the same term 
is Qjy we have therefore 


J dx F (5c)cos qsX = dq Q, ^ « 7r. 


and substituting for ndq its value 1, we have 

We find then, in general, = J^daiFix) cos f/x. Thus, to 

determine the function Q which satisfies the proposed condition, 
we must multiply the given function F(x) by dx cos qx, and in¬ 
tegrate from X nothing to x infinite, multiplying the result by - ; 

that is to say, from the equation F(x)^jdq/(q) cos q.r, we deduce 

f (q) =:=^JdxF(x) cos q.r, the function F(x) reproscuting the 
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initial temperatures of an infinite prism, of which an intermediate 
part only is heated. Substituting the value of/ (j) in the expres¬ 
sion for F{x], we obtain the general equation 

2 ^( 30 ) = j dqcos qxJ dxF{x) cosga?.(e). 


34j 7. If we substitute in the expression for v the value which 
we have found for the function Q, we have the following integral, 
which contains the complete solution of the proposed problem, 

^ S3 dq cos qx c“*<**^ J dx F (x) cos qx. 

The integral, with respect to x, being taken from x nothing 
too? infinite, the result is a function of g; and taking then the 
integral with respect to q from j = 0 to j = 00 , we obtain for v a 
function of x and t, which represents the successive states of the 
solid. Since the integration with respect to x makes this variable 
disappear, it may be replaced in the expression of v by any varia¬ 
ble a, the integral being taken between the same limits, namely 
from a=0 to a = 00 . We have then 


TTt? 

T 


= e" ^ J dq cos qxe^ dx F (a) cos q 


or 


~ =r dxF{d) J dqpr^^^ cosjajcosgx 


The integration with respect to q will give a function of x, 
t and a, and taking the integral with respect to a wo find a func¬ 
tion of X and t only. In the last equation it would be easy to 
effect the integration with respect to and thus the expression 
of V would be changed. We can in general give different forms 
to the integral of the oqtiation 


do 

di 



- hu, 


they all represent the same function of x and t 


348. Suppose in the first place that all the initial tempera¬ 
tures of points included between a and b, from x^ — lj to a? = 1, 
have the common value 1, and that the temperatures of all the 
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other points are nothing, the function F{x) will be given by this 
condition. It will then be necessary to integrate, with respect to 
X, from a = 0 to 3 ? = !, for the rest of the integral is nothing 
according to the hypothesis. We shall thus find 

Q = - and = er^ f ^ cos qx sin j. 

The second member may easily be converted into a convergent 
scries, as will be seen presently; it represents exactly the state 
of the solid at a given instant, and if we make in it t =« 0, it ex¬ 
presses the initial state. 

2 t*^do 

Thus the function - ~ sin cos qx is equivalent to unity, if 

‘ttJo 2 

we give to x any value included between — 1 and 1: but this 
function is nothing if to x any other value be given not included 
between -1 and 1. We see by this that discontinuous functions 
also may be expressed by definite integrals. 


349. In order to give a second application of the preceding 
formula, let us suppose the bar to have been heated at one of its 
points by the constant action of the same source of heat, and 
that it has arrived at its permanent state which is known to be 
represented by a logarithmic curve. 

It is required to ascertain according to what law the diffusion 
of heat is effected after the source of heat is withdrawn. Denoting 
by Fix) the initial value of the temperature, wo shall have 
fiih 

A is the initial temperature of the point 
most heated. To simplify the investigation let us make A^l, 

and Si=l. We have then F{x)=e-^, whence we deduce 
Ao 


T. Q^fdxe'’cos qx, and taking the integral from « nothing to x 
2 J 

infinite, ~Q =—Thus tho value of » in a and f is given by 

2 1 + j 

the following equation: 


2 Jo 1 + 2 * 
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350. If we make < = 0, we have ^ f ^ which cor- 
' 2 Jo iH-g 

responds to the initial state. Hence the expression J J 

is equal to e-®. It must be remarked that the function F(3r\ 
which represents the initial state, does not change its value accord¬ 
ing to hypothesis when x becomes negative. The heat communi¬ 
cated by the source before the initial state was formed, is 
propagated equally to the right and the left of the point 0, which 
directly receives it: it follows that the line whose equation is 

y = is composed of two symmetrical branches which 

are formed by repeating to right and left of the axis of y the part 
of the logarithmic curve which is on the right of the axis of y, and 
whose equation is y = c“*. We see here a second example of a 
discontinuous function expressed by a definite integral. This 

function ^ J equivalent to c"® when x is positive, but 

it is c* when x is negative^ 


351. The problem of the propagation of heat in an infinite 
bar, one end of which is subject to a constant temperature, is 
reducible, as we shall see presently, to that of the diffusion of heat 
in an infinite line; but it must be supposed that the initial heat, 
instead of affecting equally the two contiguous halves of the solid, 
is distributed in it in contrary manner; that is to say that repre¬ 
senting by F{x) the temperature of a point whose distance from 
the middle of the line is x, the initial temperature of the opposite 
point for which the distance is — x, has for value — F (a:). 

This second problem differs very little from the preceding, and 
might be solved by a similar method: but the solution may 
also be derived from the analysis which has served to dotermine 
for us the movement of heat in solids of finite dimensions. 

Suppose that a part ah of the infinite prismatic bar has been 
heated in any manner, see fig, (16*), and that the opposite part 
ajS is in like state, but of contrary sign; all the rest of the solid 
having the initial temperature 0. Suppose also that the surround- 

1 Of. RiemAnn, Part, Biff, Qleich, § 10, p. 34. [A. F.] 
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ing medium is maintained at tlie constant temperature 0,- and that 
it receives heat from the bar or communicates heat to it through 

Fig. 16*. 



h 


the external surface. It is required to find, after a given time t> 
what will be the temperature v of a point whose distance from the 
origin is x. 

We shall consider first the heated bar as having a finite 
length 2X, and as being submitted to some external cause which 
maintains its two ends at the constant temperature 0; we shall 
then mate X= x. 


352- 


We first employ the equation 


dv_ K EL 


dv 7 d?v 7 


and making v^e'^u wo have 

du _ j <Pu 

'di ~ di?' 

the general value of u may he expressed as follows: 

u = sin g^x + singr,® + &c. 

MaVing then ®=»X, which ought to make the value of v 
nothing, we have, to determine the series of exponents g, the 
condition sin gX-d, or gX^m, i being an integer. 


Hence 


« = ajC sm "Y + ~x 


It remains only to find the series of constants a^, a,, a,, &a 
Making t = 0 we have 

. ‘TT.T . Stt® • 3inc , n _ 

M = jF (a?) = a, sin^^+ a, sm sm -yr- + &c. 
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Let — denote F (x) or F by f (r); we have 
f{r) =s Oj sin r + a, sin 2r + o, sin 3r + &c. 

Now, we have previously found cu = ~ jd *"f W ***} *be inte¬ 


gral being taken from r = 0 to T—ir. Hence 


f «i,= [da!F(x)m 


j ' ' X 


The integral with respect to oo must be taken from a? = 0 to 
a? == i Making these substitutions, we form the equation 

2 - •rrxf^y T?/ \ * ™ 


. 27r® 
+ e ®““X 


jdx F(x)^ + &c.|. ...(a). 


853. Such would be the solution if the prism had a finite 
length represented by 2X, It is an evident consequence of the 
prindples which we have laid down up to this point; it remains 
only to suppose the dimension X infinite. Let X=mr, n being 
an infinite number; also let j; be a variable whoso infinitely small 

increments dq are all equal; we write ^ instead of n. The general 

term of the series which enters into equation (a) being 




• ITTX fj Tt/ \ • wa? 

sm J ax M (x) sm , 


we represent by ^ the number i, which is variable and becomes 
infinita Thus we have 

•jr w 1 . f 

~dgr* dg* * dg' 

Making these substitutions in the term in question we find 
e~*^Bia gxjdxF(x} sinja. Each of these terms must be divided 

by X ox becoming thereby an infinitely small quantity, and 
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the sum of the scries is simply an integral, which must be taten 
with respect to g from j = 0 to 2 = w, Hence 

0 = 1 sin gra; JdxF(x) sin .(a), 

the integral with respect to ce must he taken from a = 0 to a; =» 00 . 
We may also write 

^ = e-^ f*rf 2 e“*«^sin qx [ dxF (o) sin qa, 

2 Jo Jo 

Of ? = e‘“ rdxFfa) jdq e-*«’*3in jassin qoc. 

2 Jo Jo 

Equation (a) contains the general solution of the prohlem; 
and, substituting for F{x) any function whatever, subject or not 
to a continuous law, we shall always be able to express the value 
of the temperature in terms of x and t : only it must be remarked 
that the function F(x) corresponds to a line formed of two equal 
and alternate parts 

354 . If the imtial heat is distributed in the prism in such a 
that the line FFFF (fig. 17), which represents the initial 
Fig. 17. 



state, is formed of two equal arcs situated right and left of 
the fixed point 0, tho variable movement of the heat is expressed 
by tho equation 



If the line ffff (fig. 18), which represents tho imtial state, is 
I That is to say, [A.F.] 





formed of two similar and alternate arcs, the integral which gives 
the value of the temperature is 


TTV 

'2 


Too Too 

d:tf(o )J dg e“’*'®’**sin qx sin ja. 


If we suppose the initial heat to be distributed in any manner, 
it will be easy to derive the expression for v from the two preced¬ 
ing solutions. In fact, whatever the function (a:) may be, which 
represents the given initial temperature, it can always be decom¬ 
posed into two others F[p^) + /(^), one of which corresponds to the 
line FFFFy and the other to the line ffffy so that we have those 
three conditions 


F{u>) = F(-«),/(.r) = -/(- a.), ^( 0 ,) = F(x) +/(«). 

We have already made use of this remark in Articles 233 and 
234. We know also that each initial state gives rise to a variable 
partial state which is formed as if it alone existed. The composi¬ 
tion of these different states introduces no change into the tem¬ 
peratures which would have occurred separately from each of 
them. It follows from this that denoting by v the variable tem¬ 
perature produced by the initial state which represents the total 
function ^ (a?), we must have 

~ dq 0 -* 2 ®^cos qxj d% F (a) cos qx 

+J dqe-'^^^mqxdaf{o) sin 


If we took the integrals with Irespect to a between the limits 
— 00 and + 00 , it is evident that we should double the results. 
We may then, in the preceding equation, omit from the first 
member the denominator 2, and take the integrals with respect to 
a in the second form a = — oo toa = + oo. We easily see also 

r+oo ^ r+oo 

that we could write I da. <(> (a) cos qa, instead of I daF (a) cos qa ; 

J —00 J "00 

for it follows from the condition to which the function/(a) is sub¬ 
ject, that we must have 

f +OO 

da f (a) cos qa. 
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We caa also write 

r+Qo ^ ^ r+oo 

I d% <j> (a) sin ja instead of I daf{a.) single, 

J -00 J -00 

for we evidently have 

r+oo 

0=1 dxF {a) sin qx. 

J —00 

We conclude from this 

th; = e " ** dqe~^‘‘^ da<p (a) cos qaccuqx 

+ d!x<f> (a) sin qx sin jasj , 

/•oo /•+oe 

or, TTi; = e“ “ I dj I da ^ (a) cos j (as — a), 

Jo J -00 

/•+00 Too 

or, in) = e~**J da^(a)J dq6~^cosq [x — d). 


855. The solution of this second problem indicates clearly 
what the relation is between the definite integrals which we have 
just employed, and the results of the analysis which we have 
applied to solids of a definite form. When, in the convergent 
series which this analysis furnishes, we give to the quantities 
which denote the dimensions infinite values; each of the 
terms becomes infinitely small, and the sum of the series is 
nothing but an integral. We might pass directly in the same 
manner and without any physical considerations from the different 
trigonometrical series which we have employed in Chapter m. to 
definite integrals; it will be sufficient to give some examples of 
these transformations in which the results are remarkable. 


356. In the equation 

I w = sin tt 4-g sin 3 m + g sin 5it + &c. 

we shall write instead of u the quantity ^® is a new variable, 

and » is an infinite number equal to ^; g is a quantity formed by 
the successive addition of infinitely small parts equal to dq. We 
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shall represent the variable number « l>y ^ • If general 

1 /c • 

term ^ sin (2« +1) - we put for i and n their values, the term 

becomes ^ sin 2g'a!. Hence the sum of the series is J J^siu 22 a^ 
the integral being taken from 2 = 0 to 2 = * 5 'w® therefore 
the equation i tt = ^ J ^ ^2^ which is always true whatever 

be the positive value of x. Let 22* = r, r being a new varia¬ 
ble, we have ^ — and 4 tt = f — sin r: this value of the defi- 

q r ^ Jo r ’ 

nite integral sin r has been known for some time. If on 

supposing r negative we took the same integral from r = 0 to 
r=— 00 , we should evidently have a result of contrary sign — ^ ir. 


357. The remark which we have just made on the value of 

the integral J—sinr, which is Jtt or - J tt, serves to make known 

the nature of the expression 

2 f^dqsinq 

- - ^cosqx, 

ttJo 2 ^ 

whose value we have already found (Article 348) to ho equal to 
1 or 0 according as is or is not included between 1 and — 1. 

We have in fact 

cosjasinj^^ iJ^Binq(x+l)-iJ^daq(x-l); 

the first term is equal to J w or — J tt according as a; -t-1 is a 

positive or negative quantityj the second ^ sin 2 (® — 1) is equal 

to J w or—i w, according as * — 1 is a positive or negative quantity. 
Hence the whole integral is nothing if » + ! and *-1 have the 
same sign; for, m this case, the two terms cancel each other. But 
if these quantities are of different sign, tliat is to say if we have at 
the same time 


*+l>Oand £B—1<0, 
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the two terms add together and the value of the integral is ^ w. 

2 f dt(j 

Hence tlie definite integral^ - — sin g cos qx is a function of x 

® ttJo 2 . 

equal to 1 if the variahle x has any value included between 1 and 
— 1; and the same function is nothing for every other value of x 
not included between the limits 1 and — 1. 


358. We might deduce also from the transformation of series 
into integrals the properties of the two expressions® 


2 p dq cos q x 

^Jo 1 + 2 * * 


and 


2 f" qdq sin qx ^ 

‘ttJo 1 + 2 “ ^ 


the first (Art. 350) is equivalent to when x is positive, and to 
when x is negative. The second is equivalent to e”* if a? is positive, 
and to — e® if a? is negative, so that the two integrals have the 
same value, when x is positive, and have values of contrary sign 
when X is negative. One is represented by the line eeee (fig. 19), 
the other by the line eeee (fig. 20). 


Fig. 19. 




The equation 

1 . wx sinasinaj . sin2a8in2aj , sinSasinSaj , 

_ —-^ 2V- + ^ 

which we have arrived at (Art. 226), gives immediately the integral 

2 r^dq^ qTrdnjx^^ which expression® is equivalent to sin a?, if x 
ttJo 1"“2 

is included between 0 and tt, and its value is 0 whenever x ex¬ 
ceeds TT. 

1 At tlio limiting voluos of x the value of this integral is i; Eiomann, § 15. 

«Of. Biomann, § 16. 

* Tlio Buhstitutions re<iuirod in the cqLuation are ~ for x, aq for ^ for i-. 

Wo then have sin x equal to a series oquivalont to the above integral for values of x 
between 0 and ir, the original equation being true for values of x between 0 and a. 
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359. The same transformation applies to the general equation 
(w) = sinw Jdu <f> (u) sin u+ Bin 2u Jdu<j!)(u) sin2w+&c. 

Making denote <f> (w) or ty /(os), and introduce into 

the analysis a quantity j whicli receives infinitely small incre- 

ments equal to dq, n will be equal to ^ and substituting 

these values in the general term 

. ix [dx . /zc\ . ix 
sin — I — ^ - sin —, 
n J n ^ \nj n 

we find dqdnqx Jdx/(x) sinqx. The integral with respect to u 

is taken jfrom w = 0 to ii = tt, hence the integration with respect to 
X must be taken from aj = 0 to a? = mr, or from x nothing to x 
infinite. 

We thus obtain a general result expressed by the equation 

Too Too 

■J Try (sc) = 1 dgt sin ^ic I dxf(!S) sin jco .(e), 

Jo JO 

for which reason, denoting hj Q a function of £ such that we have 
f (m) =jdqQ sin £» an equation in which f(u) is a given function, 

Ave shall have Q=‘^Jduf(u) sinjtf, the integral being taken from 

u nothing to u infinite. We have already solved a similar problem 
(Art. 346) and proved the general equation 

Too roo 

i'irF(x) = cos 2 ® I dxF(a^)(X»&gx .(e), 

Jo JO 

which is analogous to the preceding. 

860. To give an application of these theorems, let us suppose 
/(®) =af, the second member of equation (e) by this substitution 

becomes J ijr^gtcjdxsia gp sF. 


The integral 


Jsin 2® «*■ or Jsin gx (goaf 
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is equivalent to sin ««*■, the integral being 

nothing to u infinite. 

Let fi he the integral 


r 

Jo 


du sin u u''; 


taken from u 


it remains to form the integral 


j^dq smqx^ifi, or fud JduBmuW 


(r+l). 


denoting the last integral by v, taken from « nothing to u infinite, 
we have as the result of two successive integrations the term 
of /jlv. We must then have, according to the condition expressed 
by the equation (e), 

= iMvaf or/tv = 4or; 


thus the product of the two transcendants 

‘du 


/•ao r 00 ^ , 

I duu'" sinw and | — sin a is \'it. 

Jo JO ^ 


For example, if r=-1, we find the known result 
f” du six 

Jo Jv 


in the same manner we find 




1 

II 


• 

• 

11 

.(6): 


and from these two equations we might also conclude the following*, 
r 1 

^ which has boon employed for some time. 


301. By means of tho equations (s) and (e) we may solve the 
following problem, which belongs also to partial differential 
analysis. What function Q of the variable q ^lust be placed under 

1 Tho way is simply to use tho expressions e"*= +cos a/ -n/ "* ^ 
transforming a and 6 by writing t/® for w and recollecting that V” • 
Of. M07. [B.T .E.] 





350 


THEOBY OF HEA.T, 


[CHAP. IX. 


the integral sign in order that the expression JdqQe-^i* ma.j be 

equal to a given function, the integral being taken from gr nothing 
to q infinite*? But ■without stopping for different consequences, 
the examination of -which would remove us firom our chief object, 
we shall limit ourselves to the following result, which is obtained 
by combining the two equations (e) and (e). 


They may be put under the form 

l,r/(£c) = f dq sin qxf dxf (a) sin qx, 
2 Jo ^ 


and 


i irF (ai) = J qm duF (a) oos qx 


If we took the integrals with respect to a from - oo to + oo, 
the result of each integration would be doubled, which is a neces¬ 
sary consequence of the two conditions 

/(a) =-/(-«) and i?*(a) = (-a). 


We have therefore the two equations 

and -irF (ai) = f dq cos qccf daF (a) cos qx. 

Jo j ~ao 

We have remarked previously that any function ^(a) can 
always be decomposed into two others, one of which F (x) satisfies 
the condition F{x)’=F{-a!), and the other/(a;) satisfies the 
condition/(as) = -/(- ®). Wo have thus the two equations 

0 = j doF (a) sin jar, and 0 = J 



1 To do this write =fca;^/ -1 in /(*) and add, therefore 
2^® cos (sc-!)+/(-» V 

which remains the same on writing - as for as, 

therefore [/(*->/^) +/(" * n/^)! 2* 

Again we may subtract and use the sine hut tho difficulty of dealing with 
imaginary quantities recurs contimially. [B. L. E.] 
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■whence we conclude 

/.OO *+00 

tr [F(a;) +/(«)] = (aj) =J^<^2 sin qoo j dxf(pi) singa 

*00 *+00 

+ I dq cos qx I dxF (a) cos qa, 

J Q J .00 

and TT^ (a) = I sin | (a) sin ga 

JO J -00 

*00 «+ OO 

+ j dg cos 2 ^ J da<^ (a) cos g x, 
or 7r<f> (of) = I djd^ (a) I dg (sin ja? sin gx + cos ja? cos qz); 

J - 00 JO 

or lastly \ ^ (jj) = - f (a) [ dj cos j (a? — a).(-E)« 

ttJ-oo jo 

The integration with respect to q gives a function of aj and 
a, and the second integration makes the variable a disappear. 

Thus the function represented by the definite integral Jdq cos j (a;—a) 

has the singular property, that if we multiply it by any function 
^ (a) and by da, and integrate it with respect to a between infinite 
limits, the result is equal to •jref) (a?); so that the effect of the inte¬ 
gration is to change a into a?, and to multiply by the number tt. 

362, We might deduce equation (E) directly from the theorem 

1 Poisson,in liis MSmoirc sur la TUaric des Ondcs, in the dc VAcadUmie 
dcsScUnccB, Tomo i., Paris, 181S, pp. 85—87, first gave a direct proof of the theorem 

f{x)==^j”dq cos [qx-qa)f(a), 

in which k is snpposocl to he a small positive a^a^itity which is made eaual to 0 

after tlio integrations, . , ^ *• v? *7 

»>3oolo, On the Analysis of Viscontimious Functions, in the Transactions of the 
Foyal Irish Academy, Yol. xxi., Puhlin, 1848, pp. 12G-130, introduces some ana- 
lytioal roproscntatioiis of disooutimiity, and regards Fourier’s Theorem as unproved 
unless equivalent to tho above iiroposition. ^ • n 77 • 

Dellers, at the end of a Note sur quclqiies intdgrales dUfinies cfcc., in the BuUefDi 
di'> Sciences, SocietH Pliiloimtique, I’liris, 1810, rp. 161-160, indicfttes a V^oot of 
Fottrior’s Tlioorom, which Poisson ropoots in a modiflotl form in the Jonnial roly- 
technique, Cfthior 10, p. 46-1. Tho special diflionltics of 
noticed hy Do Morgan, Hifferentlal aiul integral Calculus, pp. 619, 0-8. _ _ 

An excellent disenssion of tho class of proofs here sllndod to is pvon by 
Mr J. W. L. Qliushor in an article On sinco and cos m, Messenger of Mutliemu us, 
8or. I., Vol. V., pp. 232—211, Oauihridgo, 1871. [A. F.] 




352 


THEORY OF HEAT. 


[chap. IX. 


stated in Article 234, which gives the development of any func¬ 
tion F{po) in a series of sines and cosines of multiple arcs. We 
pass from the last proposition to those which we have just demon¬ 
strated, by giving an infinite value to the dimensions. Each term 
of the series becomes in this case a differential quantity \ Trans¬ 
formations of functions into trigonometrical series are some of the 
elements of the analytical theory of heat; it is indispensable to 
make use of them to solve the problems which depend on this 
theory. 

The reduction of arbitrary functions into definite integrals, 
such as are expressed by equation (^), and the two elementary 
equations from which it is derived, give rise to different conse¬ 
quences which are omitted here since they have a less direct rehi- 
tion with the physical problem. We shall only remark that the 
same equations present themselves sometimes in analysis under 
other forms. We obtain for example this result 

^ {x) di^ (a) cZy cos j (a? — a). 

which differs from equation (jE) in that the limits taken with 
respect to a are 0 and oo instead of being — oo and -f oo . 

In this case it must be remarked that the two equations {E) 
and {E) give equal values for the second member when the 
variable x is positive. If this variable is negative, equation {E') 
always gives a nul value for the second member. The same is 
not the case with equation {E)^ whose second member is equiva¬ 
lent to 7r<^ (aj), whether we give to a? a positive or negative value. 
As to equation {E) it solves the following problem. To find a 
function of x such that if x is positive, the value of the function 
may be (sc), and if x is negative the value of the function may 
be always nothing ^ 

363. The problem of the propagation of heat in an infinite 
line may besides be solved by giving to the integral of the partial 
differential equation a different form which we shall indicate in 

^ Biemann, Part. X>iff. Oleich. § 32, gives the proof, and deduces the formulie 
oorre-^ponding to the oases F({c)szdbF(^(c). 

* These remarks are essential to clearness of view. The equations from which 
(F) and its cognate form may be derived will be found in Todhunter’s InUfirnl 
Calculm, Cambridge, 1862, § 316, Equations (3) and (4). F.] 
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the following article. We shall first examine the case in which 
the source of heat is constant. 


Suppose that, the initial heat being distributed in any manner 
throughout the infinite bar, we maiatain the section at a 
constant temperature, whilst part of the heat communicated is dis¬ 
persed through the external surface. It is required to determine 
the state of the prism after a given time, which is the object of the 
second problem that we have proposed to ourselves. Denoting by 
1 the constant temperature of the end J., by 0 that of the medium, 

we have e as the expression of the final temperature of a 

point situated at the distance x finm this extremity, or simply 

e"*, assuming for simplicity the quantity to be equal to unity. 

Denoting by v the variable temperature of the same point after 
the time t has elapsed, we have, to determine v, the equation 

^ K d’v ' IIL 

dt 


Unl^~ CD 


let now 


we have 


or 


-xn/' 


v-e 


KS 




dt'CDda? CDS^ ' 

dl(/ j di j r 

dt 


repladng -^hy k and by h. 


If wo make «' = e~^*u wo have ^ J 

-JuTi 

is that of the difference between the actual and the 
final temperatures; this difference which tends more and more 
to vanish, and whose final value is nothing, is equivalent at first to 

F{x)-e * 

denoting by F {x) the initial temperature of a point situated at the 
distance a. Let /(®) be the excess of the initial temperature over 
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the filial temperature^ we must find for u a function which satisfies 
the equation whose initial value is ^(a), and 

final value 0. At the point A, or x = 0, the quantity -i; - e ^ 
has, by hypothesis, a constant value equal to 0. We see by this 
that u represents an excess of heat which is at first accumulated in 
the prism, and which then escapes, either by being propagated to 
infinity, or by being scattered into the medium. Thus to represent 
the effect which results from the uniform heating of the end A of 
a line infinitely prolonged, we must imagine, 1st, that the line is 
also prolonged to the left of the point A, and that each point 
situated to the right is now affected with the initial excess of 
temperature; 2nd, that the other half of the line to the left of 
the point A is in a contrary state; so that a point situated at the 
distance — x from the point A has the initial temperature —/(a?) : 
the heat then begins to move freely through the interior of the 
bar, and to be scattered at the surface. 


The point A preserves the temperature 0, and all the other 
points arrive insensibly at the same state. In this manner we are 
able to refer the case in which the external source incessantly com¬ 
municates new heat, to that in which the primitive heat is propa¬ 
gated through the interior of the solid. We might therefore solve 
the proposed problem in the same manner as that of the diffusion 
of heat. Articles 347 and 363; but in order to multiply methods of 
solution in a matter thus new, we shall employ the integral under 
a different form from that which we have considered up to this 
point. 


364. The equation ^^ satisfied by supposing u equal 

to e""® e**. This function of x and t may also be put under the form 
of a definite integral, which is very easily deduced from the known 

value of J We have in fact ^/n■ = j* dqe'^, when the integial 
is taken from £ = -00 to jas+oo. We have therefore also 
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h being any constant whaterer and the limits of the integral the 
same as before. From the equation 




we conclude, by making V — kt 

hence the preceding value of « or e"* 6^ is equivalent to 

we might also suppose u equal to the function 

ae 6 , 


a aud n being any two constants; and we should find in the same 
way that this function is e<][uiyalent to 


We can therefore in general take as the value of u the sum of an 
infinite number of such values, and we shall have 

+ &C.) 


The constants a^, a,, a,, &c., and n^, n,, &o. being undetermined, 

the series represents any function whatever of s + S/i-jH ; we have 

therefore u» {so + The integral should be taken 


from wto£»+00i and the value of u will necessarily satisfy 
the equation integral which contains one arbi¬ 


trary function was not known when we had undertaken our re¬ 
searches on the theory of heat, which were transmitted to the 
Institute of France in the month of December, 1807: it has been 
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giveti by M. LaplaceS in a work -whicb forms part of Tolume Till 
of the M^moires de I’Ecole Polytechnique; we apply it simply to 
the determination of the linear movement of heat. From it we 
conclude 

/•+<« __ „„ till 

^ dqe“^‘<f> (x + 2qjkt) 

■when ^ = 0 the value of u is F(x) — or/(j:); 

hence 

/(®)=j' and ^(a;) =^/(®)- 

Thus the arbitrary function which enters into the integral, is deter¬ 
mined by means of the given function f(x), and we have the 
following equation, which contains the solution of the problem, 

_ fm e~** f+“ . 

ti =s -1- e + -7=- + 

sj'ir J 

it is easy to represent this solution by a construction. 


365. Let us apply the previous solution to the case in which 
all points of the line AB having the initial temperature 0, the end 
A is heated so as to be maintained continually at the tempera¬ 
ture 1. It follows from this that F {x) has a nul value when x 

-X /Wii 

differs from 0. Thus/(ic) is equal to — e ^ ■whenever x differs 
from 0, and to 0 when x is nothing. On the other hand it is 
necessary that on making x negative, the value of /(a;) should change 
sign, so that -we have the condition f{—x) =—/(a?). We thus 
kno'w the nature of the discontinuous function f{x)\ it becomes 

— e when x exceeds 0, and -I- e when x is less than 0. 

We must now write instead of x the quantity x ^ 2q^kt. To find 

M or J ZjVfct), we must first take the integral 

from 

®+ 22 Vn =0 to a!-|- 25 fV^H= eo, 

1 Journal de VMcole Polytechnique, Tome vni. pp, 235—^244, Paris, 1800. 
Laplace shews also that tho complete integral of the equation contains only one 
arbitrary function, but in this rospoct ho had boon anticipated by Poisson. [A. F.] 
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as + = — 00 to ® + 'iq^kt = 0. 

For the first part, we have 

and replacing t by its value wo have 

J Vtt 

or — jdqe~'‘‘ e~^^“'£s, 


I~SIa 

Denoting the quantity 2 + jy V ** preceding expression 




becomes 


_!r /P* 

e vaw r 

— e cjxi dre~’^, 

Vtt J 

this integral.Jire-''* must be taken by hypothesis from 
® ^'0J5 ~ ^ as + 2q i\J ~Qf^ — ®o > 


or from 2 “ “ nA ? “ * > 


/7£Lt a? 

or from ’■-V "OM . /ift 

OD 

The second part of the integral is 


to r= 00 . 


~Jd2e"“ 
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1 flu/^ EM f 

or ^ e^^e^^Jdre"'^, 

j jjjj + r 

denoting by r the quantity q — u -q^' integral jdre~* 

nanst be taken by hypothesis from 


«+2ffy to«+2g^ 


or from o = — 00 to $'= — ' , ■ , that is 

CD 


r = —00 to r> 


MLt _» 

6’Z)i8f o / 


V CD 


The ttro last limits may, fixtm the nature of the function be 
replaced by these: 


V CDS 



, and r ==: 00, 


It toUavrs from this that the vsdue of ti is expressed thus; 


^ lai au r ^ lah ait 


'Lt r 

a» dre-*", 


the first integral must he taken from 


/EDt , ® , 

'“V CDS^rj^^^^'”' 

WcD 


and the second from 


/Hit 

■"V C'DS~~ 



to r = oo. 
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Let Tis represent now the integral i [dre-^ from r= iJ to r = oo 

fJirJ 

by (jB), and we shall have 


^ fWk 

u=r e 




JTLt 

hence u', which is equivalent tone cjds^ is expressed by 



The function denoted by (B) has been known for some time, 
and we can easily calculate, either by means of convergent series, 
or by continued fractions, the values which this function receives, 
when we substitute for iJ given quantities; thus the numerical 
application of the solution is subject to no difl5culty\ 


^ The following references aro given by Riemann: 

Eramp, Amlyse des rdjractiont aatronomiques et terresires, Loipsio and Paris, 


An. vn. 4to. Table I. at the end contains the values of the integral 
from IbaO'OO to its8*00. 

Legendre. TraiU de$fonctioni elUptiqtie$ tides intigraUsEudSHennes, Tome ix. 
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36G. If H be made nothing, we have 



This equation represents the propagation of heat in an infinite 
bar, all points of which were first at temperature 0, except those at 
the extremity which is maintained at the constant temperature 1. 
We suppose that heat cannot escape through the external surface 
of the bar; or, which is the same thing, that the thickness of the 
bar is infinitely great. This value of v indicates therefore the law 
according to which heat is propagated in a solid, terminated by 
an infinite plane, supposing that this infinitely thick wall has first 
at all parts a constant initial temperature 0, and that the surface is 
submitted to a constant temperature 1. It will not be quite 
useless to point out several results of this solution. 

Denoting by <j> (2?) the integral ~ taken from r = 0 to 

r - i?, we have, when iZ is a positive cpiantity, 

and f = i + 

hence 


(- iZ) — -x/r (7?) = 2^ (iZ) and v = 1 — 2c;^ 



developing the integi’al ^ (72) wo have 




Fails, 1826. 4to. pp. 620—1. Table of the values of the integral J(/x ^log ^ 

The first part for values of ^log from 0-00 to 0-60; the second part for values 
of X from 0-80 to 1-00. 

Encko. JstroHomiscRetjrahrduch/ffrlSSi. Eorlin, 1832, 8vo. Table I. at tho 
2 /" < 

end gives the values of ,_ / from {=0-00 to {=2-00. [A. I-’.] 
h/tJo 
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1st, if we suppose x notliing, we find = 1; 2nd, if x not 
Leing nothing, we suppose ^ = 0, the sum of the terms -which 

contain x represents the integral taken from ?’ = 0 to r = oo, 

and consequently is equal to therefore v is nothing; 3rd, 

different points of the solid situated at different depths 

&c. arrive at the same temperature after different times 

&c. which are proportional to the squares of the lengths 

<S:c.; 4th, in order to compare the quantities of heat which during 

an infinitely small instant cross a section S situated in the interior 

of the solid at a distance x from the heated plane, we must take 

the value of the quantity ^ and we have 

dx 



dv 

thus the expression of the quantity ^ is entirely disengaged frona 

the integral sign. The preceding value at the surface of the 

heated solid becomes 8 , which shows how the flow of heat 

*j7rt 

at the surface varies with the quantities C7, K,t\ to find how 
much heat the source communicates to the solid during the lapse 
of the time t, wc must take the integral 
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{^jGDKSt 28J0DK . 

tlius tte heat acquired increases proportionally to the square root of 
the time elapsed. 


367. By a similar analysis we may treat the problem of the 
diffusion of heat, which also depends on the integration of the 

equation ^ = fc ^ — At;. Bepresenting by f{x) the initial tem¬ 


perature of a point in the line situated at a distance w from the 
origin, we proceed to determine what ought to be the temperature 
of the same point after a time t. Making = we have 

^ = A ^, and consequently « = f e"®*(a? + JH). When 
0.t dv J -00 

t = 0 , we must have 


hence 


r+Qo 1 

® =/(«) = (as) or ^ (as) = - 7 =/(a); 

-00 

v = ~r=’ I dqe-^fCx + iqJkt'). 

ijir J -00 


To apply this general expression to the case in which a part of 
the line from. x = — atoa;=ais uniformly heated, all the rest of 
the solid being at the temperature 0 , we must consider that the 
factor/(a; + 22 which multiplies e"«* has, according to hypo¬ 
thesis, a constant value 1 , when the quantity which is under the 
sign of the function is included between — a and a, and that all 
the other values of this factor are nothing. Hence the integral 


jdge"®* ought to betaken from x + 2q Jkt=B —a to a+iqjM=a, 

or from ff = to g = ~7t- • Denoting as above by (i?) 

2/At /tt 

the integral jdr e~*‘ taken from r = 5 to r =* 00 , we have 
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368. We sliall next apply the general equation 
® «"«*/(« + 


■fco the case in which the infinite bar, heated by a source of 
constant intensity 1, has arrived at fixed temperatures and is 
'blien cooling freely in a medium maintained at the temperature 
O. For this purpose it is sufficient to remark that the initial 

function denoted by f(as) is equivalent to so long as the 

Variable x which is under the sign of the function is positive, 

and that the same function is equivalent to when the 

variable which is affected by the symbol /is less than 0. Hence 




'the first integral must be taken from 

x + 2^J/ct = 0 to x + 2qjkt — a3, 
and the second from 


X + 2qjkt = — oo to 05 + 2qjkt — 0. 
The fimt part of the value of v is 


I %n/ w 


or 


or 


'=^1- 




Jtt 


fdre~*^; 


making r = j + ,/Ja. The integral should be taken from 


or from 


tjht' 


m 


2jkt 


= to r s=s 00 . 
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The second part of the value of v is 

e”«* or jdr e-^; 

n»>.1riTig r =s 2 - Jm. The integral should he taken from 


r = —00 to r ——Jht — 


X 


2jkt' 


or from r = Jht + - to r = to, 

■whence we conclude the following expression: 


3C9. We have obtained (Art. 367) the equation 



to express the law of diffusion of heat in a bar of small thickness, 
heated uniformly at its middle point between the given limits 

a = — a, ® = + a. 

We had previously solved the same problem by following a 
different method, and •we had arrived, on supposing a = l, at 
the equation 

V = ~ qe~^, (Art. 348). 


To compare these two results we shall suppose in eaoh ® = 0; 
denoting again by the integral jdr6~^ taken from r=0 

to r=J2, we have 
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on the other hand we ought to have 
sin q 

TT J q ^ 

^ . 

Now the integral J w®*” taken from u=0 to m = oo has 

a known value, m being any positive integer. We have in 
general 


J^due- 


1.3.5 

2.2.3 


7.. . (2m-1)1 

2 .. . 2 2 ■ 


TLc preceding equation gives then, on making = tt®, 
Se”"' fj /-I 1 , 1 0 \ 


or 


_2e-^^<r 1 ii/iyii/iy P. ■ 
/s/tt ,ijkt [^5\2VAi/ " . 


This equation is the same as the preceding when wo suppose 
a =s 1. We see by this that integrals which wo have obtained 
by different processes, lead to the same convergent series, and 
we arrive thus at two identical results, whatever be the value 
of X. 


We might, in this problem as in the preceding, compare the 
quantities of heat which, in a given instant, cross different 
sections of the heated prism, and the general expression of these 
quantities contains no sign of integration; but passing by these 
remarks, we shall terminate this section by the comparison of 
the different forms which we have given to the integral of the 
equation which represents the diffusion of heat in an infinite 
line. 

370. To satisfy the equation assume 

u — or in general w = (?“”** whence we deduce easily 

(Alt. 304) the integral 

w = j ^ (cc + 2g Jki). 


1 Cf. Ricmann, § 18. 
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From the known equation 

J* dse-o’, 

we condudd 


a being any constant; we have therefore 
e®*=-jL J dg or 




This equation holds whatever be the value of a. We may de- 
velope the first member; and by comparison of the terms we shall 

obtain the already known values of the integral This 

value is nothing when n is odd, and we find when n is an even 
number 2m, 



g-a* jito SB 


1.3.5.7.. . (2m-l) ^ 

2 . 2 . 2 . 2 .. . 2 


371. We have employed previously as the integral of the 
da , d^u 

equation ^ the expression 


« = cos Jij® + cos n,®+o,e""^ cos n,® + &c.; 

or this, 

« * a^e sin nje + sin n j®+a,e“"^w sin + &a 

Oj, a,, a,, &c., and n,, n,, n„ &c., being two series of arbitrary 
constants. It is easy to see that each of these eiq>ressions is 
equivalent to the integral 

sin «(a; + 2g V kt), or jdq e"** cos n (®+2^ VAt). 

In fact, to determine the value of the integral 

r+ao 

j dq e~^ sin (® + 2q Vfe); 
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we shall give it the following form 

h e~^Bbxxoo8 2£Vkt+Jdgre ®’cos«8in22’V^•^; 

or else, 

which is equivalent to 

e~^ sin X dg e“(*“ +ijclg 

+ e"“ cos X jdg tr^ar-^ _ jdg j, 

the integralJdgre“^®*taken from j = —oo t0 2~^ Ls^tt, 

we have therefore for the value of the integral Jdge~^ Bm(x+2g */M)> 
the quantity sin x, and in general 

VOT-e"*^sinn®=:j' d^6-«’sinn(a5+ 2^ 


wc could determine in the same manner the integral 


J <f2tf"«*cos»(aj+22\^), 


the value of which is Vw e""** cos nx. 

We see by this that the integral 

gjjj ^ jjQg ^ gin + &, cos njd) 

+ (Og sin n^x + 6, cos njc) + &c. 

is equivalent to 

1 (o, sinnj (« + 2 < 2 "/l;t) + ag8mng(«! + 2^v'l!<) +&o.| 

tft, cos n, (a + 2^ Vlrf) + 6, cos «, (a + 2g 'dht) + &c.) 
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The value of the series represents, as we have seen previously, 
any function whatever of a? -i- 2^ ; hence the general integral 

can be expressed thus 


^(55 + 2^ VAt). 


The integral of the equation ^^7 besides be pre¬ 

sented under diverse other forms\ All these expressions are 
necessarily identical 


SECTION II. 


0/ the free movement of heat in an infinite solid. 


372. 


The integral of the equation 


dv_JC ^ 
dt " CD da? 


(a) furnishes 


immediately that of the equation with four variables 


(^HL 4-^4- 

dt'^GD\da?'^df^dzV 


as we have already remarked in treating the question of the pro¬ 
pagation of heat in a solid cube. For which reason it is sufficient 
in general to consider the effect of the diffusion in the linear 
case. When the dimensions of bodies are not infinite, the distri¬ 
bution of heat is continually disturbed by the passage from the 
solid medium to the elastic medium; or, to employ the expres¬ 
sions proper to analysis, the function which determines the 
temperature must not only satisfy the partial differential equa¬ 
tion and the initial state, but is further subjected to conditions 
which depend on the form of the surface. In this case the integral 
has a form more difficult to ascertain, and we must examine the 
problem with very much more care in order to pass from the case 
of one linear co-ordinate to that of three orthogonal co-ordinates : 
but when the solid mass is not interrupted, no accidental condition 
opposes itself to the free diffusion of heat. Its movement is the 
same in all directions. 


1 See an article by Sir ‘W. Thomson, ** On the LiuGa»: Motion of Heat,*’ Fart I, 
Camh. Math. Journal^ Vol. in. pp. 170—174 [A. F.] 
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The variable temperature » of a point of an infinite line is 
e:spressed by the equation 

*hoo 

w = -i f dq e~^f .(»)• 

X denotes the distance hetween a fixed point 0, and the point m, 
■whose temperature is equal to v after the lapse of a time t. "We 
suppose that the heat cannot be dissipated through the external 
surface of the infinite bar, and that the initial state of the bar is 
expressed by the equation «=/(»). The differential equation, 
which the value of » must satisfy, is 

^ ^ (n\ 

dt^ CD da? . 


But to simplify the investigation, we write 
dv _ d?v 

dt ~ dx* . 



which assumes that we employ instead of t another unknown 

, , Kt 
equal to 

If in / (a), a function of x and constants, we substitute x+2n'ft 

for X, and if, after having multiplied by ^ e~^, we integrate with 

V TT 

respect to n between infinite limits, the expression 


^ J dn e“**/(a; + 2re Vi) 


satisfies, as we have proved above, the differential equation (5); 
that is to say the expression has the property of giving the same 
value for the second fluxion with respect to x, and for the first 
fiuxion with respect to t. From this it is evident that a function 
of three variables /(x,y, js) will enjoy a like property, if we substi¬ 
tute for X, y, z the quantities 
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In fact, the function which we thus form, 

TT-*J dnjdpjdq /(a? + 2n/s/^ y + 2pJF, z + 2qjt)^ 


gives three terms for the fluxion with respect to t, and these three 
terms are those which would be found by taking the second fluxion 
with respect to each of the three variables x, y, z. 

Hence the equation 


V = 7 r“* J dnj dp Jdq f(x 4- 2nji, y ^r2pjt, z + 2q Ji) 

.W, 


gives a value of v which satisfies the partial differential equation 


dv cPv 6Pv 

dt~^ da? ^ di^ dz^ 


{B). 


373. Suppose now that a formless solid mass (that is to say 
one which fills infinite space) contains a quantity of heat whose 
actual distribution is known. Let v^F(x, y, z) be the equation 
which expresses this initial and arbitrary state, so that the 
molecule whose co-ordinates are x, y, z has an initial temperature 
equal to the value of the given function F{x, y, z). We can 
imagine that the initial heat is contained in a certain part of 
the mass whose first state is given by means of the equation 
Fix, y, z), and that all other points have a nul initial tem¬ 
perature. 

It is required to ascertain what the system of temperatures 
will be after a given time. The variable temperature v must 
consequently be expressed by a function ^ (a?, y, z, t) which ought 
to satisfy the general equation (-d) and the condition (x, y, z, 0 ) 
= F{x, y,z). Now the value of this function is given by the 
integral 

V = TT"* Jdln jdpjdqF(x^2nji, y Ji, z 2q Jt). 

In fact, this function v satisfies the equation (A), and if in it we 
make ^ 0, we find 

7r“* j dnj dp j dq jF (a?, y, z), 

or, effecting the integrations, F (p, y, z). 
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374. Since the function v oi <}) (a;, y, z, t) represents the 
initial state when in it we make i = 0, and since it satisfies the 
differential equation of the propagation of heat, it represents also 
that state of the solid which exists at the commencement of the 
second instant, and making the second state vary, we conclude 
that the same function represents the third state of the solid, and 
all the subsequent states. Thus the value of v, which we have 
just determined, containing an entirely arbitrary function of three 
variables x, y, z, gives the solution of the problem; and we cannot 
suppose that there is a more general expression, although other¬ 
wise the same integral may be put under very different forms. 

Instead of employing the equation 

« - ds (« + 2? Jt), 


we might give another form to the integral of the equation 

^ ; and it would always be easy to deduce from it the 

integral which belongs to the case of three dimensions. The 
result which we should obtain would necessarily be the same as 
the preceding. 

To give an example of this investigation we shall make use of 
the particular value which has aided us in forming the exponential 
integral. 

Taking then the equation^ = ^... (6), let us give to r the 
very simple value cos ticc, which evidently satisfies the 

4 • A • O 

differential equation (&). In fact, we derive from it ^ 


and ^ - n*». Hence also, the integral 

oaf 

0 

cZne"^“*coswfl? 


0 


belongs to the equation (6) ; for this value of v is formed of the 
sum of an infinity of particular values. Now, the integral 


r 

J .00 


dn cos nx 
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is kno\m, tind is known to be equivalent to ' (see the follow¬ 
ing article). Hence this last function of oe and t agrees also with 
the differential equation (5). It is besides very easy to verify 

e~ 4it 

directly that the particular value satisfies the equation in 
question. 

The same result will occur if we replace the variable x by 
oj — a, a being any constant. We may then employ as a particular 

value the function —— , in which we assign to a any value 

whatever. Consequently the sum j dx f{a) ®^so satisfies 

the differential equation (6)j for this sum is composed of an 
infinity of particular values of the same form, multiplied by 
arbitrary constants. Hence we can take as a value of v in the 

equation ^ ^ the following, 


v=l dxf(a) 


fa-gy 

Ae~ * 


Ji ’ 


being a constant coefficient. If in the last integral we suppose 
“2’’ making also A Tfe shall have 


. 

.( 0 , 

f" dqe-i‘f{x + ^^) . 

.( 0 - 


We see by this how the employment of the particular values 


6 " ^ COS nx or — 7 = 


leads to the integral under a finite form. 
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875. The relatioa in which these two paxticular values are to 
each other is discovered when we evaluate the integrsd^ 


r: 


dn e*"***^ cos nx. 


To effect the integratioa, we might develope the factor cos me 
and integrate with respect to n. We thus obtain a series which 
represents a known development; but the result may be derived 

more easily from the following analysis. The integral Jdn e“*‘“^cos me 

is transformed to Jrfjp e"^*cos 2^, by assuming i[?t =j?*and me == 2j:>w, 
We thus have 

/H-oo ^00 

J elne~”^‘oo 8 niB=^J dp e~P*oos 2 j>u. 

We shall now write 

Jdjp cos 2pu=j[ Jdp + i 

= ie-”^Jdp6-<P-“^~^y + J e-”‘Jdp e-(p+«^. 

Now each of the integinls which enter into these two terms is 
equal to ^/w, We have in fact in general 




and consequently 


J .00 


_ l»+oo 

Jir =1 dq 

whatever he the constant 6. We find then on making 
h = TwV—1, Jdqe~^coa2qu = e~“’>yjr, 


hence 


er^Jw 

J dne~*‘^‘COB = 


i The velne is obtiuuod by a dillorout method in Todhuuter'e Integral Galevlui, 
§376. [A.F.] 
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and putting for u its value —■=, vre have 

2 Vt 


I cos na; = ^V^. 

i-m Vt 




Moreover the particular value is simple enough to present 

itself directly without its being necessary to deduce it from the 
value er^^coanx. However it may be, it is certain that the 


e^4it 


functionsatisfies the differential equation ^ = it is the 

0 "“ 4if 

same consequently with the function —7=—, whatever the quan- 

ts/t 

tity a may be. 


876. To pass to the case of three dimensions, it is sufficient 

Qg-ay 

to multiply the function of x and t, —by two other similar 

Jt 

functions, one oiy and t, the other of z and the product will 
evidently satisfy the equation 


dv _ ^ ePu (Pr 

dt da? d:? * 

We shall take then for v the value thus expressed: 

^8 p)*+f0-7y 

v^t u 


If now we multiply the second member by da, dfi, drf, and by 
any function whatever/(a, y) of the quantities a, y, we find, 
on indicating the integration, a value of v formed of the sum of an 
infinity of particular values multiplied by arbitrary constants. 

It follows firom this that the function v may be thus ex¬ 
pressed: 


This equation contains the general integral of the proposed 
equation (j 4) ; the process which has led us to this integral ought 
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to be remarked since it is applicable to a great variety of cases; 
it is useful chiefly when the integral must satisfy conditions 
relative to the surface. If we examine it attentively we perceive 
that the transformations which it requires are all indicated by 
the physical nature of the problem. We can also, in equation (j), 
change the variables. By taking 


4st it M 




u 


we have, on multiplying the second member by a constant co¬ 
efficient id, 


Taking the three integrals between the limits — oo and + co, 

and making i = 0 in order to ascertain the initial state, we find 
8 

v — i^ATr'^f{sD,y^z). Thus, if we represent the known initial 
temperatures by F (x, y, s), and give to the constant A the value 

2 TT 2, we arrive at the integral 

8 /H-OO H-oo /H-oo 

dn I dp\ y^2pjt, 

J m,ao J ..00 J •mto 

which is the same as that of Article 372. 


The integral of equation (A) may be put under several other 
forms, from which that is to be chosen which suits best the 
problem which it is proposed to solve. 

It must be observed in general, in these researches, that two 
functions 0 (x, y, z, t) aro the same when they each satisfy the 
differential equation (A), and when they are equal for a definite 
value of the time. It follows from this principle that integrals, 
which aro reduced, when in them we make t = 0, to the same 
arbitrary function F{x, y, z), all have the same degree of generality; 
they are necessarily identical 

The second member of the differential equation (a) was 
multiplied by gg, and in equation (&) we supposed this coefficient 
equal to unity. To restore this quantity, it is sufficient to write 
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Kt 

instead of in the integral (i) or in the integral {J). We 

shall now indicate some of the results which follow from these 
equations. 


377. The function which serves as the exponent of the 
number e* can only represent an absolute number, which follows 
from the general principles of analysis, as we have proved ex¬ 
plicitly in Chapter II., section IX. If in this exponent we replace 
Kt 

the unknown t by we see that the dimensions of K, 0, JD and 


with reference to unit of length, being — 1, 0, — 3, and 0, the 

Kt 

dimension of the denominator is 2 the same as that of each 


term of the numerator, so that the whole dimension of the expo¬ 
nent is 0. Let us consider the case in which the value of t increases 
more and more; and to simplify this examination let us employ 
first the equation 

.® 


which represents the diffusion of heat in an infinite line. Suppose 
the initial heat to be contained in a given portion of the line, 
from aj= — Atoa?=s+y, and that we assign to a; a definite value X, 
which fixes the position of a certain point m of that line. If the 


time t increase without limit, the terms 



-I- 2olK 

~w 


which 


enter into the exponent will become smaller and smaller absolute 

2tta> a* 

numters, so that in the product e~*t we can. omit 

the two last factors which sensibly coincide with unity. We thus 
find 


a* 



This is the expression of the variable state of the line after a 
very long time; it applies to all parts of the line which are less 
distant from the origin than the point m. The defibuite integral 

* In raoh qnantitieB sb e~ . [A. F.] 
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I dafia^ denotes the whole quantity of heat B contained in the 

solid, and we see that the primitive distribution has no influence 
on the temperatures after a very long time. They depend only 
on the sum B, and not on the law according to which the heat has 
been distributed. 

378. If we suppose a single element © situated at the origin 
to have received the initial temperature/, and that all the others 
had initially the temperature 0, the product (of will be equal to 

the integral J ^daf(a) or B. The constant /is exceedingly great 
since we suppose the line eo very small 

£* 

The equation v = —caf represents the movement which 
2fj7rjjt 

would take place, if a single element situated at the origin had 
been heated. In fact, if we give to x any value a, not infinitely 

a** m . 

small, the function —y=- will be nothing when we suppose ^ 0. 

The same would not be the case if the value of x were 

2? 

nothing. In this case the function receives on the contrary 

V ^ 

an infinite value when i = 0. We can ascertain distinctly the 
nature of this function, if we apply the general principles of the 
theory of curved surfaces to the surface whose equation is 


The equation v = —t=-7= o/ expresses then the variable tem- 

2tj7r tjt 

perature at any point of the prism, when we suppose the whole 
heat coUected into a single element situated at the origin. 
This hypothesis, although special, belongs to a general problem, 
after a sufficiently long time, the variable state of the solid is 
always the same as if the initial heat had been collected at the 
origin. The law accoi-ding to which the heat was distributed, has 



378 


THEOEY OF HEA.T. 


[chap, IX. 


muclL influence on the variable temperatures of the prism; but 
this effect becomes weaker and weaker, and ends with being quite 
insensibla 


379. It is necessary to remark that the reduced equation (y) 
does not apply to that part of the line which lies beyond the point 
m whose distance has been denoted by X 

In fact, however great the value of the time may be, we might 


choose a value of x such that the term e ^ would differ sensibly 
from unity, so that this factor could not then be suppressed. We 
must therefore imagine that we have marked on, either side of the 
origin 0 two points, m and m', situated at a certain distance X or 
— X, and that we increase more and more the value of the time, 
observing the successive states of the part of the line which .is 
included between m and m'. These variable states converge more 
and more towards that which is expressed by the equation 





Whatever be the value assigned to X, we shall always be able to 
find a value of the time so great that the state of tibe line mom 
does not differ sensibly from that which the preceding equation (y) 
expresses. 

If we require that the same equation should apply to other 
parts more distant from the origin, it will be necessary to suppose 
a value of the time greater than the preceding. 

The equation (y) which expresses in all cases the final state of 
any line, shews that after an exceedingly long time, the different 
points acquire temperatures almost equal, and that the temperatures 
of the same point end by varying in inverse ratio of the square 
root of the times elapsed since the commencement of the diffusion. 
The decrements of the temperature of any point whatever always 
become proportional to the increments of the time. 


380. 


If we made use of the integral 



daf {a)e 
2j7rkt 


4kt" 


0 
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to ascertain the variable state of the points of the line situated at 
a great distance from the heated portion, and in order to express 


- 204 ? 


the ultimate condition suppressed also the factor e , the 
results which we should obtain would not be exact. In fact, 
supposing that the heated portion extends only from a = 0 to a=^ 
and that the limit ff is very small with respect to the distance a of 
the point whose temperature we wish to determine; the quantity 

fa — .a? 

— '" ^ which forms the exponent reduces in fact to — ^; that 

fa a?)* a?* 

to say the ratio 9 f the two quantities ' and approaches 


IS 


4ikt 


more nearly to unity as the value of a? becomes greater with 
respect to that of a: but it does not follow that we can replace 
one of these quantities by the other in the exponent of e. In 
general the omission of the subordinate terms cannot thus take 
place in exponential or trigonometrical expressions. The quanti¬ 
ties arranged under the symbols of sine or cosine, or under the 
exponential symbol e, are always absolute numbers, and we can 
omit only the parts of those numbers whose value is extremely 
small; their relative values are here of no importance. To decide 
if we may reduce the expression 



rff 

e’ ^ to a dxf(a), 


we must not examine whether the ratio of a? to a is very great, 
but ■whether the terms axe very small numbers. This 

condition always exists when t the time dapsed is extremely great; 
but it does not depend on the ratio - . 


381. Suppose now that we wish to ascertain how much time 
ought to elapse in order that the temperatures of the part of the 
solid included between aj = 0 and may be represented very 
nearly by the reduced equation 
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and that 0 and g may he the limits of the portion originally 
heated. 


The exact solution is given by the equation 

4kt 

Jo 


lo ijirkt 

and the approximate solution is given by the equation 


(0, 


i; = 


e'“4M 

2 Jirkt 




■(y). 


k denoting the value of the conducibility. In order that the 

equation (y) may be substituted for the preceding equation (i), it 

2 ^-a* 

is in general requisite that the factor e which is that which 
we omit, should differ very little from unity; for if it were 1 or ^ 
we might apprehend an error equal to the value calculated or to 

the half of that value. Let then e ^ =s 1 + a), o) being a small 

fraction, as or from this we derive the condition 


— a* 


or ^ = 


1 / 2a^ — a^ \ 
0) \ 4A /' 


and if the greatest value g which the variable a can receive is 

very small with respect to x, we have ^ ^. 

0 ) He 


We see by this result that the more distant from the origin 
the points are whose temperatures we wish to determine by means 
of the reduced equation, the more necessary it is for the value of 
the time elapsed to be great. Thus the heat tends more and more 
to be distributed according to a law independent of the primitive 
heating. After a certain time, the diffusion is sensibly effected, 
that is to say the state of the solid depends on nothing more than 
the quantity of the initial at, and not on the distribution which 
was made of it. The temperatures of points sufficiently near to 
the origin are soon represented without error by the reduced 
equation (y); but it is not the same with points very distant from 
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the source. We can. then make use of that eq^uation only when 
the time elapsed is extremely long. Numerical applications make 
this remark more perceptible. 

382. Suppose that the substance of which the prism is formed 
is iron, and that the portion of the solid which has been heated is 
a decimetre in length, so that g = O’l. If we wish to ascertain 
what will be, after a given time, the temperature of a point m 
whose distance from the origin is a metre, and if we employ for 
this investigation the approximate integral {y), we shall commit 
an error greater as the value of the time is smaller. This error 
will be less than the hundredth part of the quantity sought, if the 
time elapsed exceeds three days and a half. 

In this case the distance included between the origin 0 and the 
point m, whose temperature we are determining, is only ten times 
greater than the portion heated. If this ratio is one hundred 
instead of being ten, the reduced integral (y) will give the tem¬ 
perature nearly to less than one hundredth part, when the value 
of the timo elapsed exceeds one month. In order that the ap¬ 
proximation may be admissible, it is necessary in general, 1st that 

2x^5 — Ot* 

the quantity —— should he equal to but a very small fraction 

as or or less; 2nd, that the error which must follow 

should have an absolute value very much less than the small 
quantities which wo observe with the most sensitive thermometers. 

When the points which wo consider are very distant from the 
portion of the solid which was originally heated, the temperatures 
which it is required to determine are extremely small; thus the 
error which wo should commit in employing the reduced equation 
would have a very small absolute value; but it does not follow 
that we should be authorised to make use of that equation. For 
if the error committed, although very small, exceeds or is equal to 
the quantity sought; or even if it is the half or the fourth, or an 
appreciable part, the approximation ought to be rejected. It is 
evident that in this case the approximate equation (y) would not 
express the state of the solid, and that we could not avail ourselves 
of it to determine the ratios of the simultaneous temperatures of 
two or more points. 
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383. It follows from this examination that we ought not to 

1 [ff 

conclude from the integral v=^ — 7 = that the 

2 Jirkth 

law of the primitive distribution has no influence on the tempera¬ 
ture of points very distant from the origin. The resultant effect 
of this distribution, soon ceases to have influence on the points 
near to the heated portion; that is to say their temperature 
depends on nothing more than the quantity of the initial heat, 
and not on the distribution which was made of it: but greatness 
of distance does not concur to efface the impress of the distribu¬ 
tion, it preserves it on the contrary during a very long time 
and retards the diffusion of heat. Thus the equation 

only after an immense time represents tlie temperatures of points 
extremely remote from the heated part. If we applied it without 
this condition, we should find results doable or triple of the true 
results, or even incomparably greater or smaller; and this would 
not only occur for very small values of the time, but for great 
values, such as an hour, a day, a year. Lastly this expression 
would be so much the less exact, all other things being equal, as 
the poiats were more distant from the part originally heated. 


384. When the diffusion of heat is effected in all directions, 
the state of the solid is represented as we have seen by the 
integral 


_ [ffdsd^dy 


-am 




/(*> |8. 7). O’)- 


If the initial heat is contained in a definite portion of the solid 
mass, we know the limits which comprise this heated part, and 
the quantities a, j8, y, which vary under the integral sign, cannot 
receive values which exceed those limits. Suppose then that we 
mark on the three axes six points whoso distances are +X, +Y, +Z, 
ajid — X, — Y, — Z, and that we consider the successive states of 
the solid included within the six planes which cross the axes at 
these distances; we see that the exponent of e under the sign of 
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integration, reduces to — when the value of the time 

CP 

increases witliont limit. In fact, the terms snch as and 


receive in tliis case very small absolute values, since the numera¬ 
tors are included between fixed limits, and the denominators 
increase to infinity. Thus the factors which we omit differ 
extremely little from unity. Hence the variable state of the 
solid, after a great value of the time, is expressed by 


^ 0, i). 


The factor J da jdjS Jdy/C<x, A 7 ) represents the whole quantity 


of heat £ which the solid contains. Thus the system of tempera¬ 
tures depends not upon the initial distribution of heat, but only 
on its quantity. We might suppose that all the initial heat, was 
contained in a single prismatic element situated at the origin, 
whose extremely small orthogonal dimensions were a>^, ©g. The 

initial temperature of this element would be denoted by an 
exceedingly great number /, and all the other molecules of the 
solid would have a nul initial temperature. The product 
eq^iil ^ this case to the integral 


jda jdfijdy/(a,fi, 7). 


Whatever be the initial heating, the state of the solid which 
corresponds to a very great value of the time, is the same as if all 
the heat had been collected into a single element situated at the 
origin. 


386. Suppose now that we consider only the points of the 
solid whose distance from the origin is very great with respect 
to the dimensions of the heated part; we might first imagine 
that this condition is sufficient to reduce the exponent of e in 
the general integral. The exponent is in fact 

(a - «)* + O - .7/)* + (7 - *)*. 

■■■ ■■ " ’ 
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and the variables ot, y are, by hypothesis, included between 
finite limits, so that their values are always extremely small 
with respect to the greater co-ordinate of a point very remote 
from the origin. It follows from this that the exponent of e 
is composed of two parts one of which is very small 

with respect to the other. But from the fact that the ratio 

^ is a very small fraction, we cannot conclude that the ex¬ 
ponential becomes equal to or differs only from it by 
a quantity very small with respect to its actual value. We must 
not consider the relative values of M and but only the absolute 
value of fi. In order that we may be able to reduce the exact 
integral (j) to the equation 

it is necessary that the quantity 

Zax + 2% + 2yz — a* — — 7 * 

whose dimension is 0, should always be a very small number. 
If we suppose that the distance from the origin to the point m, 
whose temperature we wish to determine, is very great with 
respect to the extent of the part which was at first heated, 
we should examine whether the preceding quantity is always 
a very small fraction o). This condition must be satisfied to 
enable us to employ the approximate integral 

V = J32"® (Trkty^ : 

but this equation does not represent the variable state of that 
part of the mass which is very remote from the source of heat. 
It gives on the contrary a result so much the less exact, all 
other things being equal, as the points whose temperature we 
are determining are more distant from the source. 

The initial heat contained in a definite portion of the solid 
mass penetrates successively the neighbouring parts, and spreads 
itself in all directions; only an exceedingly small quantity of 
it arrives at points whose distance from the origin is very great. 
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When we express analytically the temperature of these points, 
the object of the investigation is not to determine numerically 
these temperatures, which are not measurable, but to ascertain 
their ratios. Now these quantities depend certainly on the law 
according to which the initial heat has been distributed, and the 
effect of this initial distribution lasts so much the longer as the 
parts of the prism are more distant from the source. But if the 

terms which form part of the exponent, such as and have 

absolute values decreasing without limit, we may employ the 
approximate integrals. 

This condition occurs in problems where it is proposed to 
determine the highest temperatures of points very distant from 
the origin. We can demonstrate in fact that in this case the 
values of the times increase in a greater ratio than the distances, 
and are proportional to the squares of these distances, when the 
points we are considering are very remote from the origin. It is 
only after having established this proposition that we can effect 
the reduction under the exponent. Problems of this kind are the 
object of the following section. 


SECTION III. 

Of the highest temperatures in an infinite solid. 

386. We shall consider in the first place the linear move¬ 
ment in an infinite bar, a portion of which has been uniformly 
heated, and we shall investigate the value of the time which must 
elapse in order that a given point of the line may attain its 
highest temperature. 

Lot us denote by 2g the extent of the part heated, the middle 
of which corresponds with the origin 0 of the distances a?. All the 
points whose distance from the axis of y is less than g and greater 
than ^ g^ have by hypothesis a common initial temperature f and 
all other sections have the initial temperature 0. We suppose 
that no loss of heat occurs at the external surface of the prism, or, 
which is the same thing, we assign to the section perpendicular to 
the axis infinite dimensions. It is required to ascertain what will 
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be the time t which corresponds to the maximum of temperature 
at a given point whose distance is x. 

We have seen, in the preceding Articles, that the variable 
temperature at any point is expressed by the equation 

1 r («-»)» 


K 


■a 

d%e~ . 


The coefficient k represents K being the specific con- 

ducibility, 0 the capacity for heat, and D the density. 

To simplify the investigation, make & = 1, and in the result 
Kt 

■write let or instead of t. The expression for v becomes 

V = — pv 
2*/w ijij -a 

. dv d^v mi • dv 

This is the integral of the equation ^ function ^ 

measures the velocity with which the heat flows along the axis of 

the prism. Now this value of ^ is given in the actual problem 

without any integral sign. We have in fact 

or, effecting the integration, 

d?v 

387. The function ^ may also be expressed without the 
sign of integration: now it is equal to a fluxion of the first order 


dv 


bonce on equating to zero this value of ^, which measures the 

instantaneous increase of the temperature at any point, we have 
the relation sought between x and t. We thus find 

2 Jirt \ 4^ 4fi ) dt^ 
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(£+/ 7 )* 

{x+ff)e~ i‘ ~{x-g)e~ « ' ; 
whence we conclude 


t = 



K 


We have supposed — To restore the coeflScient we 


Kt 

must write instead of t, and we have 


t = 



The highest temperatures follow each other according to the 
law expressed by this equation. If we suppose it to represent the 
varying motion of a body which describes a straight line, x being 
the space passed over, and t the time elapsed, the velocity of 
the moving body will be that of the maximum of temperature. 


When the quantity g is infinitely small, that is to say when the 
initial heat is collected into a single element situated at the 

origin, the value of t is reduced to -, and by differentiation or 


Kt 


development in scries we find == 


We have loft out of consideration the quantity of heat whicli 
escapes at the surface of the prism; wo now proceed to take account 
of that loss, and we shall suppose the initial heat to be contained 
in a single element of the infinite prismatic bar. 


388. In the preceding problem we have determined the 
variable state of an infinite prism a definite, portion of which was 
affected throughout with an initial temperature f. We suppose 
that the initial heat was distributed through a finite space from 
a? = 0 to a? = 

We now suppose that tlic same quantity of heat Jj/* is contained 
in an infinitely small element, from a; = 0 to a? = w. The tempera- 
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ture of the heated layer will therefore heand from this follows 

what was said before, that the variable state of the solid is 
expressed by the equation 


V 


J TT 2 Jki 


W; 


K 


this result holds when the coeflBcient which enters into the 
differential equation ^ ^ — hv, is denoted by h As to the 


SI 

coefficient A it is equal to qj^ \ ^ denoting the area of the 

section of the prism, Z the contour of that section, and S the 
conducibility of the external surface. 


Substituting these values in the equation (a) Mve have 

.CT> 







M)\ 


f represents the mean initial temperature, that is to say, that 
which a single point would have if the initial heat were distributed 
equally between the points of a portion of the bar whose length 
is Z, or more simply, unit of measure. It is required to determine 
the value t of the time elapsed, which corresponds to a maximum 
of temperature at a given point. 


To solve this problem, it is sufficient to derive from equation 
d/o 

(a) the value of ^, and equate it to zero; we have 

dv i,®* rk\ 


dt 


hence the value 0, of the time which must elapse in order that the 
point situated at the distance x may attain its highest temperature, 
is expressed by the equation 


ek^ 



1 



ha? 


( 0 ). 
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To the highest temperature V, we remaik that the 

iX? 

exponent of e"‘ in equation (a) is + equation (J) 

gives = hence hiand putting for \ its 

known value, we have ^ + substituting this ex¬ 

ponent of e"^ in equation (a), we have 

y _ 

ijir jhd 


and replacing Jdk by its known value, we find, as the expression 
of the maximum V, 


hf -Jtufl+i /l . /4A 1,1 /jx 

*^“27;' ‘V?+VT^+i‘. 

The equations (c) and (rf) contain the solulaon of the problem; 

^ HI K 

let us replace h and h by their values 1 ®^ 


write 5 S' instead of j, representing by g the semi-thickness of the 
A 6 

prism whose base is a square. We have to determine V and 0, 
the equations 




1 + 2 



(Cf). 


These equations are applicable to the movement of heat in a 
thin bar, whose length is very great. We suppose the middle of 
this prism to have been affected by a certain quantity of heat hf 
which is propagated to the ends, and scattered through the convex 
surface. V denotes the maximum of temperature for the point 
whose distance from the primitive source is a?; 0 is the time 
which has elapsed since the begiiming of the diffusion up to the 
instant at which the highest temperature F occurs. The coeffi- 
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cients C> jBT, iT, D denote tlie same specific properties as in the 
preceding problems, and g is the half-side of the square formed by 
a section of the prism. 


389. In order to make these results more intelligible by a 
numerical application, we may suppose that the substance of which 
the prism is formed is iron, and that the side 2g of the square is 
the twenty-fifth part of a metre. 

We measured formerly, by our experiments, the values of H 
and K ; those of C and D were already known. Taking the metre 
as the unit of length, and the sexagesimal minute as the unit of 
time, and employing the approximate values of jET, K, C, D, we 
shall determine the values of V and 9 corresponding to a given 
distance. For the examination of the results which we have in view, 
it is not necessary to know these coefficients with great precision. 


We see at first that if the distance x is about a metre and a 

2H 

half or two metres, the term “^^9 which enters under the radical, 
has a large value with reference to the second term ^. The ratio 


of these terms increases as the distance increases. 


Thus the law of the highest temperatures becomes more and 
more simple, according as the heat removes from the origin. To 
determine the regular law which is established through the whole 
extent of the bar, we must suppose the distance x to be very 
great, and we find 


Wi 




Jx \Kg) 


K 

CD 


0 =. 


X 


, ns 
y Kg 


or 


X 


(S). 

.(7). 


390. We see by tbe second equation that the time which corre¬ 
sponds to the maximum of temperature increases proportionally 
with the distance. Thus the velocity of the wave (if however wo 
may apply this expression to the movement in question) is constant, 
or rather it more and more tends to become so, and preserves this 
property in its movement to infinity from the origin of heat. 
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We may remark also in the first equation that the quantity 

Jm 

expresses the permanent temperatures which the 
different points of the har would take, if we affected the origin 
with a fixed temperature /, as may be seen in Chapter i., 
Article 76. 


In order to represent to ourselves the value of V, we must 
therefore imagine that all the initial heat which the source con¬ 
tains is equally distributed through a portion of the bar whose 
length is b, or the unit of measure. The temperature f, which 
would result for each point of this portion, is in a manner the 
mean temperature. If we supposed the layer situated at the 
origin to be retained at a constant temperature f during an infinite 
t.iTnft^ all the layers would acquire fixed temperatures whose 

general expression is /e denoting by x the distance of the 

layer. These fixed temperatures represented by the ordinates of 
a logarithmic curve are extremely small, when the distance is 
considerable; they decrease, as is known, very rapidly, according 
as we remove from the origin. 


Now the equation (8) shews that these fixed temperatures, 
which are the highest each point can acquire, much exceed the 
highest temperatures which follow each other during the difftision 
of heat. To determine the latter maximum, we must calculate 
the value of the fixed maximum, multiply it by the constant 


number 


f2H\i 1 

W ^/2^• 


, and divide by the square root of the dis¬ 


tance X. 


Thus the highest temperatures foUow each other through tho 
whole extent of the line, as the ordinates of a logarithmic curve 
divided by the square roots of the abscissae, and the movement of 
the wave is uniform. According to this general law tho boat 
collected at a single point is propagated in direction of the length 
of the solid. 


891. If we regarded the conducibility of the external surface 
of the prism as nothing, or if the conducibility K or the thickness 
2g were supposed infinite, we should obtain very different results. 
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2ff 

We could then omit the term and we should have^ 

^9 


„ f 1 .K6 

V = ",‘ 1 - 7 = - and 7 ^ = i £c“. 


In this case the value of the maximum is inversely propor¬ 
tional to the distance. Thus the movement of the wave would 
not be uniform. It must be remarked that this hypothesis is 
purely theoretical, and if the conducibility H is not nothing, but 
only an extremely small quantity, the velocity of the wave is not 
variable in the parts of the prism which are very distant from the 
origin. In fact, whatever be the value of flj if this value is given, 
as also those of K and y, and if we suppose that the distance x 


increases without limit, the term -syr a? will always become much 

^9 

greater than The distances may at first be small enough for 
2jEf 

the term 7 ?:-^ to be omitted under the radical. 

^9 


The times are 


then proportional to the squares of the distances; but as the heat 
flows in direction of the infinite length, the law of propagation 
alters, and the times become proportional to the distances. The 
initial law, that is to say, that which relates to points extremely 
near to the source, differs very much from the final law which is 
established in the very distant parts, and up to infinity ; but, in 
the intermediate portions, the highest temperatures follow each 
other according to a mixed law expressed by the two preceding 
equations {D) and (0). 


392. It remains for us to determine the highest temperatures 
for the case in which heat is propagated to infinity in every direc¬ 
tion within the material solid. This investigation, in accordance 
with the principles which we have established, presents no 
difficulty. 

When a definite portion of an infinite solid has been heated, 
and all other parts of the mass have the same initial temperature 0 , 
heat is propagated in all directions, and after a certain time the 
state of the solid is the same as if the heat had been originally 
collected in a single point at the origin of co-ordinates. The time 

^ Sec equations (Z>) ai:(l (C), article 388, making & .•=!. [A. F.] 
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-ffliicL mast elapse before this last effect is set up is exceedingly 
great when the points of the mass are veiy distant from the origin. 
Each of these points which had at first the temperature 0 is 
imperceptibly heated j its temperature then accj^uires the greatest 
value which it can receive; and it ends by diminishing more and 
more, until there remains no sensible heat in the mass. The 
variable state is in general represented by the equation 

Ja -j)«+(S - v)«+(e-g)a 

. -/(». i.c) .W. 


The integrals must he taken between the limits 


®-®i> J-i,. h = c = —Cj, C=Cg. 

The limits — 46 ^, — c^, 40 , are given; they 

include the whole portion of the solid which was originally heated. 
The function /(a, h,c) is also given. It expresses the initial 
temperature of a point whose co-ordinates are a, b, c. The defi¬ 
nite integrations make the variables a, b, o disappear, and there 
remains for v a function of a?, y, s, t and constants. To determine 
the time d which corresponds to a maximum of v, at a given point 


m, we must derive from tlio preceding equation the value of 


dv 

Tt> 


we thus form an equation which contains 0 and the co-ordinates of 
the point «t. From this we can then deduce the value of 6. If 
then wo substitute this value of 6 instead of t in equation (E), we 
find the value of the highest temperature V expressed in a?, y, z 
and constants. 


Instead of equation (E) let us write 

v=l'daJdbj'do JPf{a,b,c), 
denoting by JP the multiplier of f(a, b, c), we have 


393. We must now apply the last expression to points of the 
solid which arc very distant from the origin. Any point what¬ 
ever of tho portion which contains the initial heat, having for co¬ 
ordinates tho vajiables a, I, c, and tho co-ordinates of the point m. 
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whose temperature we wish to determine being x, y, z, the square of 
the distance between these two points is (a — a;)’ + (6 — y)*+ (fi — «)*; 

and this quantity enters as a factor into the second term of ^. 

Now the point m being very distant from the origin, it is 
evident that the distance A from any point whatever of the heated 
portion coincides with the distance D of the same point from the 
origin; that is to say, as the point m removes farther and farther 
from the primitive source, which contains the origin of co-ordinates, 
the final ratio of the distances D and A becomes 1. 

It follows from this that in equation {e) which gives the value 
dv 

of the factor (a — xY + (6 — yf 4* (c — «)* may be replaced by 

+ + or r^, denoting by r the distance of the point m from 

the origin. We have then 


dv / »'* 3 

Kt 

If we put for V its value, and replace t by in order to 

K. 

re-establish the coefficient "^hich we had supposed equal to 1, 
we have 



_ (a-a?)*+(5-.y)2+(o-a;)a 
.Kt 






394. This result belongs only to the points of the solid whoso 
distance from the origin is very great with respect to the greatest 
dimension of the source. It must always be carefully noticed 
it does not follow from this condition that we can omit tho varia¬ 
bles a, h, c under the exponential symbol. They ought only to bo 
omitted outside this symbol. In fact, the term which enters under 
the signs of integration, and which multiplies f{a,h,c), is tho 
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product of several factors, such as 


-a> 






-a?* 

tOJ> 


Now it is not sufificiont for tlie ratio ~ to be always a very 

great number in order that we may suppress the two first factors. 
If, for example, we suppose a equal to a decimetre, and x equal to 
ten metres, and if the substance in which the heat is propagated is 
iron, we see that after nine or ten hours have elapsed, the factor 

2aa? 

7^ . 

e CD IS still greater than 2; hence by suppressing it we should 
reduce the result sought to half its value. Thus the value of 

at 

as it belongs to points very distant from the origin, and for any 
time whatever, ought to be expressed by equation (a). But it is 
not the same if we consider only extremely large values of the 
time, which increase in proportion to the squares of the distances: 
in accordance with this condition we must omit, even under the 
exponential symbol, the terms which contain a, h, or c. Now this 
condition holds when wo wish to determine the highest tempera¬ 
ture which a distant point can acquire, as we proceed to prove. 


dv 

395. The value of ^ must in fact he nothing in the case in 
question; we have therefore 


»•* 3 /V K ^ 1 , 

. / A'A* o CD* “ 6^- 

\vd) 

Thus the time which must elapse in order that a very distant 
point may acquire its highest temperature is proportional to the 
square of the distance of this point from the origin. 


If in the expression for v we replace the denominator 
2 

by its value ^ r*, the exponent of e"* which is 


CD 
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3 

may be reduced to g, since the factors which we omit coincide with 
unity. Consequently we find 


The integral Jda jdb jdcf(a, h, c) represents the quantity of 

the initial heat: the volume of the sphere whose radius is r is 

so that denoting by/the temperature which each molecule 
o 

of this sphere would receive, if we distributed amongst its parts 


all the initial heat, we shall have v 



The results which we have developed in this chapter indicate 
the law according to which the heat contained in a definite portion 
of an infinite solid progressively penetrates all the other parts 
whose ini tial temperature was nothing. This problem is solved 
more simply than that of the preceding Chapters, since by 
attributing to the solid infinite dimensions, we make the con¬ 
ditions relative to the surface disappear, and the chief difficulty 
consists in the employment of those conditions. The general 
results of the movement of heat in a boundless solid mass are 
very remarkable, since the movement is not disturbed by the 
obstacle of surfaces. It is accomplished freely by means of the 
natural properties of heat. This investigation is, properly 
speaking, that of the irradiation of heat within the material 
solid. 


SECTION IV. 

Com^Kmson of the integrals. 

396. The integral of the equation of the propagation of heat 
presents itself under different forms, which it is necessary to com¬ 
pare. It is easy, as we have seen in the second section of this 
Chapter, Articles 372 and 376, to refer the case of three dimen¬ 
sions to that of the linear movement; it is sufficient therefore to 
integrate the equation 

dv__ K (fu 
dt~ CD da?* 
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dv _ cP« 

~ da?'"’‘ . 


(a). 


To deduce from this differential equation the laws of the propa¬ 
gation of heat in a body of definite form, in a ring for example, 
it was necessary to know the integral, and to obtain it under a 
certain form suitable to the problem, a condition which could be 
fulfilled by no other fonn. This integral was given for the first 
time in our Memoir sent to the Institute of France on the 
21st of December, 1807 (page 124, Art. 84): it consists in the 
following equation, which expresses the variable system of tem¬ 
peratures of a solid ring ; 

v=-^^^daF (a) e"®cos 1^^) .(a). 


R is the radius of the mean circumference of the ring; the integral 
with respect to a must be taken from a = 0 to a = 27rjB, or, which 
gives the same result, from a = — ttJ? to a = wR ; i is any integer, 
and the sum S must be taken from to 2 = -j- oo ; v denotes 

the temperature which would be observed after the lapse of a 
time at each point of a section separated by the arc cc from that 
which is at the origin. We represent hy v = F (a?) the initial tem¬ 
perature at any point of the ring. We must give to i the succes¬ 
sive values 


0, 1, -f"2, +3, &c., and —1, —2, —3, &c., 

and instead of cos write 


ZO! ZOL , ZX , ZCL 
cos^jcos^+sm^sin-^^. 


We thus obtain all the terms of the value of v. Such is the 
form under which the integral of equation (a) must be placed, in 
order to express the variable movement of heat in a ring (Chaj), iv., 
Art. 241). Wo consider the case in which the form and extent <»f 
the generating section of the ring arc such, that the points of tlio 
same section sustain temperatures sensibly e<iual. Wo sui)posc 
also that no loss of heat occurs at the surface of the ring. 





398 


THEOKY OF HEAT. 


[chap. IX. 


397. The equation (a) heing applicable to all values of JS, wo 
can suppose in it i? infinite; in which case it gives the solution of 
the following problem. The initial state of a solid prism of 
small thickness and of infinite length, being known and expressed 
by V = F(x), to detennine all the subsequent states. Consider the 
radius H to contain numerically n times the unit radius of tlic 
trigonometrical tables. Denoting by g a variable which successively 
becomes cZj, 2ds, Zdq ,.. idq, &c., the infinite number n may 


1 

be expressed by j-, and the variable number % by 
these substitutions we find 


Making 


(a) e~'‘^ cos (® — a). 

The terms which enter under the sign S arc differential quan¬ 
tities, so that the sign becomes tliat of a definite integral; and 
we have 

» = 2 ~ ^ C«) j (h cos (2» - ga). (j 0 ). 

Tills equation is a sccoml form of the integral of the equation 
(a); it expresses the linear movement of heat in a prism of infinite 
length (Chap, vii., Art. 354). It is an evident consequence of the 
first integral (a). 


398. Wo can in equation (/3) ciffect the definite integration 
with respect to for wo have, siccording to a known lemma, which 
we have alrojwly proved (Art. 375), 

r+00 

I <h cos 2hz = 

J “00 


Making then a* = we find 

r+oo 

Houco tlic integral (^) of tlic preceding Article becomes 


'cos (joj —ya) 


2jirji 


'i> = [ '2 Vi 


■( 7 )- 
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If we employ instead of a another unknown quantity / 8 , 


CL 

making —= / 3 , we find 


« = jdl5e-^F(a!+ 2^Ji) .( 3 ). 


This form (S) of the integral ^ of equation (a) was given in 
Volume VIII. of the Mtmoires de VEcole Polytechnique, by M. Laplace, 
who arrived at this result by considering the infinite scries which 
represents the integral. 

Each of the equations (/S), ( 7 ), (S) expresses the linear diffusion 
of heat in a prism of infinite length. It is evident that those are 
three forms of the same integral, and that not one can be con¬ 
sidered more general than the others. Each of them is contained 
in the integral (a) from which it is derived, by giving to an 
infinite value. 


399. It is easy to develope the value of v deduced from 
equation (a) in series arranged according to the increasing powers 
of one or other variable. These developments are self-evident, 
and we might dispense with referring to them; but they give rise 
to remarks useful in the investigation of integrals. Denoting by 

«/>" &c., the functions ^ we 

have 

§ = v", and v = c+ldtv"; 


1 A diroot proof of tho eqiiivalonco of tlio forms 

1 i 

(*+2/3n/ 0 and « W, (ROO Art. 401), 

has boon given by Mr Glaishor in tho Messenger of Mathematics, Juno 1876, p. 30. 
Expanding ip{x’{-2pjt) by Taylor’s Thoorom, inlograto each term separately: 
terms involving uneven powers of fjt vanish, and wo have the sooond fonn; 
whioh is thoreforo cauivalont to 

/oo roa 

"I da dq cos q{a-sr) (p (a), 

J-ec Jo 


from which tho first form may bo derived as abovo. We have thus a slightly 
gonorali 2 sod form of Fourier’s Theorem, p. 361. [A. F.] 
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here the constant represents any function of x. Putting for ®" its 

value c"+ and continuing always similar substitutions, we 
find 

v = e+jdtv" 

^ c J dt 


or 


= c+l^c" +J dt , 

v = o + ic"-i- ^.<r + ^e’' + ,^c^ + &c. 
[2 13 14 


.(lo¬ 


in this series, e denotes an arbitrary function of x. If wo wish 
to arrange the development of the value of v, according to ascend¬ 
ing powers of as, we employ 

— —§? 
da? ~ di ’ 

and, denoting by &c. the functions 

we have first v = a + bx + jdxjdxv/, a and b here represent any 
two functions of t. We can then put for v its value 

a, + 6,a;-f Jdxjdxv,/, 

and for its value a„ + jdxjdxv^,,, and so on. By continued 
substitutions 

v^a+bx+Jdx jdxv, 
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or t, = a + ^o, + ga„+^o„, + &c. 

+ ®6 + |&. + |6„ + &c.(Z). 

In tliis series, a and b denote two arbitrary functions of t. 

If in the series given by equation (X) we put, instead of 
a and b, two functions (t) and {t), and develope them according 
to ascending powers of t, we find only a single arbitrary function 
of cs, instead of two functions a and b. We owe this remark to 
M. Poisson, who has given it in Volume vx. of the M^moires de 
TEcole Polytechnique, page 110. 

Reciprocally, if in the series expressed by equation (T) we de¬ 
velope the function c according to powers of os, arranging the 
result with respect to the same powers of x, the coefiicients of 
these powers are formed of two entirely arbitrary functions of t ; 
which can be easily verified on making the investigation. 


400. The value of v, developed according to powers of t, 
ought in fact to contain only one arbitrary function of x ; for the 
differential equation (a) shows clearly that, if wo knew, as a 
function of x, the value of v which corresponds to ^ = 0, the 
other values of the function v which correspond to subsequent 
values of t, would bo dotonuined by this value. 


It is no less evident that the function v, when dovclopod 
according to ascending powers of x, ought to contain two com¬ 
pletely arbitrary functions of the variable t. In fact the differential 


dv 


shows that, if wo knew as a function of t the 


value of V which corresponds to a definite value of x, we could 
not conclude from it the values of v which correspond to all the 
other values of x. It would be necessary in addition, to give as 
a function of t the value of v which corresponds to a second value 
of X, for example, to that which is infinitely near to the first. All 
the other states of the function v, that is to say those whiclx corre¬ 
spond to all the other values of x, would then ho dotorminod. The 
ditforential equation (a) belongs to a curved surface, the vortical 
ordinate of any point being v, and the two horizontal co-ordinates 
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X and and t. It follows evidently from this equation (a) that the 
form of the surface is determined, when we give the form of the 
vertical section in the plane which passes through the axis of x : 
and this follows also from the physical nature of the problem; for 
it is evident that, the initial state of the prism being given, all the 
subsequent states are determined. But we could not construct 
the surface, if it were only subject to passing through a curve 
traced on the first vertical plane of t and v. It would be necessary 
to know fui*ther the curve traced on a second vertical plane 
pajrallel to the first, to which it may be supposed extremely near. 
The same remarks apply to all partial differential equations, and 
we see thaWhe order of the equation does not determine in all 
cases the number of the arbitrary functions. 


401. 

equation 


The series (7) of Article 399, which is derived from the 


— — 
dt dx^ 


(«). 


may be put under the form v = ^ (^c). Developing the ex- 

ji 

ponential according to powers of D, and writing ^ instead of D\ 
considering % as the order of the differentiation,' we have 

V = ^ (®) + ~ ^ (a;) +1(a,) + &c. 

Following the same notation, the first part of the scries {X) 
(Art. 399), which contains only even powers of £c, may he expressed 
under the form cos [x y— D) <p (t). Develope according to powers 

of X, and write instead of D\ considering i as the order of the 

differentiation. The second part of the series (JC) can be derived 
from the first by integrating with respect to x, and changing the 
function ^ (^) into another arbitrary function y[r (t). We have 
therefore 


v = cos D) (f> (t) + 
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This known abridged notation is derived from the analogy 
which exists between integrals and powers. As to the use made 
of it here, the object is to express series, and to verify them 
without any development. It is sufficient to differentiate under 
the signs which the notation employs. For example, from the 
equation v = ^ (cc), we deduce, by differentiation with respect 

to t only, 

which shews directly that the series satisfies the differential 
equation (a). Similarly, if we consider the fibrst part of the series 
(X), writing 

V = cos {x 0 (t), 

we have, differentiating twice with respect to x only, 
^c=Dcoa{xJ'^)4>(t) = Dv = ^. 


Hence this value of v satisfies the differential equation (a). 

We should find in the same manner that the differential 
equation 


cPv ^ _ 


( 6 ), 


gives as the expression for « in a series developed according to 
increasing powers of y, 

V — cos (yD) ^ (x). 


d 


Wo must dovolopc with respect to y, and write ^ instead of 
D: from this value of v we deduce in fact, 

0 — C cos (yB) ^ (.) = - ^ 


The value sin (yD) (a:) satisfies also the differential equation; 
hence the general value of v is 


V = cos (yD) ^ («) + W, where W =sin (yD) -i/r (a;). 
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■(P), 


402. If the proposed differential equation is 

dPv _ <Z*o 

dt~d^^df . 

and if we wish to express t; in a series arranged according to 
powers of t, we may denote by the function 




and the equation being ^ «= Dv, we have 

V = cos (t J—D) (j> (x, y). 

From this we infer that 

j, _cN d?v 

We must develope the preceding value of v according to powers 
/d* d®V . 

of t, write j, instead of D*, and then regard i as the order 

of differentiation. 

The following value jdt cos C®,y) satisfies the same 

condition; thus the most general value of v is 

t) = cos (f 7^^^) i/> («, y) + Tf; 
and W—jdt cos y) I 

«is a function y(u!, y, t) of three variables. If we make f = 0, we 

J 

have/= («, y,0)=<l> {x, y) ; and denoting ^/(®, y. 0 by/ («, y, t), 
we have/ («, y, 0) = (oj, y). 


If the proposed equation is 




■W, 


the vahie of v in a series arranged according to powers of t will 
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be « = cos (<Z)*)^(a5,y), denoting^by D; for we deduce from 
this value 


de~ 




The general value of v, which can contain only two arbitrary 
functions of x and y, is therefore 

V = cos (tD*) ^ (», y) + W, 


and W= f dt cos (tJD^ (», y). 

J 0 

dv 

Denoting v by f(x, y ,«), and ^ by f (x, y, t), we have to 
determine the two arbitrary functions, 

4> (®. y) =/(®> y> 0)* (®* y) */ (®»y* ^)' 


403. If the proposed differential equation is 


dh} , d*v , a d^v 

da?dy' 


d*v „ 
+ ^* = 0 


■(e), 


we may denote by the function so that DD^ 

or can bo formed by raising the binomial to the 

second degree, and regarding the exponents as orders of differcn- 

d?v 

tiation. Equation (e) then becomes + JOPv = 0; and the value 

of V, arranged according to powers of t, is oos(iD)^ (»>y)i for 
from this we derive 


d?v _ 
df~ 




d^v d?v a d*v_ 


0 . 


The most general value of v being able to contain only two 
arbitrary functions of x and y, wliich is an evident consequence of 
the form of the equation, may bo expressed thus; 


» = cos 


(fD) tf>(x, y)+jdt cos (tJ?) ^ (x, y). 
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The functions ^ and are determined as follows, denoting the 
function v hj/iss. y, t), and (as, y, t) by/, (as, y, t), 


^ (®. y) =/ (». 2f. 0), ^fr (as, y) =/ (x, y, 0). 
Lastly, let the proposed differential equation be 
dv , 7 d% , ^ d^v „ 


•(/), 


the coefficients a, I, o, d are known numbers, and the order of the 
equation is indefinite. 

The most general value of v can only contain one arbitrary 
function of x ; for it is evident, from the very form of the equa¬ 
tion, that if we knew, as a function of x, the value of v which 
corresponds to ^ = 0, all the other values of v, which correspond to 
successive values of t, would be determined. To express v, we 
should have therefore the equation v =? (x). 

We denote by D(f> the expression 



that is to say, in order to form the value of v, we must develop 
according to powers of t, the quantity 

+&C.) 

and then write ^instead of a, considering the powers of a as orders 

of differentiation. In fact, this value of v being differentiated 
■with respect to t only, we have 


dv _ 
dt ~ dt 




It would be useless to multiply applications of the same process. 
For very simple equations we can dispense with abridged expres¬ 
sions ; but in general they supply the place of very complex in¬ 
vestigations. We have chosen, as examples, the preceding equa¬ 
tions, because they all relate to physical phenomena whose amilytical 
expression is analogous to that of the movement of heat. The two 
first, (a) and (h), belong to the theory of heat; and the three 
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following (c), (d), (e), to dynamical problems; the last (/) ex¬ 
presses what the movement of heat would be in solid bodies, if 
the instantaneous transmission were not limited to an extremely 
small distance. We have an example of this kind of problem in 
the movement of luminous heat which penetrates diaphanous 
media. 


404. We can obtain by different means the integrals of these 
equations: we shall indicate in the first place that which results 
from the use of the theorem enunciated in A.rt. 361, which we 
now proceed to recal. 

If we consider the expression 

f +09 r+00 

da <f> (a) dp cos (px—pa), . (a) 


we see that it represents a function of x ; for the two definite 
integrations with respect to a and p make these variables dis¬ 
appear, and a function of ® remains. Tho nature of the function 
will evidently depend on that which we shall have chosen for 
^ (a). We may ask what tho function ^ (a), ought to be, in order 
that after two definite integrations we may obtain a given function 
/(»). In general the investigation of tho integrals suitable for 
the expression of different physical phenomena, is reducible to 
problems similar to tho preceding. The object of those problems 
is to determine the orbitiuiy functions under the signs of the 
definite integration, so that the result of this integration may bo 
a given function. It is easy to see, for example, that tho general 
integral of the equation 


dv_ , d*v d^v 




(/) 


would be known if, in the preceding expression (a), we could 
determine ^ (a), so that the result of the integration might be a 
given function / (x). In fact, we form directly a particular value 
of V, expressed thus, 

V =s coH j)*, 
and wo find this condition, 

m = ap* + hjt* + + Ac, 
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We might then ako take 

V = cos (px —pi), 

giving to the constant a any value. We have similarly 
V=J dx<f>(a) 6 cos {px —pi). 


It is evident that thk value of v satisfies the differential equation 
{/)> i* is merely the sum of particular valuea 

Further, supposing i = 0, we ought to find for « an arbitrary 
function of x. Denoting this function by/(as), we have 


fip)- jdx(f> (a) jdp cos (paj -pa). 


Now it follows from the form of the equation (f), that the most 
general value of v can contain only one arbitrary function of x. 
In fact, this equation shews clearly that if we know as a function 
of X the value of v for a given value of the time t, all the other 
values of v which correspond to other values of the time, are 
necessarily detennined. It follows rigorously that if we know, 
as a function of t and x, a value of v which satisfies the differential 
equation; and if further, on making t = 0, this function of x and t 
becomes an entirely arbitrary function of x, the function of x and 
t in question is the general integral of equation (/). The whole 
problem is therefore reduced to determining, in the equation 
above, the function <f> (a), so that the I'esult of two integrations 
may be a given function f(x). It is only necessary, in order that 
the solution may be general, that we should be able to take for 
f(x) an entirely arbitrary and even discontinuous function. It is 
merely required therefore to know the relation which must always 
exist between the given function /(®) and the unknown function 
4> (a). Now this very simple relation is expressed by the theorem 
of which we are speaking. It consists in the fact that when the 
integrals are taken between infinite limits, the function ^ (a) is 

2 ^/ (“); is *0 say, that we have the equation 

2 ^00 ^00 

/I’cosCF-pa).(^. 
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From this we conclude as the general integral of the proposed 
equation (/), 



405. 


If we propose the equation 




= 0 , 




wliicli expresses the transverse vibratory movement of an elastic 
plate ^ we must consider that, from the form of this equation, the 
most general value of v can contain only two arbitrary functions 
of x\ for, denoting this value of v by /(a?, <), and the function 

t>y it IS evident that if we knew /(^r, 0) and 

f {x, 0), that is to say, the values of v and ^ at the first instant, 
all the other values of v would he determined. 


This follows also from the very nature of the phenomenon. In 
fact, consider a rectilinear ehistic lamina in its state of rest: x is 
the distance of any point of this plate from the origin of co¬ 
ordinates; the form of the lamina is very slightly changed, hy 
drawing it from its position of equilibrium, in which it coincided 
with the axis of as on the horizontal plane; it is then abandoned to 
its own forces excited by the change of form. The displacement is 
supposed to be arbitrary, but very small, and such that the initial 
form given to the lamina is that of a curve drawn on a vertical 
plane which passes through the axis of as. The system will suc¬ 
cessively change its form, and will continue to move in the vertical 
plane on one side or other of the line of equilibrium. The most 
general condition of this motion is expressed by the equation 


<Pa ^ 

dt^'^dx* 


= 0 


(d). 


Any point m, situated in the position of equilibrium at a 
distance x from the origin 0, and on the horizontal plane, has, at 

1 An invoBtigation of tho gonoral equation for the lateral vibration of a thin 
elastic rod, of which (d) is a particular caso oorrospoudiiig to no perzuoneni 
internal tenBiun, tho angular motiouH of a sootion of tho rod being also neglected, 
will be found in Denldlu’s AcousdeSf rihap. ix. §§ lOD—177. [A.r.] 
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the end of the time been removed from its place through tho 
perpendicular height v. This variable flight v is a function of 
a? and t The initial value of v is arbitrary; it is expressed by any 
function <f> (x). Now, the equation (d) deduced from the funda¬ 
mental principles of dynamics shews that the second fluxion 

of V, taJcen ■with respect to ^ or ^, and the fluxion of the fourth 

d*v 

order taken with respect to x, or ^4 are two functions of x and t, 

which dijEfer only in sign. We do not enter here into the special 
question relative to the discontinuity of these functions; we have 
in view only the analytical expression of the integral. 

We may suppose also, that after having arbitrarily displaced 
the different points of the lamina, we impress upon them very 
small initial velocities, in the vertical plane in which the vibrations 
ought to be accomplished. The initial velocity given to any 
point m has an arbitrary value. It is expressed by any function 
^jr (x) of the distance x. 

It is evident that if we have given the initial form of the 
system or ^ {x) and the initial impulses or (a?), all the subse¬ 
quent states of the system are determinate. Thus the function 
V ox f(Xf t), which represents, after any time t, the corresponding 
form of the lamina, contains two arbitrary functions ^{x) 
and (a?). 


To determine the function sought /(a?, t), consider that in the 
equation 


d^ v d% _ 


.(d) 


we can give to v the very simple value 
w = cos qH cos qx, 

or else u = cos cos (j^x — qa ); 

denoting by q and a any quantities which contain neither x nor t 
We therefore also have 
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J’(a) being any function, whatever the limits of the integrations 
may be. This value of v is merely a sum of particular values. 

Supposing now that t=0, the value of v must necessarily 
be that which we have denoted hy /(», 0) or We have 

therefore 


^(ai)= JdaF (a) Jd^ cos (ff® —ga)* 


The function F(a) must be determined so that, when the two 
integrations have been effected, the result shall be the arbitrary 
function <fi (x). Now the theorem expressed by equation (B) shows 
that when the limits of both integrals are — oo and +<», we 
have 



Hence the value of u is given by the following equation: 

1 j*+* ^+00 

cos (ja: — ga). 


If this value of u were integrated with respect to t, the ^ in 
it being changed to 'ifr, it is evident that the integral (denoted 
hy W) would again satisfy the proposed differential equation (d), 
and we should have 


W=^ldair(a)fds ^ sin cos (ja? — ja). 

This value TFbecomes nothing when <= 0; and if we take the 
expression 

dlV 


dt 


’■ j r+<* ^00 

“ iw J !?** ( 2 ® “ 2 “)> 


we see that on making in it, it becomes equal to ‘^(o;). 

The same is not the case with the expression it becomes 

nothing when t—0, and u becomes equal to <f> («) when t = 0. 

It follows from this that the integral of equation (d) is 
1 f’*'* r+®o 

^~ 2 irJ ( 2 ®“ 2 “) + 


1 r*"” 1 

W= ^ (a) dg -jsing*^cos (go: - ja), 

-iTT j-oo j-» ff 


and 
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In fact, thie value of v satisfies the differential equation (d ); 
also when we make t = 0, it becomes equal to the entirely arbitrary 

function ^(x); and when we make i = 0 in the expression g-, 

it reduces to a second arbitrary function n/r (x). Hence the value 
of V is the complete integral of the proposed equation, and there 
cannot he a more general integral. 


406. The value of v may be reduced to a simpler form by 
effecting the integration with respect to This reduction, and 
that of other expressions of the same kind, depends on the two 
results expressed by equations (1) and (2), which will be proved 
in the following Article. 


r oo 

dq cos qH cos qz = 
00 

J *"iq sin cos 


Jrtr 

Tt 



( 1 ). 

( 2 ). 


From this we conclude 


1 

2 Jirt 



4 « y 


(S). 


Denoting —by another unknown fi, we have 
00 2/4 tjty dcL — 2(f/4 hji* 
Putting in place of sin its value 


1 . , . 1 * 
j|y|SmAi*+^cos/*®, 


we have 


1 /•+'*’ 

u = d/i (sin fi* + COB fi*) tf> (a+2/xJi). 


.(S'). 


We have proved in a special memoir that (S) or (S'), the 
integrals of equation (d), represent clearly and completely the 
motion of the different parts of an infinite elastic lamina They 
contain the distinct expression of the phenomenon, and readily 
explain all its laws. It is from this point of view chiefly that we 
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have proposed them to the attention of geometers. They shew 
how oscillations are propagated and set up through the whole 
extent of the lamina, and how the effect of the initial displace¬ 
ment, which is arbitrary and fortuitous, alters more and more as 
it recedes from the origin, soon becoming insensible, and leaving 
only the existence of the action of forces proper to the system, the 
forces namely of elasticity. 


407. The results expressed by equations (1) and (2) depend 
upon the definite integrak 

/dr CO.,?, 

r+ GO r+OO 

let gr—I dxco&x^, and h= dxsinoB^; 

and regard g and h as known numbers. It is evident that in the 
two preceding equations we may put y-l-& instead of x, denoting 
by h any constant whatever, and the limits of the integral will be 
the same. Thus we have 


g = r dycos{f + Sby + l^, h= f dysin 2iy+6*), 

J -00 J -00 

W cos y* cos 25y cos h* — cos y* sin 26y sin J*1 ^ 

— sin y* sin 2l>g cos — sin y“ cos 26y sin 


Now it is easy to sco that all the integrals which contain the 
factor sin 2&y arc nothing, if the limits are — eo and q- oo ; for 
sin 26y changes sign at the same time as y. We havo therefore 


g = cos 6’ J dy cos y* cos 25y — sin S* j dy sin y’ cos 2hy .(a). 


The equation in h also gives 
h 


_ r , f sin y® cos 2&y cos i* q- cos y® cos 2hy sin J*' 

J I q- cos y* sin 2by cos i* — sin y* sin 2by sin Z»® 

and, omitting also tho terms which contain sin 2hy, wo havo 
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The two equations (a) and (5) give therefore for g and h the 
two integrals 

sin y® cos and jdlycosy cos2Jy, 

which we shall denote respectively by A and B. We may now 
make 

y® = p®<, and 2Jy = jp^f; or y=j)Vi, 
we have therefore 

008 pH oo8p>z = A, ^/tjdp sin pH cos pz = B. 

The values* of g and h are derived immediately from the known 
result 

___ r+» 

J —00 

The last equation is in fact an identity, and consequently docs 
not cease to be so, when we substitute for x the quantity 






The substitution gives 


J^= (cosy* - V -1 siny®). 

Thus the real part of the second member of the last equation 
is n/tt and the imaginary part nothing. Whence we conclude 

-/5r = ^ (j<Zy cos iZ+jdg sin i/j , 

A More readily from the blown results given in § 360, viz.— 

r dusinu fv ^ ^ . du , 

-7=~ = a/ o • i -7-T=d3, then 

^cZi 2 sinff*«i and dzBmz^-2 dzsinz^^: 

So for the cosine from j b . [R. L. E.] 
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and 0 = jdy cos j^—^dy sin 

or j*“dycosy^=ff=Aj'^, jdy sin y' = h=‘/i^J^. 

It remains only to determine, by means of the equations (a) 
and (6), the values of the two integrals 

J dy cos y* cos 2 hy and J dy sin y‘ sin 2 by. 

They can he expressed thus: 

A—jdy cos y® cos 2by=h sin h* + ff cos 


B= I <fysin2/*cos26y = Acos&®-5rsiny 


whence we conclude 


Jdj)cosi>®tco8p« = ^^-(cos^ + sin|-^, 

|iysini.1co»j»=4 ; 


•JtT 1 / £1® 




COST-’ — Sill’ 


miting sin ^, or cos ^ instead of 


we ha^ 


j dp cosp®< cospa = ^ sin Q.(1) 

f dp sin pH cospa = ^ sin .(2). 


and j dp sinp*« cospa = sin .(2). 

408. The proposition expressed by equation {B) Article 404, 
or by equation {E) Article 361, wliich has served to discover the 
integral (S) and the preceding integrals, is evidently applicable to 
a very great mimber of variables. In fact, in the general eqiiatit)n 

/(«)=i r (p^-jp«)>' 

ZTT J «oo J -eo 

1 /"*"* /•+®® 

or f(^) = .r / dacos(px-px)/(a), 

-TTJ-oc. J-x» 
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we can regard f{x) as a function of the two variables x and y. 
The function/(a) will then be a function of a and y. Wo shall 
now regard this function /(a, y) as a function of the variable y, 
and we then conclude from the same theorem (jB), Article 404, 

that / (a, y) = ^\_f («> /3) cos {qy - j/S). 

We have therefore, for the purpose of expressing any function 
whatever of the two variables x and y, the following equation 

/(®> y)=/_(“»j 

j* dq cos {qy -q0)...(BB). 

We form in the same manner the equation which belongs to 
functions of three variables, namely, 

f{<e>y> *) = (^) y) 

J dp cos {px-pi) J dq cos (qy - qB) jdr cos (rut - ry) . (BBB), 

each of the integrals being taken between the limits — oo 
and + 00 . 


It is evident that the same proposition extends to functions 
which include any number whatever of variables. It remains to 
show how this proportion is applicable to the discovery of tho 
integrals of equations which contain more than two variables. 


409. For example, the differential equation being 

_cPv cPv 

.. 

we wish to ascertain the value of « as a function of (x, y, f), such 
tliat; 1st, on supposing < = 0, ® ox f{x, y, t) becomes an arbitrary 
function ^ (», y) of w and y, 2nd, on making t = 0 in the value 
dv 

of or/' we find a second entirely arbitrary function 

^ (», y). 
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From the form of the differential equation (o) we can infer 
that the value of v which satisfies this equation and the two pre¬ 
ceding conditions is necessarily the general integral. To discover 
this integral, we first give to v the particular value 


V = cos 77it cos jpa? cos 22 /. 

The substitution of v gives the condition m = y/T?. 
It is no less evident that we may write 

t; = cosjf) (ic —&) cos^(y--j3) cos^4- 


^ {ay 2 )®) ^ + 2 *» 

whatever be the quantities j>, 2» «, /8 and F (a, ^8), which contain 
neither a?, ?/, nor t In fact this value of t is merely the sum of 
particular values. 

If we suppose i = 0, o necessarily becomes ^ (a?, y). We have 
therefore 

cos (p® — pa) ftfij' cos (g'y — 




Thus the problem is reduced to determining F (a, /8), so that 
the result of the indicated integrations may be <ft (a, y). Now, on 
comparing the last equation with equation {BB), wo find 


/In* 

^ y) = ^ ^ j (!>•» -J’^) 

r+co 

(?y - !Z^)‘ 


Hence the integral may be expressed thus: 

»=(^) I (a,^)Jt?pcos(p®-pa)Jdjcos (qy-qB )cos 


We thus obtain a first part u of the integral; and, denoting 
by W the second part, which ought to contain the other arbitrary 
function ■\Jr (x, y), we have 


« = «.+ W, 
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and we must take W to be the integral judi^ changing only 

into In fact, u becomes equal to ^ (a?, y), when t is made 
= 0 ; and at the same time TF becomes nothing, since the integra¬ 
tion, with respect to ty changes the cosine into a sine. 

. Sa) 

Further, if we take the value of 3 -, and make ^ = 0 , the first 

at 

part, which then contains a sine, becomes nothing, and the 
second part becomes equal to y). Thus the equation 
t? = w •+ TF is the complete integral of the proposed equation. 

We could form in the same manner the integral of the 
equation 

d^.v 

S? cU^ dy* dz^ ’ 

It would be sufficient to introduce a new factor 
^ cos (r 2 f- 77 ), 


and to integrate with respect to r and 7 . 

410. Let the proposed equation be + ^ + it is 

required to express u as a function f{x,y,z), such that, 1 st, 
/(a:, y, 0 ) may be an arbitrary function y); 2 nd, that on 

d 

making « = 0 in the function -j- /(a?, y, z) we may find a second 

az 

arbitrary function (x, y). It evidently follows, from the form of 
the differential equation, that the function thus determined will 
be the complete integral of the proposed equation. 

To discover this equation we may remark first that the equa¬ 
tion is satisfied by writing v = cosmic cos gye””*, the exponents 
p a nd g be ing any numbers whatever, and the value of m being 

+ 7^“+ 2*. 

We might then also write 

V = cos {px—po) cos {qy — q^) -f 
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or 


V F (a, jS) JdpJiq, coa {px —px) cos (qp — q^) 

(g Wp'sTi* g-*yi?+?). 

If z be made equal to 0, we have, to determine jF’( 2 , 0 ), the 
following condition 

^ y) = jd^ Jd0 F (a, /3) JdpJiq cos {px -pa) cos {qp - q0 ); 

and, on comparing with the equation {SB), we see that 

we have then, aa the expression of the first part of the integral, 

« = Jdii Jd^ ^ (a, /8) jdp cos (px-pa) jdq cos {qy - qB) 

(e* Vp^+a* + e"* Vp‘+fl*), 

The value of it reduces to ^ (x, y) when a = 0, and the same 
substitution makes the value of ^ nothing. 

We might also integrate the value of it with respect to », and 
give to the integral the following form in which is a new 
arbitrary function: 

(^) jd<x jdB^ (a, B) jdp cos (px - pa.) jdq cos (qy - qB) 

JP'+Y 

The value of W becomes nothing when * = 0, and the same 
substitution makes the function equal to ■\jr (x, y). Honco 
the general integral of the proposed equation is o = « + W. 

411. Lastly, let the equation be 
d^v _ 


d^v . 
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it is required to determine as a function f{x, y, t), which satisfies 
the proposed equation {e) and the two following conditions: 
namely, 1st, the substitution ^ = 0 in /(a?, y, <) must give an 
arbitrary function ^ (a?, y ); 2nd, the same substitution in 
(2 

y, t) niust give a second arbitrary function (a, y). 

It evidently follows from the form of equation («), and from 
the principles which we have explained above, that the function v, 
when determined so as to satisfy the preceding conditions, will bo 
the complete integral of the proposed equation. To discover this 
function we write first. 


V = cos p,v cos qy cos mt, 

whence we derive 


d‘v 


— m\ 



_d%_ 

da>d/ 


=/2*v, 



We have then the condition msajp' + g*. Thus we can writo 
V = cospa cos qy cos < (p* + g’), 


or V — cos (pa; —pa) cos (qy — q^) cos (p’i + g*i), 


or «= Jdi jdfiF{a, /3)Jdp jdq cos (px —pa) cos (qy — qfi) 

cos (p*< + 2 ’«). 


When we make < = 0, we must have v = <l>(x,y)i which servos 
to determine the function F (a, fi). If we compare this with the 
general equation (BB), we find that, when the integrals are taken 

between infinite limits, the value of F(a, B) is ^ (a, B). Wo 

have therefore, as the expression of the first part u of tho 
integral, 


« = JdaiJ'dB<f> (a, B) J dp Jdq cos (px -pa) cos (qy - qB) 

cos (pH + ^t). 

Integrating the value of u with respect to t, the second arbi¬ 
trary function being denoted by -f, we shall find the other part 
W of the integral to be expressed thus: 
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^ 2 ~) i' (“> cos (px -pa) cos (qy - j/S) 


sin (p*t + qH) 
/ + 2 * ' 


If we make f = 0 in u and in TT, the first function becomes 
equal to ip (x, y), and the second nothing; and if we also make 
d d 

t = 0 in -r^u and in - 5 : W, the first function becomes nothing, 


dt 


dt 


and the second becomes equal to (a?, y): hence is the 

general integral of the proposed equation. 


412. We may give to the value of m a simpler form by effect¬ 
ing the two integrations with respect to ^ and q. For this 
purpose we use the two equations ( 1 ) and ( 2 ) which we have 
proved in Art. 407, and we obtain the following integral, 


u 


1 

27r 


I di I dj3 <f, (a, fi) 

J .00 J -00 


4t -• 


Denoting by u the first part of the integral, and by W the 
second, which ought to contain another arbitrary function, we 
have 

TT—J dtu and v^u+W, 


If we denote by fi and v two new unknowns, such that we 
have 

a —a? S —y 

and if we substitute for a, ) 8 , da, dfi their values 

x + y + ^viji, 2dft>s/t, 2dvijt; 

we have this other form of the integral, 

v = — f dfi[ dv ain (jj? +1^) ^ {x + Ji, y + ^vJt)+W, 

^QO •'-00 


We could not multiply further these applications of our 
formula) without diverging from our chief subject. The preceding 
examples relate to physical phenomena, whose laws were un¬ 
known and difficult to discover; and wc have chosen them because 
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the integrals of these equations, which have hitherto been 
fruitlessly sought for, have a remarkable analogy with those which 
express the movement of heat. 


413. We might also, in the investigation of the integrals, 
consider first series developed according to powers of one variable, 
and sum these series by means of the theorems expressed by the 
equations (jB), {BB). The following example of this analysis, 
taken from the theory of heat itself, appeared tp us to be 
worthy of notice. 

We have seen, Art. 399, that the general value of u derived 
from the equation 

dv . . 

dt^dx^ ... 


developed in series, according to increasing powers of the variable 
t, contains one arbitrary function only of x ; and that when de¬ 
veloped in series according to increasing powers of q?, it contains 
two completely arbitrary functions of t 

The first series is expressed thus: 


V = + (a!)+^^,<^(«) + &c.(T). 

The integral denoted by (y8), Art. 397, or 

V = i fda 0 (a) (df e~^ cos (jpx —pot), 


represents the sum of this series, and contains the single arbitrary 
function ^ («). 


The value of v, developed according to powers of as, contains 
two arbitrary functions/(^) and F{t), and is thus expressed: 

•=/(<)+1 +1 §/(*)+*«■. 

.m- 


There is therefore, independently of equation (/S), another 
form of the integral which represents the sum of the last series, 
and which contains two arbitrary functions, /(<) and F(f). 
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It is required to discover this second integral of the proposed 
equation, which cannot be more general than the preceding, 
bnt which contains two arbitrary functions. 

We can arrive at it by summing each of the two series which 
enter into equation {X). Now it is evident that if we knew, in 
the form of a function of ai and t, the sum of the first series which 
containsy(t),it would be necessary, after having multiplied it by 
dx, to take the integral with respect to x, and to change /(#) into 
J''(f). We should thus find the second series. Further, it would 
be enough to ascertain the sum of the odd terms which enter into 
the first series: for, denoting this sum by fi, and the sum of all 
the other terms by v, we have evidently 



It remains then to find the value of Now the function 
f (f) may be thus expressed, by moans of the general equation (2?), 

/ W = ^ cos {pt-px) .(J5). 

It is easy to deduce from this the values of the functions 

^/(<)» 


It is evident that differentiation is equivalent to writing in 
the second member of equation (B), under the sign Jdj), the 
respective factors —j?*, +j?‘, —p*, &c. 


We have then, on writing once the common factor cos {pt—pa), 

Thus the problem consists in finding the sum of the series 
which enters into the second member, which presents no difficulty. 
In fact, if y bo the value of this scries, we conclude 


dx^~ 


-/ + 


'W~'W 


+ &c., 
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Integrating this linear equation, and determining the tirbitrary 
constants, so that, "when a is nothing, y may he 1, and 

d~x’ da?’ d>’ 

may he nothing, we find, as the sum of the series, 

2 ^ = I cos a: . 


It would be useless to refer to the details of this investigation; 
it is sufficient to state the result, which gives, as the integral 
sought, 


V = jd 2 f(t)jdqq jcos 2g® (t — a) cos g.v 


— sin 22 ® (t — a) sin ga? 14- 77,. 




The term W is the second part of the integral; it is formed by 
integrating the first part with respect to x, from a? = 0 to x = x, 
and by changing / into F. Under this form the integral contains 
two completely arbitrary functions/(^) and F{t). If, in the value 
of V, we suppose x nothing, the term W becomes nothing by 
hypothesis, and the first part u of the integral becomes f(t). If 


we make the same substitution a? = 0 in the value of ^ it is 




evident that the first part ^ will become nothing, and that the 


dW 

second, which differs only from the first by the function 

F being substituted for /, will be reduced to F {t). Thus the 
integral expressed by equation satisfies all the conditions, 
and represents the sum of the two series which form the second 
member of the equation {X). 


This is the form of the integral which it is necessary to select 
in several problems of the theory of heat^; we sec that it is very 
different from that which is expressed by equation (^), Art. 397- 


1 See tlie article by Sir W. TliomRon, “ On the Linear Motion of Heat,” Part II, 
Art. 1. Camb. jSIath. Journal Vol. III. pp. 206—8. [A.F.] 
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414. We may employ very different processes of investigation 
to express, by definite integrals, the sums of series which repre¬ 
sent the integrals of differential equations. The form of these 
o-xpressions depends also on the limits of the definite integrals. 
We will cite a single example of this investigation, recalling the 
result of Art. 311. If in the equation which terminates that 
Ai-ticle we write a; + tsin« under the sign of the function 
we have 

^ jdu <j> (x + t sin u) = <j> {x) + f' (x) + (x) 

f 

Denoting by v the sum of the series which forms the second 
member, we see that, to make one of the factors 2", 4*, 6*, &c. 
disappear in each tenn, we musst differentiate once with respect 
to t, multiply the result by f, and differentiate a second time with 
respect to i. We conclude fi’oin this that v satisfies the partial 
differential equation 

— ^ ^ (f 1 

dui^ ~ « di V dtj ’ 

We have therefore, to express tho integral of this equation, 

1 

t; = ~ du6 (x’ht^^nu) ^ W. 

TT Jo 

The second part W of tho integral contains a new arbitrary 
function. 

The form of this second part W of tho integral differs very 
mucli from that of the first, aud may also be expressed by definite 
integrals. Tlio results, which arc obtained by mejuis of definite 
integrals, vary according to the procossos of investigation by which 
they are derived, and according to the limits of tho integrals. 

415 . It is nocossary to examiue carefully tho nature of tho 
general propositions whicii servo to transform arhitniry functions: 
for the use of theso tlieorems is very oxtonsivo, and wo derive 
from them directly tlie solution of several important physical 
problems, which could bo treated by no other method. The 
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following proofs, which we gave in our first researches, ai‘e very 
suitable to e:chibit the truth of these propositions. 

In the general equation 

2 r+CC 

/(*) = - I (a) I cos (pa -px), 

which is the same as equation (B), Art. 404, we may effect the in- 
tegi-ation with respect to p, and we find 

/(x) = i 

^ J ~.oo Ot “ 

We ought then to give to p, in the last expression, an infinite 
value; and, this being done, the second member will express the 
value of f(x). We shall perceive the truth of this result by 
means of the following construction. Examine fii-st the definite 

integral which we know to be equal to ^tt. Art. 356. 

If we construct above the axis of x the curve whose ordinate is 

sin as, and that whose ordinate is -, and then multiply the ordinate 

eta 

of the first curve by the corresponding ordinate of the second, we 
may consider the product to be the ordinate of a third curve 
whose form it is very easy to ascertain. 

Its first ordinate at the origin is 1, and the succeeding ordinates 
become alternately positive or negative; the curve cuts the axis 
at the points where a? = tt, 27r, Stt, &c., and it approaches nearer 
and nearer to this axis. 

A second branch of the curve, exactly like the first, is situated 

^QO ^ 

to the left of the axis of v. The integral f dx —- is the area 

Jo ^ 

included between the curve and the axis of x, and reckoned from 
33 = 0 up to a positive infinite value of x. 

The definite integral J dx ^ in which p is supposed to be 
any positive number, has the same value as the preceding. In 

A OQ * 

fact, let px — z; the proposed integral will become [ dz and, 
consequently, it is also equal to This proposition is true, 
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whatever positive number p may be. If we suppose, for example, 
p —10 , the curve whose ordinate is —^ has sinuosities very 
mucli closer and shorter than the sinuosities whose ordinate is 
—but the whole area from ^ = 0 up to os = oo is the same. 


Suppose now that the number p becomes greater and greater, 
and that it increases without limit, that is to say, becomes infinite. 

The sinuosities of the curve whose ordinate is iufiuitcly 

near. Their base is an infinitely small length equal to ~, That 

jP 

being so, if we compare the positive area which rests on one 

of these intervals — with the negative area which rests on the 
IP 

following interval, and if we denote by X the finite and sufficiently 
large abscissa which answers to the beginning of the first arc, 
we see that the abscissa a?, which enters as a denominator into 

the expression of the ordinate, Las no sensible variation in 

so 

27r 

the double interval —, which serves as the base of the two areas* 

Consequently the integral is the same as if a; wore a constant 
quantity. It follows that the sum of the two areas which succeed 
each other is nothing. 

The same is not the case when the value of x is infinitely 
27r 

small, since the interval — has in this case a finite ratio to the 

P 

value oix. We know from this that the integral J cZajin 

which we suppose^ to he an infinite number, is wholly formed out 
of the sum of its first terms which correspond to o.xtrem(ily Kiiiall 
values of x. When the abscissa lias a finite value JV, the an^a 
does not vary, since the parts which compose it do.stroy catdi other 
two by two alternately. We express this result by writing 
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The quantity 6>, which denotes the limit of the second integral, 
Las an infinitely small value; and the value of the integral is the 
same when the limit is co and when it is oo. 


416. This assumed, take the equation 

/w ‘- ^ 4 7 - ■ fy-”)- 

Having laid down the axis of the abscissae a, construct above 
that axis the curve ff, whose ordinate is /(a). The form of 
this curve is entirely arbitrary; it might have ordinates existing 
only in one or several parts of its course, all the other ordinates 
being nothing. 

Construct also above the same axis of abscissae a curved line s$ 

■whose ordinate is ^ ^ denoting the abscissa and p a very 

great positive number. The centre of this curve, or the point 
which corresponds to the greatest ordinate jp, may be placed at the 
origin 0 of the abscissae or, or at the end of any abscissa whatever. 
We suppose this centre to be successively displaced, and to be 
transferred to all points of the axis of a, towards the right, depart¬ 
ing from the point 0. Consider what occurs in a certain position 
of the second curve, when the centre has arrived at the point x, 
which terminates an abscissa x of the first curve. 

The value of x being regarded as constant, and a being the 
only variable, the ordinate of the second curve becomes 

sinjp (at — a?) 
a — 0 ? 

If then we link together the two curves, for the purpose of 
forming a third, that is to say, if we multiply each ordinate of the 
second, and represent the product by an ordinate of a third curve 
drawn above the axis of a, this product is 

fla) 

^ ^ OL—X 


The whole area of the third curve, or the area included between 
this curve and the axis of abscissae, may then be expressed by 

sin p (a ^x) 


f 

J -00 


a — a: 
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Now the number being infinitely gi'eat, the second curve li«n,s 
all its sinuosities infinitely near; we easily see that for all points 
which are at a finite distance from the point x, the definite 
integral, or the whole area of the third curve, is formed of equal 
parts alternately positive or nogativo, which destroy each other two 
by two. In fact, for one of these points situated at a certain dis¬ 
tance from the point the value of /(a) varies infinitely little 

■when 'we increase the distance by a quantity less than —. The 
same is the case "with the denominator a — ar, 'which mcasuros that 
distance. The area which corresponds to the interval is there¬ 
fore the same as if the quantities/(a) and a —£b -were not variables. 
Consequently it is nothing when a-x is a finite niagnitudo. 
Hence the definite integral may be taken between limits as near 
as we please, and it gives, between those limits, the same ro.sult as 
between infinite limits. The whole problem is reduced tlion to 
taking the integral between points infinitely near, one to the left, 
the other to the right of that where a - a? is nothing, that is to say 
from o = aj— 0 ) to a = aj + «a, denoting by <o a quantity aifinihdy 
small. In this interval the function/(a) docs not vary, it is 
equal to/(a;),and maybe placed outside the .symbol of integra¬ 
tion. Hence the value of the expression is the product of/(x) by 

J a— a) 

taken between the limits a — a; = — arul a — a; = g>. 

Now this integral is equal to tt, as wo Iiavu seen in the pre¬ 
ceding article ; lienee the dofmito iut(^grul is equal to tt/(u*), whence 
wo obtain the equation 


1 r**" r*’’® 

~ 2-7rJ J (P^-!> ■>) .(^ 0 - 


417. Tho preceding proof siqiposcs that notion of infinite 
quantities which Inis ahvays boon admittiid by gi'onuitors. It 
would bo easy to offer tho same proof under another form, examin¬ 
ing the changes which result from the continual iiieroaso of the 
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factory under the symbol sin;p (a—cc). These considerations are 
too well known to make it necessary to recall them. 

^ Above all, it must be remarked that the function /(ar), to which 
this proof applies, is entirely arbitrary, and not subject to a con¬ 
tinuous law. We might therefore imagine that the enquiry is 
concerning a function such that the ordinate which represents it 
has no existing value except when the abscissa is included between 
two given limits a and h, all the other ordinates being supposed 
nothing; so that the curve has no form or trace except above the 
interval from a? = a to ic = 6, and coincides with the axis of a in. 
all other parts of its course. 

The same proof shews that \ve are not considering here infinite 
values of x, but definite actual values. We might also examine on 
the same principles the cases in which the function/(^) becomes 
infinite, for singular values of x included between the given limits; 
but these have no relation to the chief object which we have in 
view, which is to introduce into the integrals arbitrary functions; 
it is impossible that any problem in nature should lead to the 
supposition that the function f(^co) becomes infinite, when we 
give to a? a singular value included between given limits. 

In general the function f (x) represents a succession of values 
or ordinates each of which is arbitrary. An infinity of values being 
given to the abscissa x, there are an equal number of ordinates 
J (j3). All have actual numerical values, eitlier positive or negative 
or nul. 

e do not suj)pose these ordinates to be subject to a common 
law; they succeed each other in any manner whatever, and each of 
them is given as if it were a single quantity. 

It may follow from the very nature of the problem, and from 
the ^lnal 3 ^sis which is applicable to it, that the passage from one 
ordinate to the following is effected in a continuous manner. But 
special conditions are then concerned, and the general equation 
considered by itself, is independent of these conditions. It is 
i*igorously applicable to discontinuous functions. 

Suppose now that the function f(x) coincides with a certain 
analytic£.l expression, such as sin x, or ^ {x\ when we give to 
X a value included between tlie two limits a and b, and that all 
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the values of /(a?) are nothing when x is not included between a 
and 6; the limits of integration with respect to a, in the preceding 
equation (5), become then a = a, a = 6; since the result is the same 
as for the limits a = — oo , a = x, every value of ^ (a) being nothing 
by hypothesis, when a is not included between a and 6. We Lave 
then the equation 

/(^) = ^4p cos (pJ! -p<t) . (BT). 

The second member of this equation {B) is a functiou of the 
variable a; for the two integrations make the variables a and p dis¬ 
appear, and X only remains with the constants a and 6. Now the 
function equivalent to the second member is such, that on suhstiriit- 
ing for X any value included between a and 6, we find tho same 
result as on substituting this value of a: in ^ (x) ; and we find a nul 
result if, in the second member, wo substitute for x any value not 
included between a and h. If then, keeping all the otlier quantities 
which form the second member, we replaced the limits a and h 
by nearer limits a'and V, each of which is included between a and 
h, we should change tho function of x which is equal to the second 
member, and the effect of the change would be such that the 
second member would become nothing whenever wo gave to aj a 
value not included between o' and 6'; and, if the value of x were 
included between a! and V, we should have the same result as 
on substituting this value of x in 

Wo can therefore vary at will the limits of tine integral in tho 
second member of equation (J?'). This equation exists always for 
values of x included between any limits a and h, which we may 
have chosen; and, if we assign any other vtUue to x, tho second 
member becomes nothing. Let tis represent </> (a;) by tho variable 
ordinate of a curve of which x is tho abscissa; the second nicmbor, 
whose value is/(.«), will represent the variable ordinate of a second 
curve whose form will depend on tho limits « and h. If these 
limits are — oo and -f oo, tho two curves, one of which has for 
ordinate, and the other f[x), coincide exactly through the whole 
extent of their course. But, if we give other values a and h to those 
limits, the two curves coincide exactly through every part of their 
course which corresponds to the interval from x= a to b. To 
right and left of this interval, tho second curve coincides precisely 
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at every point with the axis of x. This result is very remarkable, 
and determines the true sense of the proposition expressed by 
equation (-B). 

418. The theorem expressed by equation (II) Art. 234 must 
be considered under the same point of view. This equation 
serves to develope an arbitrary function f{x) in a series of sines or 
cosines of multiple arcs. The function denotes a function 
completely arbitrary, that is to say a succession of given values, 
subject or not to a common law, and answering to all the values of 
X included between 0 and any magnitude AT. 

The value of this function is expressed by the following 
equation, 

cos"^ (J!- a). (A). 

The integral, with respect to a, must be taken b<^twcen the 
limits a = a, and a = 6; each of these limits a and /> is any quantity 
whatever included between 0 and AT. The sign S alfocts the 
integer number i, and indicates that we must give to t every 
integer value negative or positive, namely, 

• •• 4, “*3, “"2, — 1, 0, +1, +2, +3, +4, + o,... 

and must take the sum of the terms arranged under the sign 2. 
After these integrations the second member becomes a function of 
the variable x only, and of the constants a and 5. ^rho gfiiorul 
proposition consists in this: 1st, that the value of iho se(»ontl 
member, which would be found on substituting for x a (juantily 
included between a and 6, is equaltothat which would l>e obtaiu(*d 
on substituting the same quantity for x in the function/’(‘O 5 
every other value of x included between 0 and A", but not iiududod 
between a and i, being substituted in the second nuunboi', gives a 
nul result. 

Thus there is no function /(a?), or part of a fiinctit)n, which 
cannot be expressed by a trigonometric scries. 

The value of the second member is periodic, and the interval 
of the period is AT, that is to say, the value of the second uu'ndKir 
does not change when a; + AT is written instoa<l of ;/*. All its 
values ill succession are renewed at intervals A". 
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The trigonometrical series equal to the second member is 
convergent; the meaning of this statement is, that if we give to 
the variable a any value whatever, the sum of the terms of the 
series approaches more and more, and infinitely near to, a definite 
limit. This limit is 0, if we have substituted for x a quantity 
included between 0 and X, but not included between a and i; 
hut if the quantity substituted for x is included between a and 6, 
the limit of the series has the same value as f{x). The last 
function is subject to no condition, and the line whose ordinate it 
represents may have any form; for example, that of a contour 
formed of a series of straight lines and curved lines. We see by 
this that the limits a and b, the whole interval X, and the nature 
of the function being arbitrary, the proposition has a very exten¬ 
sive signification; and, as it not only expresses an analytical 
property, but leads also to the solution of several important 
problems in nature, it was necessary to consider it under different 
points of view, and to indicate its chief applications. We have 
given several proofs of this theorem in the course of this work. 
That which we shall refer to in one of the following Articles 
(Art. 424) has the advantage of being applicable also to non¬ 
periodic functions. 

If we suppose the interval X infinite, the terms of the series 
become differential quantities; the sum indicated by the sign 2 
becomes a definite integral, as was seen in Arts. 353 and 355, and 
equation (A) is transformed into equation (B), Thus the latter 
equation (jB) is contained in the former, and belongs to the case 
in which the interval X is infinite: the limits a and b are then 
evidently entirely arbitrary constants. 

419. The theorem expressed by equation (S) presents also 
divers analytical applications, which we could not unfold without 
quitting the object of this work; but we will enunciate the 
principle from which these applications are derived. 

We see that, in Ihe second member of the equation 

/(«) = ^ ipx-pa) .(5), 

tte function f(x) is so transformed, that the symbol of tbo 
function f affects no longer the variable ar, bxit an auxiliary 
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variable a. The variable a? is only affected by the symbol cosine. 
It follows from this, that in order to differentiate the function f {x) 
with respect to a?, as many times as we wish, it is sufficient to 
differentiate the second member with respect to x under the 
symbol cosine. We then have, denoting by % any integer number 
whatever, 

(®) = ± J(a) J ip jp« cos {px - p%). 

We take the upper sign when i is even, and the lower sign 
when i is odd. Following the same rule relative to the choice 
of sign 

^ jdxf(a)Jdppi^^Hin (px-pz). 

We can also integrate the second member of equation (5) 
several times in succession, with respect to a?; it is sufficient to 
write in front of the symbol sine or cosine a negative power 
of 

The same remark applies to finite differences and to summa¬ 
tions denoted by the sign 2, and in general to analytical operations 
which may be effected upon trigonometrical quantities. The chief 
characteristic of the theorem in question, is to transfer the general 
sign of the function to an auxiliary variable, and to place the 
variable x under the trigonometrical sign. The function /(a?) 
acquires in a manner, by this transformation, all the properties of 
trigonometrical quantities; differentiations, integrations, and sum¬ 
mations of series thus apply to functions in general in the samo 
manner as to exponential trigonometrical functions. For which 
reason the use of this proposition gives directly the integrals 
of partial differential equations with constant coefficients. In 
fact, it is evident that we could satisfy these equations by par¬ 
ticular exponential values; and since the theorems of which we 
are speaking give to the general and arbitrary functions the 
character of exponential quantities, they lead easily to the expres¬ 
sion of the complete integrals. 

The same transformation gives also, as we have seen in 
Art. 413, an easy means of summing infinite series, when these 
series contain successive differentials, or successive integrals of the 
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same function; for the summation of the series is reduced, by 
what precedes, to that of a series of algebraic terms. 

420. We may also employ the theorem in question for the 
purpose of substituting under the general form of the function a 
binomial formed of a real part and an imaginary part. This 
analytical problem occurs at the beginning of the calculus of 
partial differential equations; and we point it out here since it 
has a direct relation to our chief object. 

If in the function f{x) we write /i instead of a?, the 

result consists of two parts ^ -f V — 1 The problem is to 

determine each of these functions ^ and in terms of and v. 
We shall readily arrive at the result if we replace f{cc) by the 
expression 

^ Jdp cos (px-pi), 

for the problem is then reduced to the substitution of /* + 
instead of x under the symbol cosine, and to the calculation of the 
real term and the coefficient of <s/— 1. We thus have 

/(®) =/(/* +V-i) = (a)jdjJCOs[jp(;i4-a)+2>v./^] 

(“) /(°os (p/i -px) (eP" + e-P') 

+V—1 sin (pn—pd) (eP^ — e~P*)]; 
hence cos (pp-pd) (e»"’ + e"*’*'), 

^ jdp sin ipp-px) {eP* - «-»”). 

Thus all the functions f{x) which can be imagined, even those 
which are not subject to any law of continuity, are reduced to the 
form M 4- Nj— 1, when wo replace the variable x in them by the 
binomial 
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421. To give an example of the use of the last two formulae, 

let us consider the equation ^ + ^ = which relates to the 

uniform movement of heat in a rectangular plate. The general 
integral of this equation evidently contains two arbitrary func¬ 
tions. Suppose then that we know in terms of x the value of v 
when y = 0, and that we also know, as another function of x, the 

value of ^ when y = 0, we can deduce the required integral from 

that of the equation 

df~da?’ 


which has long been known; but we find imaginary quantities 
under the functional signs: the integral is 


» = ^ (aj+yV-1) + ^ +W^- 


The second part W of the integral is derived firom the first by 
integrating with respect to y, and changing ^ into 

It remains then to transform the quantities and 

— order to separate the real parts from the ima¬ 

ginary parts. Following the process of the preceding Article we 
find for the first part u of the integral, 

« = ^ /** J* (P® ~i’®) C®**+ 

and consequently 

W= ^ f dstF(a) f ^ cos (px—pa) (e**- e"^. 

J-oo P 

The complete integral of the proposed equation expressed in 
real terms is therefore v‘=‘u+ W; and we perceive in fact, 
1st, that it satisfies the differential equation; 2nd, that on making 
y = 0 in it, it gives «=/(«); 3rd, that on making y = 0 in the 

function ^, the result is F{x). 
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422. We may also remark that we can deduce from equation 
(B) a very simple expression of the differential coeflScient of tho 

d‘ r* 

order, or of the integral I da^/{x). 

The expression required is a certain function of so and of the 
index i. It is required to ascertain this function under a form 
such that the number i may not enter it as an index, but as a 
quantity, in order to include, in the same formula, every case in 
which we assign to i any positive or negative value. To obtain it 
we shall remark that the expression 



tV . . iV 

or cos r cos — sm r sin -g-, 

becomes successively 

— sin r, — cos r, + sin r, + cos r, — sin r, &c., 

if the respective values of i are 1, 2, 3, 4, 6, &c. The same results 
recur in the same order, when we increase the value of i. In tho 
second member of the equation 

/(®) = ^ cos (pa -pa), 

we must now write the factor p* before the symbol cosine, and 
add under this symbol tho term + Wc shall tlius have 

^ ^ j + * I) • 

Tho number i, which enters into tho second member, may bo 
any positive or negative integer. Wo shall not press those applica¬ 
tions to general analysis; it is sufficient to have shewn tho use of 
our theorems by different examples. Tlio equations of tho fourth 
order, (d), Art. 405, and («), Art. 411, belong as wo have said to 
dynamical problems. The integrals of those equations were not 
yet known when we gave them in a Memmr on the rations of 
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Elastic Surfaces, read at a sitting of the Academy of Sciences^ 
6th June, 1816 (Art. VI. §§ 10 and 11, and Art. vii. §§ 13 and 14). 
They consist in the two formulae B and S', Art. 406, and in the two 
integrals expressed, one by the first equation of Art. 412, the other 
by the last equation of the same Article. We then gave several 
other proofs of the same results. This memoir contained also the 
integral of equation (c), Art. 409, under the form referred to in 
that Article. With regard to the integral (/S^S) of equation (a), 
Art. 413, it is here published for the first time. 


423. The propositions expressed by equations {A) and (E), 
Arts. 418 and 417, may be considered under a more general point 
of view. The construction indicated in Arts. 415 and 416 applies 

not only to the trigonometrical function suits 

all other functions, and supposes only that when the number p 
becomes infinite, we find the value of the integral with respect to 
a, by taking this integral between extremely near limits. Now 
this condition belongs not only to trigonometrical functions, but is 
applicable to an infinity of other functions. We thus arrive at 
the expression of an arbitrary function f[x) under different very 
remarkable forms; but we make no use of these transformations 
in the special investigations which occupy us. 


With respect to the proposition expressed by equation (A), 
Art. 418, it is equally easy to make its truth evident by con¬ 
structions, and this was the theorem for which we employed them 
at first, It will be sufficient to indicate the course of the proof. 


^ The date is inaconrate. The mexnoii was read on June 8th, 1818, as appears 
from an abstract of it given in the Bulletin dee Sciences par la Soei€U Philomatique^ 
September 1818, pp. 129—136, entitled, Note relative aux vibrations des eurfaces 
ilastiques et au mouvement dee ondes^ par M. Fourier. The reading of the memoir 
further appears from the Analyse des travauz de VAcadimie des Sciences pendant 
I annie 1818, p. xiv, and its not having been published except in abstract, from a 
remark of Poisson at pp. 160—1 of his memoir Sur les iquations aux differences 
partieUes, printed in the Mimoires de VAcadAmie des Sciences, Tome in. (year 1818), 
Paris, 1820. The title, Mimoire sur Us vibrations des surfaces ilastiques, par 
M. Fourier, is given in the Analyse, p. xiv. The object, ** to integrate several 
partial difierential equations and to deduce from the integrals the knowledge of the 

physical phenomena to which these equations refer,’* is stated in the Bulletin, 
p. 129. [A. F.] 
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lu equation (J.), namely, 


we can replace the sum of the terms arranged under the 
sign 2 by its value, which is derived from known theorems. 
We have seen different examples of this calculation previously, 
Section III., Chap. ill. It gives as the result if we suppose, 
in order to simplify the expression, 27r = Z, and denote a —a; 
by r, 



cos jV = cos jV 4* sin jV 


sinr 
versin r * 


We must then multiply the second member of this equation 
by da/(a), suppose the number / infinite, and integrate from 
a = —tt to flt=+ 7 r. The curved line, whose abscissa is a and 
ordinate cos/r, being conjoined with the line whose abscissa is 
QL and ordinate /(a), that is to say, when the corresponding 
ordinates are multiplied together, it is evident that the area of 
the curve produced, taken between any limits, becomes nothing 
when the number j increases without limit. Thus the first term 
cosjr gives a nul result. 

The same would be the case with the term sin jV, if it were 

sin r 

not multiplied by the factor ^ ; but on comparing the 

three curves which have a common abscissa a, and as ordin&tes 
sin r 

sinjr, — ■ ^^ “-,/(g), we see clearly that the integral 
fj \ 

da/(a) sin jr-:— 

j j \ / j versmr 


has no actual values except for certain intervals infinitely small, 

sin r 

namely, when the ordinate -:— becomes infinite. This will 

*'' versin r 

take place if r or a — a; is nothing; and in the interval in which 
a differs infinitely little from x, the value of /(a) coincides with 
f{x). Hence the integral becomes 

2/(®) dr sin jr p, or 4/(a!) ^ sinjr, 
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which is equal to i’lrfiic). Arts. 416 and 356. Whence we con¬ 
clude the previous equation (A). 

When the variable x is exactly equal to — tt or 4- tt, the con¬ 
struction shews what is the value of the second member of the 
equation (A), [^/(-w) or i/(w)]. 

If the limits of integrations are not — tr and + ir, but other 
numbers o, and 6, each of which is included between —tt and 
-f TT, we see by the same figure what the values of x are, for which 
the second member of equation (A) is nothing. 

If we imagine that between the limits of integration certjdn 
values of y(a) become infinite, the construction indicates in what 
sense the general proposition must be understood. But we do 
not here consider cases of this kind, since they do not belong 
to physical problems. 

If instead of restricting the limits -w and +w, we give 
greater extent to the integral, selecting more distant limits a' 
and V, we know from the same figure that the second member 
of equation (A) is formed of several terms and makes the result 
of integration finite, whatever the function/(<c) may be. 

We find simUar results if we write instead of r the 

limits of integration being — X and -f- X. 

It must now be considered that the results at which we 
have arrived would also hold for an infinity of different functions 
of sinjr. It is sufficient for these functions to receive values 
alternately positive and negative, so that the area may become 
nothing, when j increases without Umit. W'e may also vary 

the factor as weU as the limits of integration, and we 

may suppose the interval to become infinite. Expressions of 
this kind are very general, and susceptible of very different forma 
We camot delay over these developments, but it was necessary 
to exhibit the employment of geometrical constructions; for 
they solve without any doubt questions which may arise on the 
extreme values, and on singular values; they would not have 
served to discover these theorems, but they prove them and guide 
all their applications. 
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424. We have yet to regard the same propositions under 
another aspect. If we compare with each other the solutions 
relative to the varied movement of heat in a ring, a sphere, a 
rectangular prism, a cylinder, we see that we had to develops 
an arbitrary function f (as) in a series of terms, such as 

Oi®) + 0*4®) + 0*4®) + &c. 

The function which in the second member of equation 
(A) is a cosine or a sine, is replaced here by a function which 
may be very different from a sine. The numbers / 4 ^, &c. 

instead of being integers, are given by a transcendental equation, 
all of whose roots infinite in number are real 

The problem consisted in finding the values of the coefficients 
®i» been arrived at by means of definite 

integrations which make all the unknowns disappear, except one. 
We proceed to examine specially the nature of tliis process, and 
the exact consequences which flow from it. 

In order to give to this examination a more definite object, 
we will take as example one of the most important problems, 
namely, that of the varied movement of heat in a solid sphere. 
We have seen. Art. 290, that, in order to satisfy the initial dis¬ 
tribution of the heat, we must determine the coefficients a^, a„ 
<r,... Of, in the equation 

a!F(ai) = Oj sin 0*^®) -1- a, sin (fi^se) + a, sin + &c.(e). 

The function F(ai) is entirely arbitrary; it denotes the value 
t; of the given initial temperature of the spherical shell whose 
radius is x. The numbers p^... Pt are the roots p, of tho 
transcendental equation 

. 

X is the radius of the whole sphere; h is a known numerical co¬ 
efficient having any positive value. We have rigorously proved in 
our earlier researches, that all the values of p or tho roots of tho 
equation (/) are real*. This demonstration is derived from tlio 

^ Tho Mdmoircs de VAcadmie dfs Sciences, Tomo x, Paris 1831, pp. 119_143, 

contain Remarques ginCrales sur Vajiplication des principes dc Vanafyxe algihriqne 
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general theory of equations, and requires only that we should 
suppose known the form of the imaginary roots which every equa¬ 
tion may have. We have not referred to it in this work, since its 
place is supplied by constructions which make the proposition more 
evident. Moreover, we have treated a similar problem analytically, 
in deteimining the varied movement of heat in a cylindrical body 
(Art. 308), This arranged, the problem consists in discovering 
numerical values for ag,...a<, &c., such that the second 

member of equation {e) necessarily becomes equal to xF{x), when 
we substitute in it for x any value included between 0 and the 
whole length X. 

To find the coefficient we have multiplied equation {e) by 
dx sin ji^x, and then integrated between the limits a? = 0, a? = X, 
and we have proved (Art. 291) that the integral 


I dx sin fjLfd sin fip 

has a null value whenever the indices i and j are not the same; 
that is to say when the numbers and fij are two different roots 
of the equation (/). It follows from this, that the definite inte¬ 
gration making all the terms of the second member disappear, 
except that which contains oti, we have to determine this coefficient, 
the equation 


I dxlxF(x)BmfM/xi] — aJ dx Bin Bin 
Jo JO 

Substituting this value of the coefficient a, in equation (e), we 
derive firom it the identical equation (e), 


a! F («) = S sin (/tfii) -jy 


f doc. aF(a) sin/u,a 
Jo 

*pr-' 

I (f/Ssinju^sin/u^ 

J 0 


(«). 


aux 4quatiom transcendanteSf by Fourier. Tlie antbor shews that the imaginary 
roots of see as»0 do not satisfy the equation tanas—O, since for them, tana;= a/ - 1. 
The equation tan jc=0 is satisfied only by the roots of sin as=0, which are all real. 
It may be shewn also that the imaginary roots of sec do not satisfy the equation 
as-m tanasssO, where m is less than 1, but this equation is satisfied only by the 
roots of the equation /(as) ssaa cos a; - msinaas 0, which are all real. For if 
three successive differential coefficients of /(ae), the values 
of as which mahe (a;)=0, make the signs of fr+i (») and (as) different. Hence 
by Fourier’s Theorem relative to the number of changes of sign of f{x) and its 
successive derivatives, / (as) can have no imaginary roots. [A. F.] 
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In the second member we must give to % all its values, that is to 
say wo must successively substitute for all the roots /a of the 
equation (/), The integral must be taken for a from a = 0 to 
a = X, which makes the unknown a disappear. The same is the 
case with jS, which enters into the denominator in such a manner 
that the term sin ji^x is multiplied by a coefficient a, whose value 
depends only on X and on the index i. The symbol S denotes 
that after having given to i its different values, we must write 
down the sum of all the tenns. 

The integration then offers a very simple means of determining 
the coefficients directly; but we must examine attentively the 
origin of this process, which gives rise to the following remarks. 

1st. If in equation (6) we had omitted to write down part of 
the terms, for example, all those in which the index is an even 
number, we should still find, on multiplying the equation by 
dx sin life, and integrating from = 0 to aj = X, the same value of 
a*, which has been already determined, and we should thus form 
an equation which would not be true; for it would contain only 
part of the terms of the general equation, namely, those whose 
index is odd. 

2nd. The complete equation (e) which we obtain, after having 
determined the coefficients, and which does not differ from the 
equation referred to (Art. 291) in which we might make < = 0 and 
V == f{x), is such that if we give to x any value included between 
0 and X, the two members are necessarily equal; but we cannot 
conclude, as we have remarked, that this equality would hold, if 
choosing for the first member xF{x) a function subject to a con¬ 
tinuous lavr, such as sin a? or cos a?, we were to give to a? a value 
not included between 0 and X, In general the resulting equation 
(e) ought to be applied to values of a?, included between 0 and X. 
Now the process which determines the coefficient a^ docs not 
explain why all the roots fii must enter into equation (e), nor 
why this equation refers solely to values of a:, included between 0 
and X. 

To answer these questions clearly, it is sufficient to revert to 
the principles which serve as the foundation of our analysis. 

Wc divide the interval X into an infinite number % of parts 
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equal to da}, ao that we have ndx — X, and writing/(a;) instead of 
xF{x),vro denote by/,/,,/,.../.../,, the values of/(*), which 
correspond to the values dte, Sdx,...idx...ndai, assigned to 
X ; we make up the general equation (e) out of a number n of 
terms; so that n unknown coefficients enter into it, a,, a,, a,,... 
a,...a^. This arranged, the equation (e) represents n equations 
of the first degree, which we should form by substituting succes¬ 
sively for X, its n values dx, 2dx, Zdx,...ndx. This system of n 
equations contains / in the first equation, /, in the second, / in 
the third, / in the To determine the first coefficient a,, we 
multiply the first equation by <r,, the second by (t,, the third by 
or,, and so on, and add together the equations thus multiplied. 
The factors o-,, o-,, must be determined by the condition, 

that the sum of all the terms of the second members which contain 
a, must be nothing, and that the same shall be the case with the 
following coefficients a„ All the equations being then 

added, the coefficient a, enters only into the result, and we have 
an equation for determining this coefficient. We then multiply 
all the equations anew by other factors /»,, />,, respectively, 

and determine these factors so that on adding the » equations, all 
the coefficients may be eliminated, except a,. We have then an 
equation to determine a,. Similar operations are continued, and 
choosing always new factors, we successively determine all the 
unknown coefficients. Now it is evident that this process of elimi¬ 
nation is exactly that which results from integration between the 
limits 0 and X. The series <r,, <r,, of the first foctors is 

dx sin dx sin {ji^das), dx sin (ji^dx) ...dx sin {J^^ndx). In 

general the series of factors which serves to eliminate all the co¬ 
efficients except a„ is (2a; sin (jifix), dx sin 'i.dx),dx sin (/ 14 , ^dx)... 
djjsin (/*,nc&); it is represented by the general term dajsin iJ|^^x), 
in which we give successively to x all the values 

dx, 2dx, Bdx,...ndx. 

Wo see by this that the process which serves to determine tliese 
coefficients, differs in no respect from the ordinary process of elimi¬ 
nation in equations of the first degree. The number n of equations 
is equal to that of the unknown quantities a,, a„ and is 

the same as the number of given quantities /,/,/,..•/■ The 
values found for the coefficients arc those which must exist in 
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order that the n equations may hold good together, that is to say 
in order that equation (e) may be true when we give to as one of 
these n values included between 0 and X ; and since the number 
n is infinite, it follows that the first member / (a;) necessarily coin¬ 
cides with the second, when the value of x substituted in each 
is included between 0 and X. 


The foregoing proof applies not only to developments of the 
form 

a, sin (jitja:) + a, sin (/t,®) + a, sin (/t,®) + ... + a, sin 

it applies to all the functions ^ (/t,®) which might be substituted 
for sin(/t/B), maintaining the chief condition, namely, that the 

integral (ji/c) ^ {fi/x) has a nul value when i and j are 

J 0 

different numbers. 


If it be proposed to develops/(®) under the form 


. , a,cos® . a,cos2® . . a^cosi® 

^ ^ 0 . sm® o,sm2® o,cob%x 


BJkU. (^2 

the quantities /a,, /t,, &c. will be integers, 

dition 


&c., 

and the con- 



(Swi sin ^2®y ^ = 0, 


always holding when the indices i and j are different numbers, wo 
obtain, by determining the coeflEicients a<, b„ the general equation 
(U), page 206, which does not differ from equation (J.) Art. 418. 


425. If in the second member of equation (e) we omitted one 
or more terms which correspond to one or more roots /*, of the 
equation (/), equation (c) would not in general be true. To 
prove this, let us suppose a term containing and not to be 
written in the second member of equation (e), we might multiply 
the n equations respectively by the factors 

d»sin(/tt^d®), d®sin(^^2d®), d®sin(/i^3d®)...d®sin(/a,nd®); 

and adding them, the sum of all the terms of the second members 
would be nothing, so that not one of the unknown coefficients 
would remain. The result, formed of the sum of the first members. 
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that is to say the sum of the values /i,/a>multiplied 
respectively by the factors 

dx sin dx sin (jij2dx), dx sin (jijMx) ,.,dx sin {fJt^^ndx), 

would be re‘<luced to zero. This relation would then necessarily 
exist between the given quantities/p.;^,/8•••/»; aiid they could not 
be considered entirely arbitrary, contrary to hypothesis. If these 
quantities /i,^,/8---/i bave any values whatever, the relation in 
question cannot exist, and we cannot satisfy the proposed con¬ 
ditions by omitting one or more terms, such as Uj sin (jjbjx) in 
equation (e). 

Hence the function f(x) remaining undetermined, that is to 
say, representing the system of an infinite number of arbitrary 
constants which correspond to the values of x included between 0 
and Xj it is necessary to introduce into the second member of 
equation (e) all the terms such as o) sin (//./»), which satisfy the 
condition 

[ dx sin sin fi/c = 0, 

J 0 

the indices i and J being different; but if it happen that the 
function f(x) is such that the n magnitudes /p/aj/s'-jC fl-re 
connected by a relation expressed by the equation 
rx 

I dx sin f(x) = 0, 

Jo 

it is evident that the term aj sin fijx might be omitted in the equa¬ 
tion (e). 

Thus there are several classes of functions f {sd) whose develop¬ 
ment, represented by the second member of the equation (e), does 
not contain certain terms corresponding to some of the roots ix. 
There are for example cases in which we omit all the terms 
whose index is even; and we have seen different examples of this 
in the course of this work. But this would not hold, if the func¬ 
tion f{x) had all the generality possible. In ail these cases, we 
ought to suppose the second member of equation («) to be com¬ 
plete, and the investigation shews what terms ought to be omitted, 
since their coeflScients become nothing. 
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426. We see clearly by this examination that the function /{jc) 
represents, in our analysis, the system of a number n of separate 
quantities, corresponding to n values of x included between 0 and 
JST, and that these n quantities have values actual, and consequently 
not wfinite, chosen at will. All might be nothing, except one, 
whose value would be given. 

It might happen that the series of the n values 
was expressed by a function subject to a continuous law, such as 
ac or x\ sin x, or cos x, or in general (}> (x ); the curve line OCO, 
whose ordinates represent the values corresponding to the abscissa 
£c, and which is situated above the interval from a? = 0 to a? = X, 
coincides then in this interval with the curve whose ordinate is 
<j) (x), and the coefficients ... of equation {e) determined 

by the preceding rule always satisfy the condition, that any value 
of X included between 0 and X, gives the same result when substi¬ 
tuted in (a?), and in the second member of equation (e). 

F{x) represents the initial temperature of the spherical shell 
whose radius is a?. We might suppose, for example, F{x) = hx, 
that is to say, that the initial heat increases proportionally to the 
distance, from the centre, where it is nothing, to the surface 
where it is hX, In this case xF{x) or f(x) is equal to Ja?*; and 
applying to this function the rule which determines the coeffi¬ 
cients, lx? would be developed in a series of terms, such as 

sin sin (ji^x) + sin iji^x) 4-...+»« sin 

Now each term sinOLt^cc), when developed according to powers 
of X, contains only powers of odd order, and the function la? is 
a power of even order. It is very remarkable that this function 
6a?*, denoting a series of values given for the interval from 0 
to X, can be developed in a series of terms, such as a<sin 

We have already proved the rigorous exactness of these 
results, which had not yet been presented in analysis, and wo 
have shewn the true meaning of the propositions which express 
them. We have seen, for example, in Article 223, that the 
function cos a? is developed in a series of sines of multiple arcs, 
so that in the equation which gives this development, the first 
member contains only even powers of the variable, and the second 
contains only odd powers. Beciprocally, the function sin a?, into 
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which only odd powers enter, is resolved, Art. 225, into a series 
of cosines which contaia only even powers. 

In the actual problem relative to the sphere, the value of 
xF(x) is developed by means of equation (e). We must then, 
as we see in Art. 290, write in each term the exponential factor, 
which contains t, and we have to express the temperature v, 
which is a function of x and t, the equation 


on? = 2 sin (/l^x) 


f dx sin qlF{cl) 
J 0 


^0 

The general solution -which gives this equation {E) is wholly 
independent of the nature of the function F(x) since this function 
represents here only an infinite multitude of arbitrary constants, 
which correspond to as many values of x included between 0 
and X 

If we supposed the primitive heat to be contained in a part 
only of the solid sphere, for example, from 35 = 0 to a; = iX, 
and that the initial temperatures of the upper layers were nothing, 
it would be sufficient to take the integral 

Jclaam(/i,a)/(a), 

between the limits 3 ;= 0 and 35=^X. 

In general, the solution expressed by equation (JS) suits all 
cases, and the form of the development does not vary according to 
the nature of the function. 

Suppose now that having written sin x instead of F (x) we have 
determined by integration the coefficients and that we have 
formed the equation 

« sin 35 = Oj sin +Uj, sin + o, sin +&c. 

It is certain that on giving to x any value whatever included 
between 0 and X, the second member of this equation becomes 
equal to 35 since; this is a necessary consequence of our process. 
But it nowise follows that on giving to as a value not included 
between 0 and X, the same equality would exist. We see the 
contrary very distinctly in the examples which we have cited, and, 
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particular cases excepted, we may say that a function subject to a 
continuous law, which forms the first member of equations of this 
kind, does not coincide with the function expressed by the second 
member, except for values of x included between 0 and X. 

Properly speaking, equation (e) is an identity, which exists 
for all values which may be assigned to the variable x; each 
member of this equation representing a certain analytical function 
which coincides with a known function f{x) if we give to the 
variable x values included between 0 and X. With respect to the 
existence of functions, which coincide for all values of the variable 
included between certain limits and differ for other values, it is 
proved by all that precedes, and considerations of this kind are a 
necessary element of the theory of partial differential equations. 

Moreover, it is evident that equations (e) and (E) apply not 
only to the solid sphere whose radius is X, but represent, one the 
initial state, the other the variable state of an infinitely extended 
solid, of which the spherical body forms part; and when in these 
equations we give to tho variable x values greater than X, 
they refer to the parts of the infinite solid which envelops the 
sphere. 

This remark applies also to all dynamical problems which are 
solved by means of partial differential equations. 

427. To apply tho solution given by equation (X) to tho case 
in which a single splicrical layer has been originally heated, all 
the other layers having nul initial temperature, it is sufficient to 

take the integral Jdx sin (/i/x) olF (a) between two very near limits, 

a = r, and a = r + w, r being the radius of the inner surface of the 
heated layer, and u the thickness of this layer. 

Wo can also consider separately the resulting effect of the 
initial heating of another layer included between the limits r + w 
and r + 2w; and if wo add the variable temperature due to this 
second caiiso, to tho temperature which wo found when tho first 
layer alone wjxs heated, the sum of the two temperatures is that 
which would arise, if the two layers were heated at the same time. 
In order to take account of the two joint causes, it is sufficient to 
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take the integral JcZasin (/a,a) ojF'(o) between the limits a — r and 


a = r + 2m. More generally, equation (.E) being capable of being 
put under the form 




Sin fjb^ 


doL, aF{pL) sin 2 "-Tf- - , 

® x dj8 sin fij3 sin 

Jo 


we see that the whole eflfect of the heating of different layers is 
the sum of the partial effects, which would he determined separately, 
by supposing each of the layers to have been alone heated. The 
same consequence extends to all other problems of the theory of 
heat; it is derived from the very nature of equations, and the form 
of the integrals makes it evident. We see that the heat con¬ 
tained in each element of a solid body produces its distinct efiect, 
as if that element had alone been heated, all the others having 
nul initial temperature. These separate states are in a manner 
superposed, and unite to form the general system of temperatures. 

For this reason the form of the function which represents the 
initial state must be regarded as entirely arbitrary. The definite 
integral which enters into the expression of the variable tempera¬ 
ture, having the same limits as the heated solid, shows expressly 
that we unite all the partial effects due to the initial heating of 
each element. 


428. Here we shall terminate this section, which is devoted 
almost entirely to analysis. The integrals which we have obtained 
are not only general expressions which satisfy the differential equa¬ 
tions ; they represent in the most distinct manner the natural effect 
which is the object of the problem. This is the chief condition which 
we have always had in view, and without which the results of in¬ 
vestigation would appear to us to be only useless transformations. 
When this condition is fulfilled, the integral is, properly speaking, 
the equation of the phenomenon; it expresses clearly the character 
and progress of it, in the same manner as the finite equation of a 
line or curved surface makes known all the properties of those 
forms. To exhibit the solutions, we do not consider one fonn only 
of the integral; we seek to obtain directly that which is suitable 
to the problem. Thus it is that the integral which expresses the 
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movement of heat in a sphere of given radius, is very different 
from that which expresses the movement in a cylindrical body, or 
even in a sphere whose radius is supposed infinite. Now each of 
these integrals has a definite form which cannot be replaced by 
another. It is necessary to make use of it, if we wish to ascertain 
the distribution of heat in the body in question. In general, we 
could not introduce any change in the form of our solutions, with¬ 
out making them lose their essential character, which is the repre¬ 
sentation of the phenomena. 

The different integrals might bo derived from each other, 
since they are co-extensive. But these transformations require 
long calculations, and almost always suppose that the form of the 
result is known in advance. We may consider in the first place, 
bodies whose dimensions are finite, and pass from this problem to 
that which relates to an unbounded solid. We can then substitute a 
definite integral for the sum denoted by the symbol S. Thus it is 
that equations (a) and {^), referred to at the beginning of this 
section,’ depend upon each other. The first becomes the second, 
when we suppose the radius i2 infinite. Eeciprocally we may 
derive from the second equation ()8) the solutions relating to 
bodies of limited dimensions. 

In general, we have sought to obtain each result by the shortest 
way. The chief elements of the method we have followed are 
these: 

1st. We consider at the same time the general condition given 
by the partial differential equation, and all the special conditions 
which determine the problem completely, and we proceed to form 
the analytical expression which satisfies all these conditions. 

2nd. Wo first perceive that this expression contains an infinite 
number of terms, into which unknown constants enter, or that 
it is equal to an integral which includes one or more arbitrary 
functions. In the first instance, that is to say, when tlu^ general 
term is affected by the symbol S> we derive from the special con¬ 
ditions a definite transcendental equation, whose roots give the 
values of an infinite number of constants. 

The second instance obtains when the general term becomes an 
infinitely small quantity; the sum of the scries is then changed 
into a definite integral. 
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3rd, We can prove by the fundamental theorems of algebra, 
or even by the physical nature of the problem, that the transcen¬ 
dental equation has aU its roots real, in number infinite. 

4th. In elementary problems, the general term takes the form 
of a sine or cosine; the roots of the definite equation are either 
whole numbers, or real or iirational quantities, each of them in¬ 
cluded between two definite limits. 

In more complex problems, the general term takes the form of 
a function given implicitly by means of a dififerential equation 
integrable or not. However it may be, the roots of the definite 
equation exist, they are real, infinite in number. This distinction 
of the parts of which the integral must be composed, is very 
important, since it shews clearly the form of the solution, and the 
necessary relation between the coefficients. 

6th. It remains only to determine the constants which depend 
on the initial state; which is done by elimination of the unknowns 
from an infinite number of equations of the first degree. Wo 
multiply the equation which relates to the initial state by a 
differential factor, and integrate it between defined limits, which 
are most commonly those of the solid in which the movement is 
effected. 

There are problems in which wo have determined the co¬ 
efficients by successive integrations, as may be seen in the memoir 
whose object is the temperature of dwellings. In this case wo 
consider the exponential integrals, which belong to the initial 
state of the infinite solid : it is easy to obtain these intcgrals\ 

It follows from the integrations that all the terms of the second 
member disappear, except only that whose coefficient wo wish to 
determine. In the value of this coefficient, the denominator be¬ 
comes nul, and we always obtain a definite integral whoso limits 
are those of the solid, and one of whoso factors is the arbitrary 
function which belongs to the initial state. This form of the result 
is necessary, since the variable movement, which is the object of 
the problem, is compounded of all those which would have existed 
separately, if each point of the solid had alone been heated, and 
the temperature of every other point had been notliing. 

1 Soo section 11 of the sTsetcli of tliis memoir, given ly the autlior in the 
Bulletin des Scie?icespar la Socicti Philomatique, IBIS, pp. 1—11. [A.F.] 
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When we examine carefully the process of integration which 
serves to determine the coeiB&cients, we see that it contains a 
complete proof, and shews distinctly the nature of the results, 
so that it is in no way necessary to verify them by other investi¬ 
gations. 

The most remarkable of the problems which we have hitherto 
propounded, and the most suitable for shewing the whole of our 
analysis, is that of the movement of heat in a cylindrical body. 
In other researches, the determination of the coefficients would 
require processes of investigation which we do not yet know. But 
it must be remarked, that, without determining the values of the 
coefficients, we can always acquire an exact knowledge of the 
problem, and of the natural course of the phenomenon which is 
its object; the chief consideration is that of simple movements, 

6th. When the expression sought contains a definite integral, 
the unknown functions arranged under the symbol of integration 
are determined, either by the theorems which we have given for 
the expression of arbitrary functions in definite integrals, or by 
a more complex process, several examples of which will be foxmd 
in the Second Part. 

These theorems can be extended to any number of variables. 
They belong in some respects to an inverse method of definite 
integration; since they serve to determine under the symbols 

J and S unknown functions which must he such that the result of 

integration is a given function. 

The same principles are applicable to different other problems 
of geometry, of general physics, or of analysis, whether the equa¬ 
tions contain finite or infinitely small differences, or whether they 
contain both. 

The solutions which are obtained by this method are complete, 
and consist of general integrals. No other integral can be more 
extensive. The objections which have been made to this subject 
are devoid of all foundation; it would bo superfluous now to discuss 
them. 

7th. We have said that each of these solutions gives the eqm- 
tion proper to the phenomenon, since it represents it distinctly 
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throughout the whole extent of its course, and serves to determine 
with facility all its results numerically. 

The functions which are obtained by these solutions are then 
composed of a multitude of terms, either finite or infinitely small: 
hut the form of these expressions is in no degree arbitrary; it is 
determined by the physical character of the phenomenon. For 
this reason, when the value of the function is expressed by a series 
into which exponentials relative to the time enter, it is of 
necessity that this should be so, since the natural effect whose 
laws we seek, is really decomposed into distinct parts, corre¬ 
sponding to the different terms of the series. The parts express 
so many simple movements compatible with the special conditions ; 
for each one of these movements, all the temperatures decrease, 
preserving their primitive ratios. In this composition we ought 
not to see a result of analysis due to the linear form of the 
differential equations, but an actual effect which becomes sensible 
in experiments. It appears also in dynamical problems in which 
we consider the causes which destroy motion; hut it belongs 
necessarily to all problems of the theory of heat, and determines 
the nature of the method which we have followed for the solution 
of them. 

8th. The mathematical theory of heat includes : first, the exact 
definition of all the elements of the analysis; next, the differential 
equations; lastly, the integrals appropriate to the fundamental 
problems. The equations can be arrived at in several ways; the 
same integrals can also bo obtained, or other problems solved, by 
introducing certain changes in the course of the investigation. 
We consider that these researches do not constitute a method 
different from our own; but confirm and multiply its results. 

9th. It has been objected, to the subject of our analysis, that 
the transcendental equations which determine the exponents having 
imaginary roots, it would be necessary to employ the terms which 
proceed from them, and which would indicate a periodic character 
in part of the phenomenon; but this objection has no foundation, 
since the equations in question have in fact all their roots real, and 
no part of the phenomenon can be periodic. 

10th. It has been alleged that in order to solve with certainty 
problems of this kind, it is necessary to resort in all cases to a 
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certain form of tlie integral which was denoted as general; and 
equation (7) of Art. 398 was propounded under this designa¬ 
tion; hut this distinction has no foundation, and the use of a 
single integral would only have the effect, in most cases, of com¬ 
plicating the investigation unnecessarily. It is moreover evident 
that this integral (7) is derivable from that which we gave in 1807 
to determine the movement of heat in a ring of definite radius jB; 
it is sufficient to give to R an infinite value. 

11th. It has been supposed that the method which consists in 
expressing the integi’al by a succession of exponential terms, and 
in determining their coefficients by means of the initial state, 
does not solve the problem of a prism which loses heat unequally 
at its two ends; or that, at least, it would be very difficult to 
verify in this manner the solution derivable from the integral (7) 
by long calculations. We shall perceive, by a new examination, 
that our method applies directly to this problem, and that a single 
integration even is sufficient \ 

12th. We have developed in series of sines of multiple arcs 
functions which appear to contain only even powers of the variable, 
cosoj for example. We have expressed by convergent series or 
by definite integrals separate parts of different functions, or func¬ 
tions discontinuous between certain limits, for example that which 
measures the ordinate of a triangle. Our proofs leave no doubt 
of the exact truth of these equations. 

13 th. We find in the works of many geometers results and pro¬ 
cesses of calculation analogous to those which we have employed. 
These are particular cases of a general method, which had not yet 
been formed, and which it became necessary to establish in order 
to ascertain even in the most simple problems the mathematical 
laws of the distribution of heat. This theory required an analysis 
appropriate to it, one principal element of which is the analytical 
expression of sejmrate f motions, or of parts offuiictions. 

By a separate function, or part of a function, we understand a 
function /(^) which has values existing when the variable x is 
included between given limits, and whose value is always nothing, 
if the variable is not included between those limits. This func¬ 
tion measures the ordinate of a line which includes a finite arc of 
^ See tko Memoir reforred to in note 1, p. 12. [A. F.] 
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arbitrary form, and coincides with the axis of abscissae in all the 
rest of its course. 

This motion is not opposed to the general principles of analysis; 
we might even find the first traces of it in the writings of Daniel 
Bernouilli, of Cauchy, of Lagrange and Euler. It had always been 
regarded as manifestly impossible to express in a series of sines 
of multiple arcs, or at least in a trigonometric convergent series, 
a function which has no existing values unless the values of the 
variable are included between certain limits, all the other values 
of the function being nul. But this point of analysis is fully 
cleared up, and it remains incontestable that separate functions, 
or parts of functions, are exactly expressed by trigonometric con¬ 
vergent series, or by definite integrals. We have insisted on this 
consequence from the origin of our researches up to the present 
time, since we are not concerned here with an abstract and isolated 
problem, but with a primary consideration intimately connected 
with the most useful and extensive considerations. Nothing has 
appeared to us more suitable than geometrical constructions to 
demonstrate the truth of these new results, and to render intelli¬ 
gible the forms which analysis employs for their expression. 

14 th. The principles which have served to establish for us the 
analytical theory of heat, apply directly to the investigation of the 
movement of waves in fluids, a part of which has been agitated. 
They aid also the investigation of the vibrations of elastic laminse, 
of stretched flexible surfaces, of plane elastic surfaces of very great 
dimensions, and apply in general to problems which depend upon 
the theory of elasticity. The property of the solutions which we 
derive from these principles is to render the numerical applications 
easy, and to offer distinct and intelligible results, which really 
determine the object of the problem, without making that know¬ 
ledge depend upon integrations or eliminations which cannot be 
effected. We regard as superfluous every transformation of the 
results of analysis which does not satisfy this primaxy condition. 

429 . 1st. We shall now make some remarks on the differen¬ 
tial equations of the movement of heat. 

If two molecides of ike same body are extremely near, and are 
at unequal tefmperatures, that which is ike most heated communicates 
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directly to the other during one instant a certain quantity of heat; 
which quantity is proportiofial to the extremely small difference of 
the temperatures: that is to say, if that difference became double, 
triple, quadruple, and all other conditions remained the same, the 
heat communicated would be double, triple, quadruple. 

This proposition expresses a general and constant fact, which 
is sujSicient to serve as the foundation of the mathematical theory. 
The mode of transmission is then known with certainty, inde¬ 
pendently of every hypothesis on the nature of the cause, and 
cannot be looked at from two different points of view. It is 
evident that the direct transfer is effected in all directions, and 
that it has no existence in fluids or liquids which are not diather- 
manous, except between extremely near molecules. 

The general equations of the movement of heat, in the 
interior of solids of any dimensions, and at the surface of these 
bodies, are necessary consequences of the foregoing proposition. 
They are rigorously derived from it, as we have proved in our 
first Memoirs in 1807, and we easily obtain these equations by 
means of lemmas, whoso proof is not less exact than that of the 
elementary propositions of mechanics. 

These equations arc again derived from the same proposition, 
by determining by means of integi-ations the whole quantity of 
heat which one molecule receives from those which surround it. 
This investigation is subject to no difficulty. The lemmas in 
question take the place of the integrations, since they give directly 
the expression of the flow, that is to say of the quantity of heat, 
which crosses any section. Both calculations ought evidently to 
lead to the same result; and since there is no difference in the 
principle, there cannot bo any difference in the consequences. 

2nd. We gave in 1811 the general equation relative to the 
surface. It has not been deduced from particular cases, as has 
been supposed without any foundation, and it could not bo; the 
proposition which it expresses is not of a nature to be discovered 
by way of induction; wo cannot ascertain it for certain bodies and 
ignore it for others; it is necessary for all, in order that the state 
of the surface may not suffer in a definite time an infinite change. 
In our Memoir wo have omitted the details of the proof, since 
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they consist solely in the application of known propositions. It 
was sufficient in this work to give the principle and the result, as 
we have done in Article 15 of the Memoir cited. From the same 
condition also the general equation in question is derived by deter¬ 
mining the whole quantity of heat which each molecule situated 
at the surface receives and communicates. These very complex 
calculations make no change in the nature of the proof. 

In the investigation of the differential equation of the move¬ 
ment of heat, the mass may be supposed to be not homogeneous, 
and it is very easy to derive the equation from the analytical 
expression of the flow; it is sufficient to leave the coefficient which 
measures the conducibility under the sign of differentiation. 

3rd. Newton was the first to consider the law of cooling of 
bodies in air; that which he has adopted for the case in which the 
air is carried away with constant velocity accords more closely 
with observation as the difference of temperatures becomes less; 
it would exactly hold if that difference were infinitely small. 

Amontons has made a remarkable experiment on the establish¬ 
ment of heat in a prism whose extremity is submitted to a definite 
temperature. The logarithmic law of the decrease of the tempera¬ 
tures in the prism was given for the first time by Lambert, of the 
Academy of Berlin. Biot and Bumford have confirmed this law 
by experiment \ 

1 Newton, at tlio end of his Scala gradmm calorie et frigorie, Philosophical 
Tramactione^ April 1701, or Opuscula ed. Castillioueus, YoL ii. implies that when 
a plate of iron cools in a current of air flowing uniformly at constant tomporaturo, 
equal quantities of air come in contact with the metal in equal times and carry 
off quantities of heat proportional to the excess of the temperature of the iron 
over that of the air; whence it may he inferred that the excess temperatures of 
the iron form a geometrical progression at times which are in arithmetic progres¬ 
sion, as he has stated. By placing various substances on the heated iron, he 
obtained their melting points as the metal cooled. 

Amontons, Memoires de VAcadimie [1703], Paris, 1705, pp. 205—6, in his 
Pdmarques sur la Table de degrds de Chaletir extraite des Tramactiom Philosophy 
ques 1701, states that he obtained the melting points of the substances experimented 
on by Newton by placing them at appropriate points along an iron bar, heated to 
whiteness at one end; but he has made an erroneous assumption as to the law 
of decrease of temperature along the bar. 

Lambert, Pyrovietrie, Berlin, 1779, pp. 185—6, combining Newton’s calculated 
temperatures with Amontons’ measuxod distances, detected the exponential law 
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To discover the diflFerential equations of the variablo movement 
of heat, even in the most elementary case, as that of a cylindrical 
prism of very small radius, it was necessary to know the mathe¬ 
matical expression of the quantity of heat which traverses an 
extremely short part of the prism. This quantity is not simply 
proportional to the difference of the temperatures of the two 
sections which bound the layer. It is proved in the most rigorous 
manner that it is also in the inverse ratio of the thickness of the 
layer, that is to say, that if two layers of the same pHsm w&re un- 
equally thick, and if in the first the difference of the temperatures of 
the two bases was the same as in the second, the quantities of heat 
traversing the layers during the same instant would he in the invei'se 
ratio of the thicknesses. The preceding lemma applies not only to 
layers whose thickness is infinitely small; it appli(js to prisms of 
any length. This notion of the fiow is fundamental; in so far as 
we have not acquired it, wc cannot form an exact idea of the 
phenomenon and of the equation which expresses it. 

It is evident that the instantaneous increase of the tempora- 

of temperatures in a long bar heated at one end. Lambert’s work contains a 
most complete account of the progress of thermal measurement up to that time. 

Biot, Journal des Mines, Paris, 1804, xvii. pp. 203—224, Bumford, MCnmres 
de Vliistitut, Sciences Math, et Phys. Tome vi. Paris, 1806, pp. lOG—122. 

Eriosson, Nature, Vol. vi, pp, IOC—B, describes some experiments on cooling 
in vacuo which for a limited range of excess temperature, 10" to 100” Fah. sliow 
a very close approach to Newton’s law of cooling in a current of air. Theso 
exporiments are insuiliciont to discredit tho law of cooling in vacuo derived by 
M. M. Bulong and Petit (Journal PoUjteohnviue, Tomo xi. or Ann. de Cli. et 
de JPh. 1817, Tome vii.) from their carefully dovisod and more oxtensivo range 
of exporimonts. But other experiments made by Ericsson with on ingeniously 
contrived calorimeter (future, Vol. v. pp. 606—7) on tho emiHsivo power of molten 
iron, seom to show that the law of Bulong and Petit, for cooling in vacuo, is 
very far from being applicable to masses at exoeedingly high tc>inperaturoK giviii/' 
off heat in free air, though their law for such oouditlous is reducible to the former 
law. 

Fourier has published some remarks on Newton’s law of cooling in his 
Questioris su? la Marie physique de la ChaUnir rayonnaiitv, Ann, de Chi mitt et de 
JPhysique, 1817, Tome vx. p. 2*J8. Ho distinguibhes butwoen the surface conduction 
and radiation to froo air. 

Newton’s original statement in tho Sea la gradmm is “Cjilor quern fernim 
colefaotom corporibus frigidis sibi contiguis dato tcm})oro coinzniinicat, hoc esi 
Oalor, quom ferrum date tempore aniittit, cst ut Color totus ferri.” Tliis supposes 
the iron to be perfectly couduciblo, and tho surrounding nniHSOfl to bo at zero 
temperature. It can only bo interpreted by liis subsequent explanation, as above. 

LA. 1.’.] 
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ture of a point is proportional to the excess of the quantity of heat 
which that point receives over the quantity which it has lost, and 
that a partial differential equation must express this result: but 
the problem does not consist in enunciating this proposition which 
is the mere fact; it consists in actually forming the differential 
equation, which requires that we should consider the fact in its 
elements. If instead of employing the exact expression of the 
flow of heat, we omit the denominator of this expression, we 
thereby introduce a difficulty which is nowise inherent in the 
problem; there is no mathematical theory which would not offer 
similar difficulties, if we began by altering the principle of the 
proofs. Not only are we thus unable to form a differential equa¬ 
tion ; but there is nothing more opposite to an equation than a 
proposition of this kind, in which we should be expressing the 
equality of quantities which could not be compared. To avoid 
this error, it is sufficient to give some attention to the demon¬ 
stration and the consequences of the foregoing lemma (Art. 65, 
66, 67, and Art. 75). 

4th. With respect to the ideas from which we have deduced 
for the first time the differential equations, they are those which 
physicists have always admitted. We do not know that anyone 
has been able to imagine the movement of heat as being produced 
in the interior of bodies by the simple contact of the surfaces 
which separate the different parts. For ourselves such a proposition 
would appear to be void of all intelligible meaning. A surface of 
contact cannot be the subject of any physical quality; it is neither 
heated, nor coloured, nor heavy. It is evident that when one 
part of a body gives its heat to another there are an infinity 
of material points of the first which act on an infinity of points of 
the second. It need only be added that in the interior of opaque 
material, points whose distance is not very small cannot commu¬ 
nicate their heat directly; that which they send out is intercepted 
by the intermediate molecules. The layers in contact are the only 
ones which communicate their heat directly, when the thickness 
of the layers equals or exceeds the distance which the heat sent 
from a point passes over before being entirely absorbed. There is 
no direct action except between material points extremely near, 
and it is for this reason that the expression for the flow has the 
form which we assign to it. The flow then results from an infinite 



SECT. IV.] 


FLOW OUTWARD AND INTERNAL. 


461 


multitude of actions whose effects axe added; but it is not from 
this cause that its value during unit of time is a finite and 
measurable magnitude, even although it be determined only by 
an extremely small difference between the temperatures. 

When a heated body loses its heat in an elastic medium, or in 
a space free from air bounded by a solid envelope, the value of the 
outward flow is assuredly an integral; it again is due to the action 
of an infinity of material points, very near to the surface, and we 
have proved fonnerly that this concourse determines the law of 
the external radiation^ But the quantity of heat emitted during 
the unit of time would be infinitely small, if the difference of the 
temperatures had not a finite value. 

In the interior of masses the conductive power is incomparably 
greater than that which is exerted at the surface. This property, 
whatever be the cause of it, is most distinctly perceived by us, 
since, when the prism has arrived at its constant state, the 
quantity of heat which crosses a section during the unit of time 
exactly balances that which is lost through the whole part of the 
heated surface, situated beyond that section, whose temperatures 
exceed that of the medium by a finite magnitude. When we take 
no account,of this primary fact, and omit the divisor in the 
expression for the flow, it is quite impossible to form the differen¬ 
tial equation, even for the simplest case; a fortiori, we should be 
stopped in the investigation of the general equations. 

5th. Further, it is necessary to know what is the influence of 
the dimensions of the section of the prism on the values of the 
acquired temperatures. Even although the problem is only that 
of the linear movement, and all points of a section are regarded 
as having the same temperature, it‘does not follow that we can 
disregard the dimensions of the section, and extend to other prisms 
the consoquencos, which belong to one prism only. The exact 
equation cannot be formed without expressing the relation 
between the extent of the section and the effect produced at the 
extremity of the prism. 

We shall not develope further the examination of the principles 
which have led us to the knowledge of the differential equations; 

1 Mimoires lU VAcademic dec Sciences^ Tomo v. pp. 204—8. Comintmicatod 
in 1811. [A.F.] 
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we need only add that to obtain a profound conviction of the use¬ 
fulness of these principles it is necessary to consider also various 
difficult problems; for example, that which we are about to in¬ 
dicate, and whose solution is wanting to our theory, as we have 
long since remarked. This problem consists in forming the differ¬ 
ential equations, which express the distribution of heat in fluids 
in motion, when all the molecules are displaced by any forces, 
combined with the changes of temperature. The equations which 
we gave in the course of the year 1820 belong to general hydro¬ 
dynamics; they complete this branch of analytical mechanics*. 


430. Different bodies enjoy very unequally the property which 
physicists have called conductMUty or condudbiUty, that is to say, 
the faculty of admitting heat, or of propagating it in the interior 
of their masses. We have not changed these names, though they 

T V-deadimie des Scienee», Tome sir. Fans, 1833, pp. 615—530. 

n aadition to the three ordmoiy equations of motion of an incompressible 
amd, and the equation of continuity refenred to reotangnlor axes in direction of 
which the yeMties of a molecule passing the point *, y, s at time t are «, t,. 

Its temperature being $, Fourier has obtained the equation 

dt ^ (die* ^ d;?) . 

in which K is tho conductivity and 0 the specific heat per unit volnme. as 
loilows. 

Into the paraRelopiped whose opposite comers aro (*, y, z), {x+£ze, y+Ay, z+Az), 
the quantity of heat which would flow by conduction across the lower face AxAy, 

if the fluid were at rest, would be -JT^AaiAyAt in time At, and the gain by 
convection +C’«iA!r AyAt; there is a corresponding loss at tho upper faco A*Ay; 
hence the whole gain is, negatively, the variation oi OaO) An Ay At with 

respect to z, that is to say, tho gain is equal to Ax Ay Az At. 

Two Bimaar expressions denote the gains in direction of y and a; the sum of the 
tliree is equal to of-AtAxAyAz, which is the gain in the volume A* Ay As 
in timo At : whouco tlie above equation, 

^ ^ tomperaturo and pressure but aro 

usually ti-oatod as constant. The density, even for fluids denominated incom- 
proasia.lo, IS subject to a small temperature variation. 

It may be noticed tliat when tho velocities «, v, w are nul, the equation 
reduces lo tho equation for flow of heat in a solid. " 

It my also be remarked that when JT is so small as to bo negligible, tho 
equation has tho some form as tlie equation of continuity. [A. F.] 
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do not appear to us to be exact. Each of them, the first especially, 
would rather express, according to all analogy, the faculty of being 
conducted than that of conducting. 

Heat penetrates the surface of different substances with more 
or less facility, whether it be to enter or to escape, and bodies are 
unequally permeable to this element, that is to say, it is propagated 
in them with more or less facility, in passing from one interior 
molecule to another. We think these two distinct properties 
might be denoted by the names penetrability and permeability^. 

Above all it must not be lost sight of that the penetrability of 
a surface depends upon two different qualities: one relative to the 
external medium, which expresses the facility of communication by 
contact; the other consists in the property of emitting or admit¬ 
ting radiant heat. With regard to the specific permeability, it is 
proper to each substance and independent of the state of tho 
surface. For tho rest, precise definitions are the true foundation 
of theory, but names have not, in the matter of our subject, the 
same degree of importance. 

431. Tho last remark cannot be applied to notations, which 
contribute very much to tho progress of tho science of the Calculus. 
These ought only to bo proposed with reserve, and not admitted 
but after long examination. That which wo have employed re¬ 
duces itself to indicating the limits of the integral above and below 

the sign of integration J; writing immediately after this sign the 

differential of tho quantity which varies between those limits. 

Wo have availed ourselves also of tho sign S to express the 
sum of an indefinite number of terms dorived from one general 
term in which the index i is made to vary. We attach this index 
if necessary to the sign, and write the first value of i below, and 
the last above. Habitual uso of this notation convinces us of 

1 Tho coofficionts of penetrability and permeability, or of oxtorior and interior 
conduction (/», A"), ^yore determined in tho first instance by Fourier, for the case 
of oast iron, by experiments on the permanent tomporatnres of a ring and on the 

varying temperatures of a sphoro. Tho value of ^ by the method of Art. 110, 

and the value of h hy that of Art. 297. Mem* de VAcad* d. Sc* Tome v. pp. 
166, 220, 228. [A. F.] 
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the ixsefalness of it, especially -when the analysis consists of de¬ 
finite integrals, and the limits of the integrals are themselves the 
object of investigation. 

432. The chief results of our theory are the differential equa¬ 
tions of the movement of heat in solid or liquid bodies, and the 
general equation which relates to the surface. The truth of these 
equations is not founded on any physical explanation of the effects 
of heat. In whatever manner we please to imagine the nature of 
this element, whether we regard it as a distinct material thing 
which passes from one part of space to another, or whether we 
make heat consist simply in the transfer of motion, we shall always 
arrive at the same equations, since the hypothesis which we form 
must represent the general and simple facts from which the 
mathematical laws are derived. 

The quantity of heat transmitted by two molecules whose 
temperatures are unequal, depends on the difference of these 
temperatures. If the difference is Infinitely small it is certain 
that the heat communicated is proportional to that difference; all 
experiment concurs in rigorously proving this proposition. Now 
in order to establish the differential equations in question, we 
consider only the reciprocal action of molecules infinitely near. 
There is therefore no uncertainty about the form of the equations 
which relate to the interior of the mass. 

The equation relative to the surface expresses, as we have said, 
that the flow of the heat, in the direction of the normal at the 
boundary of the solid, must have the same value, whether we cal¬ 
culate tlie mutual action of the molecules of the solid, or whether 
we consider the action which the medium exerts upon the envelope. 
The analytical expression of the former value is very simple and 
is exactly known; as to the latter value, it is sensibly proportional 
to the temperature of the surface, when the excess of this tempera¬ 
ture over that of the medium is a sufficiently small quantity. In 
other cases the second value must be regarded as given by a series 
of observations; it depends on the surface, on the pressure and 
on the nature of the medium ; this observed value ought to form 
the second member of the equation relative to the surface. 

In several important problems, the equation last named is re- 
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placed by a given condition, which expresses the state of the 
surface, whether constant, variable or periodic. 

433. The differential equations of the movement of heat are 
mathematical consequences analogous to the general equations of 
equilibrium and of motion, and are derived like them from the 
most constant natural facts. 

The coefficients c, h, Te, which enter into these equations, must 
be considered, in general, as variable magnitudes, which depend 
on the temperature or on the state of the body. But in the appli¬ 
cation to the natural problems which interest us most, we may 
assign to these coefficients values sensibly constant. 

The first coefficient e varies very slowly, according as the tem¬ 
perature rises. These changes are almost insensible in an interval 
of about thirty degrees. A series of valuable observations, due to 
Professors Dulong and Petit, indicates that the value of the specific 
capacity increases very slowly with the temperature. 

The coefficient h which measures the penetrability of the sur¬ 
face is most variable, and relates to a very composite state. It 
expresses the quantity of heat communicated to the medium, 
whether by radiation, or by contact. The rigorous calculation of 
this quantity would depend therefore on the problem of the move¬ 
ment of heat in liquid or aeriform media. But when the excess 
of temperature is a sufficiently small quantity, the observations 
prove that the value of the coefficient maybe regarded as constant. 
In other cases, it is ea^ to derive from known experiments a 
correction which malces the result sufficiently exact, 

It cannot be doubted that the coefficient k, the measure of the 
permeability, is subject to sensible variations; but on this impor¬ 
tant subject no series of experiments has yet been made suitable 
for informing us how the facility of conduction of heat changes with 
the temperature^ and with the pressure. We see, from the obser¬ 
vations, that this quality may be regarded as constant throughout 
a very great part of the thermometric scale. But the same obser¬ 
vations would lead us to believe that the value of the coefficient 
in question, is very much more changed by increments of tempera¬ 
ture than the value of the specific capacity. 

Lastly, the dilatability of solids, or their tendency to increase 
> Befeionoe is given to Forties’ experiments in the note, p. 84. [A. F.] 
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in volume, is not the same at all temperatures: but in the problems 
which we have discussed, these changes cannot sensibly alter the 
precision of the results. In general, in the study of the grand 
natural phenomena which depend on the distribution of heat, we 
rely on regarding the values of the coefficients as constant. It is 
necessary, first, to consider the consequences of the theory from 
this point of view. Careful comparison of the results with those 
of very exact experiments will then shew what corrections must he 
employed, and to the theoretical researches will be given a further 
extension, according as the observations become more numerous 
and more exact. We shall then ascertain what are the causes 
which modify the movement of heat in the interior of bodies, 
and the theory will acquire a perfection which it would be im¬ 
possible to give to it at present. 

Luminous heat, or that which accompanies the rays of light 
emitted by incandescent bodies, penetrates transparent solids and 
liquids, and is gradually absorbed within them after traversing an 
interval of sensible magnitude. It could not therefore be supposed 
in the examination of these problems, that the direct impressions 
of heat are conveyed only to an extremely small distance. When 
this distance has a finite value, the differential equations take a 
different form; but this part of the theory would offer no useful 
applications unless it were based upon experimental knowledge 
which we have not yet acquired. 

The experiments indicate that, at moderate temperatures, a 
very feeble portion of the obscure heat enjoys the same property as 
the luminous heat; it is very likely that the distance, to which is 
conveyed the impression of heat which penetrates solids, is not 
wholly insensible, and that it is only very small: but this occasions 
no appreciable difference in the results of theory; or at least the 
difference has hitherto escaped all observation. 
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bias stabilization; transistor analysis and comparison using characteristic curves and cna^rts 
audio amplifiers; tuned amplifiers; wide-bancT amplifiers; oscillators; pulse and 
circuits; modulation, mixing, and demodulation; and 

Unabridged, corrected edition. 240 schematic drawings, Photographs, wiring diagrams 
2 Appendices. Glossary. Index. 263pp, 6Vb x 9V4. S380 Paperbound $1.25 

TEACH YOURSELF HEAT ENGINES. E. De Ville. Measurement of heat, development of steam and 
internal combustion engines, efficiency of an engine, compression-ignition engines, production 
of steam, the ideal engine, much more. 318 exercises, answers, worked e^mples. Tables. 
76 illus. 220pp. 6% X 4V*. Ciothbound »2.00 


BOOKS EXPLAINING SCIENCE AND MATHEMATICS 


Miscellaneous 


ON THE SENSATIONS OF TONE, Hermann Helmholtz. This is an unmatched coordination of 
such fields as acoustical physics, physiology, experiment, history of music. It covers the 
entire gamut of musical tone. Partial contents; relation of musical science to acoustics, 
physical vs. physiological acoustics, composition of vibration, resonance, analysis of tones 
by sympathetic resonance, beats, chords, tonality, consonant chords, discords, progression 
OT parts, etc. 33 appendixes discuss various aspects of sound, physics, acoustics, music, etc. 
Translated by A. J. Ellis. New introduction by Prof. Henry Margenau of Yale. 68 figures. 43 
musical passages analyzed. Over 100 tables. Index, xix -f 576pp. 6% x 9%4. . 

S114 Paperbound $3.00 
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Inma+im^e^Kia^k^^iSh^t COLOUR IN THE OPEN AIR» M. MInnaert. Why Is falling snow 

morgana, multiple suns and moons in the 
formed? Prof. Mlnnaert of the University of Utrecht answers these and 
**!! " light, colour, for non-specialists. Particularly valuable to nature, 

m JPa‘irte!:s.,.P5otographers. Translated by H. M. Kremer-Priest, K. Jay. 202 

Illustrations, Including 42 photos, xvl + 362pp. 5% x 8. T196 Paperbound $2.00 

THE PHYSICS OF MUSIC, Alexander Wood. Introduction for musicians to the physical aspect 
of sound. No scientific training necessary to understand concepts, etc. Wealth of material 
developrn^ent of instrumen^ts, physical principles involved in the production of 

. X.-. dissonance and conso- 
msively revised by Dr. 
0pp. 5^ X 8Vb. 

^22 Paperbound $2.25 

MODERN COSMOLOGY, Jagjit Singh. The theories of Jeans, 
WflliUflJor aiiT ^old, Nswton, Einstein, Gamow, Hoyle, Dirac, Kuiper, Hubble, 

Mace SnS cosmological quesUons as the origin of the universe, 

tSJrif formation, ‘‘continuous creation,'' the birth, life, and death of the 

MathemafirS^i? A author of the popular “Great Ideas of Modern 

crvstarctM?'.<,M the most difficult abstractions 

crystal-clear even to the most non-mathematicai reader, index, xli -I- 276 pp. 5% x 8%. 

T925 Paperbound $1.85 




MstNewtinfan® achievements. Vlie cfear" and conipiete 'treatment lif the 

K?.l!!'i2!?l?]l_®stronomere Is a ^ture seldom found in other books on the subject. Index. 


IT-—' willwiiuiiioia 19 a lOaiUlO 

120 Illustrations, xv + 404pp. 5% x 8. 


T716 Paperbound $1.65 


BIOGRAPHY OF SCIENTISTS 


ISAAC NEWTON: A BIOGMPHY, Uuis Trenchard More. The definitive biography of Newton, his 
life and work. Presents Newton as a living man, with a critical, objective analysis of his char- 

Thi® ai?thJI!-® h?me2iP®I®i® ®f manifold accomplishments, scientific, theological, etc. 

The author, himself a professor of physics, has made full use of all of Newton's oubtished 
^® Poi^uiouth Collectlon of Newton's personal and unpublished 
papers. The text includes numerous letters by Newton and his acquaintances, and many other 
u ® Ifrom Latin to English by the author. A universally-esteemed 
work. Unabridged republication, l full-page plate. Index, xiii + 675pp. 5% x 8Vfe. 

T579 Paperbound $2.50 


PIERRE CURIE, Marie Curie. Mme. Curie, Nobel Prize winner, creates a memorable portrait of 
her equally famous husband and his lifelong scientific researches. She brings to life the 
determined personality of a great scientist at work. Her own autobiographical notes included 
own work on radiation which resulted in the Isolation of radium. 
fK!iln+ T®^i^ *1®® Instances In which the proverbially humdrum life 

glbh‘ Mim Yo?l the austere Ideal5%as been made Inte l* 

J;®'^ Times. Unabridged reprint. Translated by Charlotte and Vernon Keiloeff 
Introduction by Mrs, Wm. Brown Meloney. 8 halftones, vlll -I- l20pp. 5% x 8VSi. 

T199 Paperbound $1.00 

THE BOOK OF MY LIFE (DE VITA PROPRIA LIBER), Jerome Cardan. The remarkable autobiograohv 
of an important Renaissance mathematician, physician, and scientist, who at the same tune 

"’hJ- consumed’with ISbltlon’ and sSif-love ®fand saTf- 
a^aH ^ 1 ,^ fortunes and misfortunes make absorbing reading, giving us an 
extremely insight^l view of a man s reactions and sensations*~the first osvcnoiofficai autn. 

KI‘‘B‘,*biiorp'iia ? sV.'"'*"' '“?3»pWbo5Sd“»i'.Td 

CHARLES DARWIN, AND SELECTED LEHERS, edited bv Francis 
tte ?u-ro?*S2Sounrg "v'Sl'Stlo^, tnd**!,^ re?iief rel*JSiMs***of*^^^^ 

KS"aSb*?““ »olu» »wl*^V"o'‘onoW^S 

b,w„bls great 


■■wvw iiit9 wuurva uil 

emotion among primates, plant fertilization, carnivor 
came into being. Appendix. Index. 365pp. 5% x 8. 


T479 Paperbound |1.65 
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PHILOSOPHY OF SCIENCE AND MATHEMATICS 


FOUNDATIONS OF SCIENCE: THE PHILOSOPHY OF THEORY AND EXPERIMENT, N. R. Campbell. 
A critique of the most fundamental concepts of science In general and physics In particular. 
Examines why certain propositions are accepted without question, demarcates science from 
philosophy, clarifies the understanding of the tools of science. Part One analyzes the pre¬ 
suppositions of scientific thought: existence of the material world, nature of scieirtlfic 
laws, multiplication of probabilities, etc.: Part Two covers the nature of experiment and the 
application of mathematics: conditions for measurement, relations between numerical laws 
and theories, laws of error, etc. An appendix covers problems arising from relativity, force, 
motion, space, and time. A classic in its field, index, xili + 565pp. 5% x 8%. 

S372 Paperbound $2.95 


THE NATURE OF PHYSICAL THEORY, P. W. Bridgman. Here is how modem physics looks to a 
highly unorthodox physicist—a Nobel laureate. Pointing out many absurdities of science, and 
demonstrating the inadequacies of various physical theories, Dr. Bridgman weighs and ana¬ 
lyzes the contributions of Einstein, Bohr, Newton, Heisenberg, and many others. This is a 
non-technical consideration of the correlation of science and reality. Index, xl + 138pp. 
5% X 8. S33 Paperbound $1.25 


THE VALUE OF SCIENCE, Henri Poincard. Many of the most mature ideas of the 'Mast scientific 
universalIst” covered with charm and vigor for both the beginning student and the advanced 
worker. Discusses the nature of scientific truth, whether order is innate In the universe 
or imposed upon It by man,' logical thought versus intuition (relating to math, through the 
works of Welerstrass, Lie, Klein. Riemann), time and space (relativity, psychological time, 
simultaneity). Hertz’s concept or force, interrelationship of mathematical physics to pure 
math, values within disciplines of Maxwell, Carnot, Mayer, Newton. Lorentz, etc. Index. 
Ill + 147pp. 54b X 8. S469 Paperbound $1.35 

SCIENCE AND HYPOTHESIS, Henri Poincard. Creative psychology in science. How such con¬ 
cepts as number, magnitude, space, force, classical mechanics were developed, and how the 
modern scientist uses them in his thought. Hypothesis In physics, theories of modern 
physics. Introduction by Sir James Larmor. "Few mathematicians have had the breadth of 
vision of Poincard, and none is his superior in the gift of clear exposition," E. T. Bell. 
Index. 272pp. 54b x 8. S221 Paperbound $1.35 

PHILOSOPHY AND THE PHYSICISTS, L. S. Stebbing. The philosophical aspects of modern 
science examined in terms of a lively critical attack on the Ideas of Jeans and Eddington. 
Discusses the task of science, causality, determinism, probability, consciousness, the relation 
of the world of physics to that of everyday experience. Probes the philosophical significance 
of the Planck-Bonr concept of discontinuous energy levels, the inferences to be drawn from 
Heisenberg’s Uncertainty Principle, the implications of "becoming” involved in the 2nd law 
of thermodynamics, and other problems posed by the discarding of Laplacean determinism. 
285pp. 54b X 8. t 480 Paperbound $1.65 


THE PHILOSOPHICAL WRITINGS OF PEIRCE, edited by Justus Buchler. (Formerly published as 
THE PHILOSOPHY OF PEIRCE.) This Is a carefully balanced exposition of Peirce’s complete 
system, written by Peirce himself, it covers such matters as scientific method, pure chance 
vs. law, symbolic logic, theory of signs, pragmatism, experiment, and other topics. Intro¬ 
duction by Justus Buchler, Columbia University, xvi -I- 368pp. 54b x 8. 

T217 Paperbound $2.00 


UNGUAGE, TRUTH AND LOGIC, A, Ayer. A clear introduction to the Vienna and Cambridge 
schools of Logical Positivism. It sets up specific tests by which you can evaluate validity of 
ideas, etc. Contents: Function of philosophy, elimination of metaphysics, nature of analysis, 
a priori, truth and probability, etc. lOth printing. "I should like to have written it myself,’’ 
Bertrand Russell. Index. 160pp. 54b x 8. TIO Paperbound $1.25 

MATHEMATICS AND SCIENCE: LAST ESSAYS (DERNIIrES PENSIeS), Henri Poincard. Translated 
by J. W. Bolduc. A posthumous volume of articles and lectures by the great French mathe¬ 
matician, philosopher, scientist. Here are nine pieces, never before translated Into English, 
on such subjects as The Evolution of Laws, Space and Time. Space and 3 Dimensions, The 
Logic of infinity in Mathematics (discussing Russell’s theory of types). Mathematics and Logic, 
The Quantum Theory and its Modern Applications, Relationship Between Matter and Ether, 
Ethics and Science and The Moral Alliance. First English translation of Dernibres Pensbes. 
New index, viii + I28pp. 54b x 8Vb. SllOl Paperbound $1.25 

THE PSYCHOLOGY OF INVENTION IN THE MATHEMATICAL FIELD, J. Hadamard. Where do ideas 
come from? What role does the unconscious play? Are ideas best developed by mathematical 
reasoning, word reasoning, visualization? What are the methods used by Einstein, Poincard, 
Gaiton, Riemann? How can these techniques be applied by others? Hadamard, one of the 
world’s leading mathematicians, discusses these and other questions, xiii + 145pp. 54b x 8. 

T107 Paperbound $1JI5 
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IN PHYSICS, Max Bom. A Nobel laureate examines the nature and 
cS In physics. Synthetic versus analytical 

fna'yzet* work of Einstein, Bohr, Heisenberg, Planck, Eddington, 
Milne, and others by a .fellow participant. 44pp. 5% x 8. So8 Paperbound 75<! 

W. Relchenbach. An Important landmark in the develop- 
geomotry, covering the problem of the foundations of 
hSSSfJS^’+hi!lf«.*^® con^sequences of Einstein’s relativity, including; relations 

ilfli obsen^atlons: coordinate and metrical properties of space: the psycholog- 

S^mEKirn "W*®" noii-Euclldew structures; and many otner Important topics 

®?®? y^^.p^^'lo^sophy. The majority of ideas require only a knowledge of Inter¬ 

mediate math. Introduction by R. Carnap. 49 figures. Index, xvill -f 296pp. 5% x 8. 

S4^ Paperbound $2.00 

MDpTO^olllJTiiuul^t^^W'?^^^ THE PHILOSOPHY OF PHYSICS: WITH SPECIAL REFER- 
SS MECHANICS, Edited by S. K5rner. A collection of papers by philosophers 

out of a symposium held at Bristol, England In 1957 under the auspices 
S I '•osoffo'' Socleh. One of the most Important contributions to the philosophy 

The discussions center around the adequacy or Inadequacy of 
'S®®25i« i^schanlcs In Its orthodox formulations. Among the contributors are A. J. Ayer, 

Polanyl, P. K. Feyerabend, WT C. 
*’ Charles Darwin, and R. B. Bralthwalte. xlv -t- 218pp. 

^ S131 Paperbound ¥i:80 

TmiY Yl?n *•*. introduction TO THE THEORY OF REU- 

laldlr ilf***•''!!? Exposition of the theory of relativity by the 

X ® famed Vienna Circle.” Its essential purpose is to describe the physical 
slffnificancS^ •'flat^vlty Witt particular reference to their philosophical 

n^tiSS JSth ®® the geometrical relativity of space, the con- 

thf «*"®'^‘® ?"*• gravitation, the measure-determination of the space-time continuum, 
the finite universe, etc., with their philosophical ramifications. Index, xil + 89pp. 5% x 8%. 

T1008 Paperbound $1.00 

?« EINSTEIN'S THEORY OF RELATIVITY. Ernst Cassirer. Two books 
®"®* ^^sslrer establishes a philosophy of the exact sciences that takes Into con- 
r®''®*?**T®®fei.'.') "mathematics, and also shows historical connections. Partial 
h2«®"cf,LiMi!^°*® '®® Mill’s analysis, Helmholtz 8t Kronecker. Russell & cardinal num- 
Slg* Eu^dwn vs. non-Euclldean geometry, Einstein's relativity. Bibliography. Index, xxl + 
4Bspp. 5% x 8. T 50 Paperbound $2Jt5 

mechanics. Helnrlc^ Hertz. This last work by the great 19th century 
®^ *''®®J J"t®rest In the logic of science. Creating a new 
tft ®?®" ®Pf®!L **T®' 3"^ mass, It retums to axiomatic analysis, 

to UnderStandinS of tha forma nr ctrnmiirgii aenante cAlannA __x 



si!!Si."a'5’2»r.4".r «' •' ■irc.fea^ 

S317 Paperbound $1.85 

9^ MATTER, Berttand Russell. How do our senses concord with the new 
?s!r ?°''®'’® ®‘'®l! ^®P*®® 2® '®**®®' analysis of physics, prerelativity physics. 
Inference, physics and perception, special and general relativity,*^Weyl's 
•"''jriants and the^lr physical Interpretation, periodicity and qualitative series. 

I thorough tteatment of the subject that has yet been published,” THE NATION 

Introduction by L. E. Denonn. 422pp. 5% x 8. T231 Paperbounni.95 

OF GEOMETRY, Bertrand Russell. Analyzing basic problems in the overlap area 
laureate Russell examines the nature of geo- 
S?A®' X nature of geometry, and the application of geometry to space. 

S233 Paperbound $1.75 

'.Err ."SUM.”!; 

T65 Paperbound $2.25 

-^PP- O'W * «. X73 Paperbound $1.95 
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MATHEMATICS. ELEMENTARY TO INTERMEDIATE 

HOW TO CALCULATE CUICKLY, Henry Sticker. This handy volume offers a tried and true 
method for helping you in the basic mathematics of daily life—addition, subtraction, multipli¬ 
cation, division, fractions, etc. It Is designed to awaken your “number sense” or the abilily 
to see relationships between numbers as whole quantities. It is not a collection of tricks 
working only on special numbers, but a serious course of over 9,000 problems and their 
solutions, teaching special techniques not taught in schools: ieft-to-right multiplication, new 
fast ways of division, etc. 5 or 10 minutes daily use will double or triple your calculation 
speed. Excellent for the scientific worker who is at home in higher math, but is not satisfied 
with his speed and accuracy in lower mathematics. 256pp. 5 x 7Va, T295 Paperbound $1.00 


TEACH YOURSELF books. For adult self-study, for refresher and 
supplementary study. 

The most effective series of home study mathematics books on the market! With absolutely 
no outside help, they will teach you as much as any similar college or high-school course, 
or will helpfully supplement any such course. Each step leads directly to the next, each 
question is anticipated. Numerous lucid examples and carefully-wrought practice problems 
Illustrate meanings. Not skimpy outlines, not surveys, not usual classroom texts, these 204- 
to 380-page books are packed with the finest instruction you’ll find anywhere for adult 
self-study. 

TEACH YOURSELF ALGEBRA, P. Abbott. Formulas, coordinates, factors, graphs of quadratic 
functions, quadratic equations, logarithms, ratio, irrational numbers, arithmetical, geomet¬ 
rical series, much more. 1241 problems, solutions. Tables. 52 illus. 307pp. 6% x 4V4. 

Clothbound $2.00 

TEACH YOURSELF GEOMETRY, P. Abbott. Solids, lines, points, surfaces, angle measurement, 
triangles, theorem of Pythagoras, polygons, loci, the circle, tangents, symmetry, solid geometry, 
prisms, pyramids, solids of revolution, etc. 343 problems, solutions. 268 Illus. 334pp. 
6% X AVa. Clothbound $2.00 

TEACH YOURSELF TRIGONOMETRY, P. Abbott. Geometrical foundations, Indices, logarithms, 
trigonometrical ratios, relations between sides, angles of triangle, circular measure, trig, 
ratios of angles of any magnitude, much more. Requires elementary algebra, geometry. 
465 problems, solutions. Tables. 102 illus. 204pp. 6% x 4V4. Clothbound $2.00 

TEACH YOURSELF THE CALCULUS, P. Abbott. Variations In functions, differentiation, solids 
of revolution, series, elementary differential equations, areas by Integral calculus, much more. 
Requires algebra, trigonometry. 970 problems, solutions. Tables. 89 illus. 380pp. 6% x AVa, 

Clothbound $2.00 

TEACH YOURSELF THE SLIDE RULE, B. Snodgrass. Fractions, decimals, A-D scales, log-log 
scales, trigonometrical scales. Indices, logarithms. Commercial, precision, electrical, dual- 
Istic, Brighton rules. 80 problems, solutions. 10 illus. 207pp. 6% x 4V4. Clothbound $2.00 

ARITHMETICAL EXCURSIONS: AN ENRICHMENT OF ELEMENTARY MATHEMATICS, H. Bowers and 
J. Bowers. For students who want unusual methods of arithmetic never taught In school; for 
adults who want to increase their number sense. Little known facts about the most simple 
numbers, arithmetical entertainments and puzzles, figurate numbers, number chains, mysteries 
and folklore of numbers, the “Hin-dog-abic” number system, etc. First publication. Index. 
529 numbered problems and diversions, all with answers. Bibliography. 50 figures, xlv -1- 
320pp. 54b X 8. T770 Paperbound $1.65 

HOW DO YOU USE A SLIDE RULE? by A. A. Merrill. Not a manual for mathematicians and engin¬ 
eers, but a lucid step-by-step explanation that presents the fundamental rules clearly enough 
to be understood by anyone who could benefit by the use of a slide rule In his work or 
business. This work concentrates on the 2 most important operations: multiplication and 
division. 10 easy lessons, each with a clear drawing, will save you countless hours in your 
banking, business, statistical, and other work. First publication. Index. 2 Appendixes. 10 
Illustrations. 78 problems, all with answers, vl + 36pp. 6Vb x 9Vb. T62 Paperbound 60^ 

THE THEORY AND OPERATION OF THE SLIDE RULE, J. P. Ellls. Not a Skimpy “instruction man¬ 
ual”, but an exhaustive treatment that will save you hours throughout your career. Sup- 

§ iies full understanding ot every scale on the Log Log Duplex Decitrig type of slide rule, 
hows the most time-saving methods, and provides practice useful in the widest variety of 
actual engineering situations. Each operation introduced in terms ot underlying logarithmic 
theory. Summary of prerequisite math. First publication. Index. 198 figures. Over 450 prob¬ 
lems with answers. Bibliography. 12 Appendices, ix + 289pp. 54b x8. 

S727 Paperbound $1.50 
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CpLLE^GE ALGEBRA, H. B. Fine. Standard college text that gives a systematic and deductive 
structure to algebra; comprehensive, connected, with emphasis on theory. Discusses the 
commutative, associativi^ and distributive laws of number in unusual detail, and goes on 
with uiidetermined coefficients, quadratic equations, progressions, logarithms, permutations, 
probability, power series, and much more. Still most valuable elementary-intermediate text 
on the science and structure of algebra. Index. 1560 problems, all with answers, x + 63lpp. 
5% X 8. T211 Paperbound $2l25 

COORDINATE GEOMETRY, L. P. Elsenhart. Thorough, unified Introduction. Unusual for ad¬ 
vancing In dimension within each topic (treats together circle, sphere; polar coordinates, 
3-dlrnenslonal coordinate systems; conic sections, quadric surfaces), affording exceptional 
insight Into subject. Extensive use made of determinants, though no previous knowledge 
of them is assumed. Algebraic equations of 1st degree, 2 and 3 unknowns, carried further 
than usual in algebra courses. Over 500 exercises. Introduction. Appendix. Index. Bibliog¬ 
raphy. 43 Illustrations. 310pp. 5% x 8. S600 Paperbound $1.65 


A TREATISE ON PUNE AND ADVANCED TRIGONOMETRY, E. W. Hobson. Extraordinarily wide 
coverage, going beyond usual college level trig, one of the few works covering advanced 
trig in full detail. By a great expositor with unerring anticipation and lucid clarification 
of potentially difficult points. Includes circular functions; expansion of functions of multiple 
angle; trig tables: relations between sides and angles of triangle: complex numbers; etc. 
Many problems solved completely. “The best work on the subject.” Nature. Formerly entitled 
“A Treatise on Plane Trigonometry.” 689 examples. 6 figures, xvl + 383pp. 5% x 8. 

S353 Paperbound $1.95 


FAMOUS PROBLEMS OF ELEMENTARY GEOMETRY. Felix Klein. Expanded version of the 1894 
Easter lectures at GSttingen. 3 problems of classical geometry, in an excellent mathematical 
treatment by a famous mathematician: squaring the circle, trisecting angle, doubling cube. 
Considered with full modern Implications: transcendental numbers, pi, etc. Notes by R. Archi¬ 
bald. 16 figures, xl + 92pp. 54b x 8. T298 Paperbound $1.00 


MONOGRAPHS ON TOPICS OF MODERN MATHEMATICS, edited by J. W. A. Young. Advanced 
mathematics for parsons who haven't gone beyond or have forgotten high school algebra. 
9 monographs on foundation of geometry, modern pure geometry, non-Euclldean geometry, 
fundamental propositions of algebra, algebraic equations, functions, calculus, theory of num¬ 
bers, etc. Each monograph gives proofs of Important results, and descriptions of leading 
methods, to provide wide coverage. New Introduction by Prof. M. Kline, N. Y. University. 
lOO diagrams, xvl + 416pp. 64b x 9V4. S289 Paperbound $2.00 


HIGHER MATHEMATICS FOR STUDENTS OF CHEMISTRY AND PHYSICS, J. W. Mellor. Not abstract, 
but practical, building its problems out of familiar laboratory material, this covers differential 
calculus, coordinate, analytical geometry, functions, integral calculus, infinite series, 
numerical equations, differential equations, Fourier's theorem, probabilitv, theory of errors, 
calculus of variations, determinants. "If the reader Is not familiar with this book. It will 
repay him to examine it,” CHEM. & ENGINEERING NEWS. 800 problems. 189 figures. Bibliog¬ 
raphy. xxi + 641pp. 54b x 8. S193 Paperbound $2JI5 


TRIGONOMETRY REFRESHER FOR TECHNICAL MEN, A. Albert Klaf. 913 detailed questions and 
answers cover the most important aspects of plane and spherical trigonometry. They will help 
you to brush up or to clear up difficulties in special areas. The first portion of this book 
covers plane trigonometry, including angles, quadrants, trigonometrical functions, graphical 
representation, interpolation, equations, logarithms, solution of triangle, use of the slide 
rule and similar topics. 188 pages then discuss application of plane trigonometry to special 

g roblems In navigation, surveying, elasticity, architecture, and various fields of engineering, 
mall angles, periodic functions, vectors, polar coordinates, de Moivre's theorem are fully 
examined. The third section of the book then discusses spherical trigonometry and the 
solution of spherical triangles, with their applications to terrestrial and astronomical prob¬ 
lems. Methods of saving time with numerical calculations, simplification of principal func¬ 
tions of angle, much practical information make this a most useful book. 913 questions an¬ 
swered. 1738 problems, answers to odd numbers. 494 figures. 24 pages of useful formulae, 
functions. Index, x -F 629pp. 54b x 8. T371 Paperbound ^.00 


TEXTBOOK OF ALGEBRA, 6. Chrystal. One of the great mathematical textbooks, still about the 
best source for complete treatments of the topics of elementary algebra; a chief reference 
work for teachers and students ot algebra in advanced high school and universily courses, or 
for the mathematician working on problems of elementary algebra or looking for a background 
to more advanced topics. ^ Ranges from basic laws and processes to extensive examination of 
such topics as lirnits, infinite series, general properties of Integral numbers, and probability 
theory. Emphasis Is on algebraic form, the foundation of anal^ical geometry and the key to 
modern developments in algebra. Prior course in algebra Is desirable, but not absolutely 
necessary, ncludes theory ot quotients, distribution of products, arithmetical theory of surds, 
theory of interest, permutations and combinations, general expansion theorems, recurring 
fractions, and much, much more. Two volume set. Index in each volume. Over 1500 exercises, 
approximately half with answers. Total of xlvlli + 1187pp. 546 x 8. 

5750 Vol I Paperbound $2.35 

5751 Vol II Paperbound $2.35 

The set $4.70 
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MATHEMATICS-INTERMEDIATE TO ADVANCED 


General 

IHTRODUCTION TO APPLIED MATHEMATICS, Francis D. Murnaglian. A practical and thoroughly 
sound introduction to a number of advanced branches of higher mathematics. Among the 
seiected topics covered in detaii are: vector and matrix analysis, partiai and differentiai 
equations, integrai equations, caiculus of variations, Laplace transform theory, the vector 
triple product, linear vector functions, quadratic and bilinear forms, Fourier series, spherical 
narmonics, Bessel functions, the Heaviside expansion formula, and many others. Extremely 
useful book for graduate students in physics, engineering, chemistry, and mathematics. 
Index. Ill study exercises with answers. 41 illustrations, ix + 389pp. 5% x 8Vti. 

S1042 Paperbound ^.00 

OPERATIONAL METHODS IN APPLIED MATHEMATICS. H. S. Carslaw and J. C. Jaeger. Explana- 
tion of the application of the Laplace Transformation to differential equations, a simple and 
effective substitute for more difficult and obscure operational methods. Of great practical 
value to engineers and to all workers in applied mathematics. Chapters on: Ordinary Linear 
Differential Equations with Constant Coefficients;; Electric Circuit Theory; Dynamical Appli¬ 
cations; The Inversion Theorem for the Laplace Transformation; Conduction of Heat; Vibra¬ 
tions of Continuous Mechanical Systems; Hydrodynamics; Impulsive Functions; Chains of 
Differential Equations; and other related matters. 3 appendices. 153 problems, many with 
answers. 22 figures, xvi + 359pp. 5% x 8Vfe. SlOll Paperbound $2.25 

APPLIED MATHEMATICS FOR RADIO AND COMMUNICATIONS ENGINEERS, C. E. Smith. No 

extraneous material here!—only the theories, equations, and operations essential and Im¬ 
mediately useful for radio work. Can be used as refresher, as handbook of applications and 
tables, or as full home-study course. Ranges from simplest arithmetic through calculus, series, 
and wave forms, hyperbolic trigonometry, simultaneous equations in mesh circuits, etc. 
Supplies applications right along with each math topic discussed. 22 useful tables of func¬ 
tions, formulas, logs, etc. index. 166 exercises, 140 examples, all with answers. 95 diagrams. 
Bibliography, x + 336pp. 5^ x 8. S141 Paperbound $1.75 


Algebra, group theory, determinants, sets, matrix theory 

ALGEBRAS AND THEIR ARITHMETICS, L E. Dickson. Provides the foundation and background 
necessary to any advanced undergraduate or graduate student studying abstract algebra. 
Begins with elementary introduction to linear transformations, matrices, field of complex 
numbers; proceeds to order, basal units, modulus, quaternions, etc.; develops calculus of 
linears sets, describes various examples of algebras Including Invariant, difference, nllpotent, 
semi-simple. ''Makes the reader marvel at his genius for clear and profound analysis,” Amer. 
Mathematical Monthly. Index, xii + 241pp. 5% x 8. S616 Paperbound $1.50 

THE THEORY OF EGUATIONS WITH AN INTRODUCTION TO THE THEORY OF BINARY ALGEBRAIC 
FORMS, W. S. Burnside and A. W. Panton. Extremely thorough and concrete discussion of the 
theory of equations, with extensive detailed treatment of many topics curtailed In later texts. 
Covers theory of algebraic-equations, properties of polynomials, symmetric functions, derived 
functions, Horner’s process, complex numbers and the complex variable,. determinants and 
methods of elimination. Invariant theory (nearly 100 pages), transformations, Introduction to 
Galois theory. Abelian equations, and much more. Invaluable supplementary work for modern 
students and teachers. 759 examples and exercises. Index in each volume. Two volume se^t 
Total of xxlv -I- 604pp. 5% x 8. S714 Vol I Paperjound $1.85 

$715 Voi II Paperbound $1.85 
The set ^.70 


COMPUTATIONAL METHODS OF LINEAR ALGEBRA, V. N. Faddeeva, translated by C. D. Benster. 
First English translation of a unique and valuable work, the only work In English present¬ 
ing a systematic exposition of the most important methods of linear algebra—classical 
and contemporary. Shows in detail how to derive numerical solutions of problems In math^ 
matical physics which are frequently connected with those of linear algebra. Theory as well 
as individual practice. Part I surveys the mathematical background that is indispensable 
to what follows. Parts II and III, the conclusion, set forth the most important methods 
of solution, for both exact and iterative groups. One of the most outstanding and valuable 
features of this work Is the 23 tables, double and triple checked for accuracy. These tables 
will not be found elsewhere. Author’s preface. Translator’s note. New bibliography and 
Index. X + 252pp. 5% x 8. S424 Paperbound $1.95 


ALGEBRAIC EGUATIONS, E. Dehn. Careful and complete presentation of Galois' theory of alge¬ 
braic equations; theories of Lagrange and Galois developed in logical rather than historical 
form, with a more thorough exposition than in most modern books. Many concrete applica¬ 
tions and fully-worked-out examples. Discusses basic theory (ve^ clear exposition of the 
symmetric group); isomorphic, transitive, and Abelian groups; applications of Lag^range s and 
Galois’ theories; and much more. Newly revised by the author. Index. List of Theorems, 
xi -I- 208pp. 5% X 8. S697 Paperbound $1.45 
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ALGEBRAIC THEORIES, L. E. Dickson. Best thorough introduction to classical topics in higher 
aigebra develops theories centering around matrices, invariants, groups. Higher algebra, 
Galois theory, finite linear groups, Klein's icosahedron, algebraic invariants, linear trans¬ 
formations, elementary divisors, invariant factors; quadratic, bi-IInear, Hermitian forms, 
singly and in pairs. Proofs rigorous, detailed; topics developed lucidly, in close connection 
with their most frequent mathematical applications. Formerly "Modern Algebraic Theories." 
155 problems. Bibliography. 2 indexes. 285pp. 5% x 8. S547 Paperbound $1.50 


LECTURES ON THE ICOSAHEDRON AND THE SOLUTION OF EGUATIONS OF THE FIFTH DEGREE, 
Felix Klein. The solution of quintics in terms of rotation of a regular icosahedron around Its 
axes of symmetry. A classic & indispensable source for those interested in higher algebra, 
geometry, crystallography. Considerable explanatory material included. 230 footnotes, mostly 
bibliographic. 2nd edition, xvi + 289pp. 54h x 8. S314 Paperbound $1.85 


LINEAR GROUPS, WITH AN EXPOSITION OF THE GALOIS FIELD THEORY, L. E. Dickson. The 
classic exposition of the theory of groups, well within the range of the graduate student 
Part i contains the most extensive and thorough presentation of the theory of Galois Fields 
available, with a wealth of examples and theorems. Part II is a full discussion of linear 
iroups of finite order. Much material in this work Is based on Dickson’s own contributions. 
mIso Includes expositions of Jordan, Lie, Abel, Betti-Mathleu, Hermite, etc. "A milestone 
In the development of modern algebra," W. Magnus, In his historical introduction to this 
edition. Index, xv + 312pp. 5^ x 8. S482 Paperbound $1.95 


% 


INTRODUCTION TO THE THEORY OF GROUPS OF FINITE ORDER, R. Carmichael. Examines funda¬ 
mental theorems and their application. Beginning with sets, systems, permutations, etc., it 
progresses in easy stages through important types of groups: Abelian, prime power, per¬ 
mutation, etc. Except 1 chapter where matrices are desirable, no higher math needed. 783 
exercises, problems. Index, xvi + 447pp. 54^ x 8. S300 Paperbound $2.25 


THEORY OF GROUPS OF FINITE ORDER, W. Burnside. First published some 40 years ago, 
this is still one of the clearest introductory texts. Partial contents: permutations, groups 
Independent of representation, composition series of a group, Isomorphism of a group with 
Itself. Abelian groups, prime power groups, permutation groups, invariants of groups of linear 
substitution, graphical representation, etc. 45pp. of notes. Indexes, xxiv + 512pp. 5% x 8. 

S38 Paperbound $2.45 


CONTINUOUS GROUPS OF TRANSFORMATIONS, L. P. Elsenhart Intensive study of the theory and 
geometrical applications of continuous groups of transformations; a standard work on the 
subject, called forth by the revolution in physics in the 1920’s. Covers tensor analysis, 
RIemannian geometry, canonical parameters, transitivity, imprimitivlty, differential invariants, 
the algebra of constants of structure, differential geometry, contact transformations, etc. 
"Likely to remain one of the standard works on the subject for many years . . . principal 
theorems are proved clearly and concisely, and the arrangement of the whole is coherent, 
MATHEMATICAL GAZETTE. Index. 72-Item bibliography. 185 exercises. Ix + 301pp. 5% X 8. 

S781 Paperbound $1.85 


THE THEORY OF GROUPS AND QUANTUM MECHANICS, H. Weyl. Discussions of Schroedinger's 
wave equation, de Broglie’s waves of a particle, Jordan-Hoelder theorem. Lie’s continuous 
groups of transformations, Pauli exclusion principle, quantization of Maxwell-Dirac field 
equations, etc. Unitary geometry, quantum theory, groups, application of groups to quantuni 
mechanics, symmetry permutation group, aigebra of symmetric transformation, etc. 2nd 
revised edition. Bibliography. Index, xxil + 422pp. 5H x 8. S269 Paperbound $2.25 

APPLIED GROUP-THEORETIC AND MATRIX METHODS, Bryan HIgman. The first systematic 
treatment of group and matrix theory for the physical scientist. Contains a comprehensive, 
easily-followed exposition of the basic ideas of group theory (realized through matrices) and 
its applications in the various areas of physics and chem.stry: tensor analysis, relativity, 
quantum theory, molecular structure and spectra, and Eddington’s quantum relativity. 
Includes rigorous proofs available only in works of a far more advanced character. 34 
figures, numerous tables. Bibliography. Index, xlil + 454pp. 5% x 8%. 

S1147 Paperbound $2.50 


THE THEORY OF GROUP REPRESENTATIONS, Francis D. Mumaghan. A comprehensive intro¬ 
duction to the theory of group representations. Particular attention is devoted to those 
groups—mainly the symmetric and rotation groups—which have proved to be of funda- 
menrai significance for quantum mechanics (esp. nuclear physics). Also a valuable contribu¬ 
tion to the literature on matrices, since the usual representations of groups are groups of 
matrices. Covers the theory of group integration (as developed by Schur and Weyl), the 
theory of 2-valued or spin representations, the representations of the symmetric group, the 
crystallographic groups, the Lorentz group, reducibllity (Schur’s lemma, Burnside’s Theorem, 
etc.), the alternating group, linear groups, the orthogonal group, etc. index. List of refer¬ 
ences. xi + 369pp. 5^ X 8V^. SI 112 Paperbound $2.35 

THEORY OF SETS, E. Kamke. Clearest, amplest introduction in English, well suited for inde- 

g endent study. Subdivision of main theory, such as theory of sets of points, are discussed, 
ut emphasis is on general theory. Partial contents: rudiments of set theory, arbitral sets 
and their cardinal numbers, ordered sets and their order types, well-ordered sets and their 
cardinal numbers. Bibliography. Key to symbols. Index, vii -I- 144pp. 54% x 8. 

$141 Paperbound $1.35 
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THEORY OF FUNCTIONS, PART II, Konrad Knopp. Application and further development of 
general theory, special topics. Single valued functions, entire, Welerstrass, Meromorphic 
functions. Riemann surfaces. Algebraic functions. Analytical configuration, Riemann surface. 
Bibliography. Index, x + 150pp. 5% x 8. S157 Paperbound $1.35 

PROBLEM BOOK IN THE THEORY OF FUNCTIONS, VOLUME 1, Konrad Knopp. Problems in ele- 
mentary theory, for use with Knomi’s THEORY OF FUNCTIONS, or any other text, arranged 
according to increasing difficuity. Fundamentai concepts, sequences of numbers and infinite 
series, coniplex variable, integrai theorems, development In series, conformal mapping. 182 
problems. Answers, vlil + 126pp. 5% x 8. S158 Paperbound $1.35 

PROBLEM BOOK IN THE THEORY OF FUNCTIONS, VOLUME 2, Konrad Knopp. Advanced theory 
of functmns, to be used either with Knopp’s THEORY OF FUNCTIONS, or any other com¬ 
parable text. Singularities, entire & meromorphic functions, periodic, analytic, continuation, 
multiple-valued functions, Riemann surfaces, conformal mapping. Includes a section of addi¬ 
tional elementary problems. "The difficult task of selecting from the immense material of the 
modern theory of functions the problems just within the reach of the beginner is here 
masterfully accomplished," AM. MATH. SOC. Answers. 138pp. 5% x 8. S159 Paperbound $1.35 


A COURSE IN MATHEMATICAL ANALYSIS, Edouard Coursat. Trans, by E. R. Hedrick, 0. Dunkel. 
Classic study of fundamental material thoroughly treated. Exceptionally lucid exposition of 
wide range of subject matter for student with 1 year of calculus. Vol. 1: Derivatives and 
Differentials, Definite Integrals, Expansion in Series, Applications to Geometry. Problems. 
Index. 52 iilus. 556pp. Vol. 2, Part I: Functions of a Complex Variable, Conformal Repre¬ 
sentations, Doubly Periodic Functions, Natural Boundaries, etc. Problems. Index. 38 iilus. 
269pp. Vol. 2, Part 2: Differential Equations, Cauchy-Lipschitz Method, Non-linear Differential 
Equations, Simultaneous Equations, etc. Problems. Index. 308pp. 5% x 8. 

Vol. 1 S554 Paperbound $2.50 
Vol. 2 part 1 S555 Paperbound $1.85 
Vol. 2 part 2 S556 Paperbound $1.85 
3 vol. set $6.20 


MODERN THEORIES OF INTEGRATION, H. Kestelman. Connected and concrete coverage, with 
fully-worked-out proofs for every step. Ranges from elementary definitions through theory 
of aggregates, sets of points, Riemann and Lebesgue integration, and much more. This new 
revised and enlarged edition contains a new chapter on Riemann-Stleitjes integration, as well 
as a supplementary section of 186 exercises. Ideal for the mathematician, student, teacher, 
or self-studier. Index of Definitions and Symbols. General Index. Bibliography, x -f 310pp. 
5% X S572 Paperbound $2.25 


THEORY OF MAXIMA AND MINIMA, H. Hancock. Fullest treatment ever written; only work in 
English with extended discussion of maxima and minima for functions of 1, 2, or n variables, 
problems with subsidiary constraints, and relevant quadratic forms. Detailed proof of each 
Important theorem. Covers the Scheeffer and von Dantscher theories, homogeneous quadratic 
forms, reversion of series, fallacious establishment of maxima and minima, etc. Unsurpassed 
treatise for advanced students of calculus, mathematicians, economists, statisticians. Index. 
24 diagrams. 39 problems, many examples. 193pp. 5% x 8. S665 Paperbound $1.50 


AN ELEMENTARY TREATISE ON ELLIPTIC FUNCTIONS, A. Cayley. Still the fullest and clearest 
text on the theories of Jacobi and Legendre for the advanced student (and an excellent 
supplement for the beginner). A masterpiece of exposition by the great 19ih century British 
mathematician (creator of the theory of matrices and abstract geometry), it covers the 
addition-theory, Landen’s theorem, the 3 kinds of elliptic integrals, transformations, the 
q-functions, reduction of a differential expression, and much more. Index, xii -F 386pp. 5% x 8. 

S728 Paperbound $2.00 


THE APPLICATIONS OF ELLIPTIC FUNCTIONS, A. G. Greenhill. Modern books forego detail for 
sake of brevity—this book offers complete exposition necessary for proper understanding, 
use of elliptic integrals. Formulas developed from definite physical, geometric problems; 
examples representative enouah to offer basic information in widely useable form. Elliptic 
integrals, addition theorem, algebraical form of addition theorem, elliptic integrals of 2nd. 
3rd kind, double periodicity, resolution into factors, series, transformation, etc. introduction. 
Index. 25 iilus. xi + 357pp. 5% x 8. S603 Paperbound $1.75 


THE THEORY OF FUNCTIONS OF REAL VARIABLES, James Pierpont. A 2-voIume authoritative 
exposition, by one of the foremost mathematicians of his time. Each theorem stated with 
all conditions, then followed by proof. No need to go through complicated reasoning to dis¬ 
cover conditions added without specific mention. Includes a particularly complete, rigorous 
presentation of theory of measure; and Plerpont’s own work on a theory of Lebesgue 
integrals, and treatment of area of a curved surface. Partial contents, Vol. 1: rational 
numbers, exponentials, logarithms, point aggregates, maxima, minima, proper integrals, 
Improper integrals, multiple proper integrals, continuity, discontinuity, indeterminate forms. 
Vol. 2: point sets, proper integrals, series, power series, aggregates, ordinal numbers, 
discontinuous functions, sub-, infra-uniform convergence, much more. Index. 95 illustrations. 
1229pp. 5% X 8. S558-9, 2 volume set, paperbound ^.90 
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FUNCTIONS OF A COMPLEX VARIABLE, James Plerpont. Long one of best In the field. A 
thorough treatment of fundamental elements, concepts, theorems. A complete study, rigor¬ 
ous, detailed, with carefully selected problems worked out to Illustrate each topic. Partial 
contents: arithmetical operations, real term series, positive term series, exponential functions, 
integration, analytic functions, asymptotic expansions, functions of Weierstrass, Legendre, 
etc. Index. List of symbols. 122 Ulus. 597pp. 5% x 8. S560 Paperboundf $2.45 

MODERN OPERATIONAL CALCULUS: WITH APPLICATIONS IN TECHNICAL MATHEMATICS, N, W. 
McLachlan. An introduction to modern operational calculus based upon the Laplace trans¬ 
form, applying It to the solution of ordinary and partial differential equations. For physi¬ 
cists, engineers, and applied mathematicians. Partial contents: Laplace transform, theorems 
or rules of the operailonal calculus, solution of ordinary ana partial linear differential 
equations with constant coefficients, evaluation of integrals and establishment of mathe¬ 
matical relationships, derivation of Laplace transforms of various functions, etc. Six appen¬ 
dices deal with Heaviside’s unit function, etc. Revised edition. Index. Bibliography, xlv + 
218pp. 5$b X Wi. S192 Paperbound $1.75 


ADVANCED CALCULUS, E. B. Wilson. An unabridged reprinting of the work which continues 
to be recognized as one of the most comprehensive and useful texts in the field, it contains 
an immense amount of well-presented, fundamental material, including chapters on vector 
functions, ordinary differential equations, special functions, calculus of variations, etc., 
which are excellent Introductions to these areas. For students with only one year of cal¬ 
culus, more than 1300 exercises cover both pure math and applications to engineering 
and physical problems. For engineers, physicists, etc., this work, with Its 54 page Intro¬ 
ductory review, is the Ideal reference and refresher. Index. Ix + 566pp. ^ x 8. 

S504 Paperbound $245 


ASYMPTOTIC EXPANSIONS, A. Erddlyi. The only modern work available In English, this is an 
unabridged reproduction of a monograph prepared for the Office of Naval Research*. It dis¬ 
cusses various procedures for asymptotic evaluation of integrals containing a large parameter 
and solutions of ordinary linear differential equations. Bibliography of 71 Items, vl + 108pp. 
5^ X 8. 5318 Paperbound $1.35 


INTRODUCTION TO ELLIPTIC FUNCTIONS: with applications, F. Bowman. Concise, practical 
Introduction to elliptic integrals and functions. Beginning with the familiar trigonometric 
functions. It requires nothing more from the reader than a knowledge of basic principles 
of differentiation and integration. Discussion confined to the Jacobian functions. Enlarged 
bibliography. Index. 173 problems and examples. 56 figures, 4 tables. 115pp. 5% x 8. 

S922 Paperbound $1.25 


ON RIEMANN'S THEORY OF ALGEBRAIC FUNCTIONS AND THEIR INTEGRALS: A SUPPLEMENT 
TO THE USUAL TREATISES, Felix Klein, Klein demonstrates how the mathematical ideas In 
Riemann’s work on Abelian Integrals can be arrived at by thinking in terms of the flow 
of electric current on surfaces. Intuitive explanations, not detailed proofs given in an 
extremely clear exposition, concentrating on the kinds of functions which can be defined 
on RIemann surfaces. Also useful as an introduction to the origins of topological problems. 
Complete and unabridged. Approved translation by Frances Hardcastle. New introduction. 
43 figures. Glossary, xii + 76pp. 5% x 8%. S1072 Paperbound $1.25 


COLLECTED WORKS OF BERNHARD RIEMANN. This Important source book is the first to con¬ 
tain the complete text of both 1892 Werke and the 1902 supplement, unabridged, it contains 
31 monographs, 3 complete lecture courses, 15 miscellaneous papers, which have been of 
enormous importance in relativity, topology, theory of complex variables, and other areas 
of mathematics. Edited by R. Decfekind, H. Weber, M. Noether, W. Wirtinger. German text 
English Introduction by Hans Lewy. 690pp. 5% x 8. S226 Paperbound $2.85 


THE TAYLOR SERIES, AN INTRODUCTION TO THE THEORY OF FUNCTIONS OF A, COMPLEX 
VARIABLE, P. Dienes. This book investigates the entire realm of analytic functions. Only 
ordinary calculus is needed, except in the last two chapters. Starting with an introduction 
to real variables and complex algebra, the properties of infinite series, elementary func¬ 
tions, complex differentiation and integration are carefully derived. Also bluniform mapping, 
a thorough two part discussion of representation and singularities of anaiytic functions, 
overconvergence and gap theorems, divergent series, Taylor series on its circle of con¬ 
vergence, divergence and singularities, etc. Unabridged, corrected reissue of first edition. 
Preface and IncTex. 186 examples, many fully worked out. 67 figures. x^li^+ 555pp. 5% x 8. 

S391 Paperbound $2.75 


INTRODUCTION TO BESSEL FUNCTIONS, Frank Bowman. A rigorous self-contained exposition 
providing all necessary material during the development, which requires only some knowl¬ 
edge of calculus and acquaintance with differeniial equations. A balanced presentation 
including applications and practical use. Discusses Bessel Functions of Zero Order, of Any 
Real Order; Modified Bessel Functions of Zero Order; Definite Integrals; Asymptotic Expan¬ 
sions; Bessel’s Solution to Kepler’s Problem; Circular Membranes; much more./‘Clear and 
straightforward . . . useful not only to students of physics and engineering, but to mathe¬ 
matical students In general,” Nature. 226 problems. Short tables of Bessel functions. 27 
figures. Index, x + 135pp. 5% x 8. S462 Paperbound $1.35 
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ELEMENTS OF THE THEORY OF REAL FUNCTIONS, J. E. LIttlewood. Based on lectures given at 
Trinity College, Cambridge, this book has proved to be extremely successful in introaucing 
graduate students to the modern theory of functions. It offers a full and concise coverage 
of classes and cardinal numbers, well-ordered series, other types of series, and elements 
of the theory of sets of points. 3rd revised edition, vll -I- 71pp. 5% x 8. 

5171 Clothbound $2.85 

5172 Paperbound $1.25 

TRANSCENDENTAL AND ALGEBRAIC NUMBERS, A. 0. Gelfond. First English translation of work 
by leading Soviet mathematician. Thue-Siegei theorem, its p-adic analogue, on approximation 
of algebraic numbers by numbers in fixed algebraic field; HermIte-LIndemann theorem on 
transcendency of Bessel functions, solutions of other differential equations; Gelfond-Schneider 
theorem on transcendency of alpha to power beta; Schneider's work on elliptic functions, 
with method developed by Gelfond. Translated by L. F. Boron. Index. Bibliography. 200pp. 
5 ^ X 8. S615 Paperbound $1.75 


ELLIPTIC INTEGRALS, H. Hancock. Invaluable In work involving differential equations contain¬ 
ing cubics or quartfcs under the root sign, where elementary calculus methods are inade- 

J uate. Practical solutions to problems that occur in mathematics, engineering, physics: 
ifferential equations requiring integration of Lamd's, Briot’s, or Bouquet’s equations; deter¬ 
mination of arc of ellipse, hyperbola, lemniscate; solutions of problems in elastics; motion 
of a projectile under resistance varying as the cube of the velocity; pendulums; many 
others. Exposition is in accordance with Legendre-JacobI theory and includes rigorous dis¬ 
cussion of Legendre transformations. 20 figures. 5 place table. Index. 104pp. 5^ x 8. 

S484 Paperbound $1.25 


LECTURES ON THE THEORY OF ELLIPTIC FUNCTIONS, H. Hancock. Reissue of the only book 
In English with so extensive a coverage, especially of Abel, Jacobi, Legendre, Weierstrasse, 
Hermite, Llouville, and Riemann. Unusual fullness of treatment, plus applications as well as 
theory, in discussing elliptic function (the universe of elliptic integrals originating In works 
of Abel and Jacobi), their existence, and ultimate meaning. Use is made of R^lemann to 
provide the most general theory. AQ page table of formulas. 76 figures, xxiii + 498pp. 

S483 Paperbound $2.55 


THE THEORY AND FUNCTIONS OF A REAL VARIABLE AND THE THEORY OF FOURIER’S SERIES, 
E. W. Hobson. One of the best introductions to set theory and various aspects of functions 
and Fourier's series. Requires only a good background in calculus. Provides an exhaustive 
coverage of: metric and descriptive properties of sets of points; transfinite numbers and 
order types; functions of a real variable; the Riemann and Lebesgue Integrals; sequences 
and senes of numbers; power-series; functions representable by series sequences of continuous 
functions; trigonometrical series; representation of functions by Fourier’s series; complete 
exposition (200pp.) on set theory; and much more. "The best possible guide." Nature. Vol. I: 
88 detailed examples, 10 figures. Index, xv -h 736pp. Vol. II: 117 detailed examples, 13 
figures. Index, x + 780pp. 6Vb x 9%. Vql. I: 8387 Paperbound $3.00 

Vol. II: 8388 Paperbound $3.00 


ALMOST PERIODIC FUNCTIONS, A. S. Besicovltch. This unique and Important summary by a 
well-known mathematician covers in detail the two stages of development in Bohr’s theory of 
almost periodic functions: (1) as a generalization of pure periodicity, with results and 

g roofs; (2) the work done by Stepanoff, Wiener, Weyl, and Bohr In generalizing the theory. 
Ibllography. xi + 180pp. 5% x 8. 818 Paperbound $1.75 

THE ANALYTICAL THEORY OF HEAT, Joseph Fourier. This book, which revolutionized mathe¬ 
matical physics, is listed in the Great Books program, and many other listings of great 
books. It has been used with profit by generations of mathematicians and physicists who are 
Interested In either heat or in the application of the Fourier integral. Covers cause and 
reflection of rays of heat, radiant heating, heating of closed spaces, use of trigonometric 
series In the theory of heat, Fourier Integral, etc. Translated by Alexander Freeman. 20 
figures, xxii + 466pp. 5% x 8. S93 Paperbound $2.00 

AN INTRODUCTION TO FOURIER METHODS AND THE LAPUCE TRANSFORMATION, Philip Franklin. 
Concentrates upon essentials, enabling the reader with only a working knowledge of calculus 
to gain an understanding of Fourier methods in a broad sense, suitable for most applica¬ 
tions. This work covers complex qualities with methods of computing elementary functions 
for complex values of the argument and finding approximations by the use of charts; 
Fourier series and integrals with half-range and coi^lex Fourier series; harmonic analysis; 
Fourier and Laplace transformations, etc.; partial differential equations with applications to 
transmission ot electricity; etc. The methods developed are related to physical problems of 
heat flow, vibrations, electrical transmission, electromagnetic radiation, etc. 828 problems 
with answers. Formerly entitled "Fourier Methods." Bibliography, index, x + 289pp. 5% x 8. 

8452 Paperbound $1.85 


THE FOURIER INTEGRAL AND CERTAIN OF ITS APPLICATIONS, Norbert Wiener. The only book- 
length study of the Fourier integral as link between pure and applied math. An expansion 
of lectures given at Cambridge. Partial contents: Plancherel's theorem, general Tauberian 
theorem, special Tauberian theorems, generalized harmonic analysis. Bibliography, viii -F 
201pp. 5% X 8. 8272 Paperbound $1.50 
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INTRODUCTION TO THE THEORY OF FOURIER'S SERIES AND INTEGRALS, H. S. Car$law. 3rd 
revised edition. This excellent introduction is an outgrowth of the author's courses at 
Cambridge. Historical Introduction, rational and irrational numbers, infinite sequences and 
series, functions of a single variable, definite Integral, Fourier series, Fourier integrals, and 
similar topics. Appendixes discuss practical harmonic analysis periodogram analysis Lebes- 
gue's theory. Indexes. 84 examples, bibliography, xii + 368pp. x 8. IS Papffiiid Izfoo 

FOURIER'S SERIES AND SPHERICAL HARMONICS, W. E. Byerly. Continues to be recognized as 
one of most pract cal, useful expositions. Functions, series, and their differential equaSons 

aPP'Jed constantly to praS problems! 
which are fully and lucidly worked out. Appendix includes 6 tables of surface zonal har- 
monlcs, hyperbolic functions Bessel’s functions. Bibliography. 190 problems, approximately 
half with answers, ix + 287pp. 5% x 8. ^ ^ S536 Paperbound S1.75 

INFINITE SEOUENCES AND SERIES, Konrad Knopp. First publication in any languagel Excel¬ 
lent Introduction to 2 topics of modern mathematics, designed to give the student back¬ 
ground to penetrate torther by himself. Sequences & sets, real & complex numbers, etc 
Functions of a real & complex variable. Sequences & series. Infinite series. Convergent 
ESIIiKf elementary functions. Numerical evaluation of series. Blbfiog- 

raphy. v + 186pp. 5% x 8. S153 Paperbound $1.75 

TRIGONOMETRICAL SERIES, Antoni Zygmund. Unique In any language on modern advanced 
tovel. Contains carefully organized analyses of trigonometric, orthogonal, Fourier systems of 
functions, with clear adequate descriptions of summability of Fourier series, proximation 
theop, conjugate series, convergence, divergence of Fourier series. Especially valuable for 
Russian, Eastern European coverage. Bibliography. 329pp. 5% x 8. S290 Paperbound $1.50 

DICTIONARY OF CONFORMAL REPRESENTATIONS, H. Kober. Uplace’s equation in 2 dimensions 
solved in this unique book developed by the British Admiralty. Scores of geometrical forms 
e electrical engineers, JoukowskI aerofoil for aerodynamIsS! 

transformations for hydrodynamics, transcendental functions. .Coritente 
S analytical functions describing transformation. Twin diagrams show 

oa}} trajforngti®"® corresponding regions. Glossary. Topological Index. 447 
diagrams. 244pp. 6^ x SVi. S160 Paperbound $2.00 

CALCULUS OF VARIATIONS, A. R. Forsyth. Methods, solutions, rather than determination of 
weakest valid hypotheses. Over 150 examples completely worked-out show use of Euler, 
Legendre, Jacobi, Welerstrass tests for maxima, minima. Integrals with one original de¬ 
pendent variable; with derivatives of 2nd order; two dependent variables, one Independent 
variable; double integrals Involving 1 dependent variable, 2 first derivatives; double integrals 
Involving partial derivatives of 2nd order; triple Integrals; much more. 50 diagrams. 678pp. 
5% X 8%. S622 Paperbound $2.95 

LECTURES ON THE CALCULUS OF VARIATIONS, 0. Bolza. Analyzes In detail the fundamental 
concepts of the calculus of variations, as developed from Euler to Hilbert, with sharp formu¬ 
lations of the problems and rigorous demonstrations of their solutions. More than a score 
of solved examples: systematic references for each theorem. Covers the necessary and suffi¬ 
cient conditions; the contributions made by Euler, Du Bois-Reymond, Hilbert, Welerstrass, 
Legendre, Jacobi, Erdmann, Kneser, and Gauss; and much more. Index. Bibliography, xi + 
271pp. 5% X 8. S218 Paperbound $1.65 

A TREATISE ON THE CALCULUS OF FINITE DIFFERENCES, G. Boole. A classic in the literature 
of the calculus. Thorough, clear discussion of basic principles, theorems, methods. Covers 
MacLaurin’s and Herschel's theorems, mechanical quadrature, factorials, periodical constants, 
Bernoulli’s numbers, difference-equations (linear, mixed, and partial), etc. Stresses anal¬ 
ogies with differential calculus. 236 problems, answers to the numerical ones, viii -I- 336pp. 
5% X 8. S695 Paperbound $1.85 
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